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The  book  is  the  original  monograph,  which  contains  ths  results 
cf  research  of  the  aethers  cn  t  h*=  d®v«lo pnant  cf  arithmetic  sys'.ems 
ir.  the  residual  classes  and  their  realizations  in  computer 
technology.  By  the  authors  are  stated  the  bases  of  the  new  numeraire 
system  and  is  constructed  machine  arithmetic  in  this  system.  System 
in  the  residual  classes  ascending  by  its  ideological  roots  to  the 
classical  sections  of  the  theory  cf  numbers,  maxes  it  possible  in  » 
new  way  to  approach  t construction  of  the  computers  of  high 
efficiency.  In  the  bock  are  stated  the  bases  cf  the  special 
self-correcting  nonpositicna 1  cede  systems. 

And  to  the  basis  cf  the  thecry  complex  ones  by  into-g^s  in  tha 
field  of  whole  rsal  numbers  without  the  distribution  into  the  r3al 
and  alleged  parts. 

The  book  is  intended  for  engineers,  scientific  workers  and 
students  of  the  senior  courses,  which  specialize  in  the  area  of 
computational  technology. 

44  Tables,  51  illustration,  7 g  titles  bibliography. 
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Page  3. 

PREFACE. 

7r.  -  results  Carrie  !  cut  during  the  last  f«w  years  by  2  ■*  i  f  ir -r.* 
onps  to  the  groups  cf  the  researchers  of  the  searches  for  the  ways  of 
increasing  ths  productivity  cf  electronic  computers,  methods  cf 
organizing  ths  efficient  acquisition  system  and  correction  cf  errors 
ar.d  building  of  highly  reliable  computer  complexes  predicat-d  the 
authors  it  the  opinion  that  in  the  limits  of  the  positional 
numeration  systems  it  i  s  not  possible  to  expect  any  satisfactory 
advance  in.  these  direct  ices  without  a  considerable  increase  in  oh* 
operating  frequencies  of  elements/cells  and  complication  of  the 
equipmar.t  part  of  digital  computer. 

As  jerk/impulse  to  the  research  in  the  field  of  the 
non  positional  numeration  systems  were  used  the  published  in  1935-1357 
work  of  Cz-'c h  scientists  !!.  Valakh  and  A.  Svotcdy,  dedicated  *o  th- 
repres®ntaticr.  of  numbers  ir.  the  form  of  t.ne  set  cf  non-negativ? 
deductions  cr  tai  group  cf  mutually  simple  bases/bases,  ar.d 
determined  in  connection  with  this  representation  possibility  of 
executing  the  rational  operations  without  taking  into  account  tr.e 
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discharging  ccr.n-cticns  between  the  digits  cf  a  number. 

Th ?  carried  out  by  the  authors  this  books  investigations  in  this 
new  nuaeration  system,  named  the  system  cf  residual  classes,  led  to 
the  creation  cf  very  peculiar  machine  arithmetic. 

The' difficulties  cf  execution  in  tne  system  cf  the  residual 
classes  of  the  operations,  requiring  knowledge  of  entire  r.un>D«r  as  a 
whole,  but  its  not  single  step-by-step  digits  ( determination  cf  the 
sign  cf  a  numoer,  the  comparison  cf  nuaoers  in  the  valut-,  division  in 
general  and  the  like),  proved  fc  be  not  insurmountable.  Cam3  to  litht 
the  possibilities  of  eliminating  these  lifficulties  by  different  ones 
in  their  content  and  character  cf  realization  by  methods. 

Page  4, 

In  the  process  of  research  of  specific  character  and 
possibilities  of  the  system  cf  residual  classes  it  was  possible  tc 
construct  the  sa lf-corr ectir.g  cedes,  completely  arithmetic,  1.9. , 
suitable  for  detection  and  correction  of  the  errors,  which  appear  not 
only  during  the  transmission  cf  i rf ermati on ,  but  also  during  its 
arithmetic  processing.  For  these  codes  it  proved  to  be  possible 
(which,  until  now,  was  observed  net  in  what  known  special  positional 
code  systems)  to  construct  the  system  of  the  correction  or  =rrors 
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during  the  introduction  tc  min: mum  redundancy,  the  using  dynamics 
computational  process. 

It  was  explained  also  that  the  idea  of  residual  classes  oia<as 
possible  ir.  a  naw  wav  tc  apprcach  the  organization  of  analog 
computers.  planned  the  ways  cf  the  construction  of  continue  is 

type  devices/equipment,  which  make  it  possible  to  increase 
substantially  the  accuracy  of  the  solution  on  these  devices/equipm 
of  tasks  with  the  relatively  lew  precision  of  quite  analog  e-guipm® 

Th*  system  of  residual  classes  makes  if  possible  tc 
substantially  improve  the  parameters  cf  computers  in  comparison  wi 
the  machines,  constructed  on  the  same  ph  y  sicotechnological  basis, 
in  the  positional  numeration  system,  ar.i  to  also  obtain  n^w  mor- 
progressive  constructive  and  structural  solutions. 

It  should  oe  noted  that  the  system  of  residual  classes  not  th 
only  possible  nonpositicnal  numeration  system.  It  is  possible  to 
construct  the  ssries/row  cf  the  new  systems,  to  different  d  e  g  re  - 
which  combine  the  special  features/peculiarities  of  the  positional 
and  ncnpositior.il  numeration  systems.  However,  the  results  of 
research  according  to  the  general  theory  cf  ncnpositional  systems 
not  connected  with  the  present  monograph,  taking  into  account  its 
thematic  directionality. 
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The  ideas  of  the  non pcsi tier  a  1  numeration  systems  do  net  1  r  a  w 
thus  far  so  wide  a  contingent  cf  scientific  a rd  engineering  workers, 
as  these  ideas  of  that  deserve.  This  worthy  of  regret  circumstance  is 
explained  by  th?  mairly  fact  that  tha  results  of  the  majority  of 
research  in  the  region  ci  nor.  pc  siticnai  systems  yet  iia  net  b-con- 
the  property  cf  the  wide  circle  cf  th«  specialists  in  view  cf  th? 
absence  of  the  properly  s  y  ste  ma  ti  zed  publications.  Literature  ir.  this 
series  of  question  consists  only  cf  the  small  series  of  article  ar.i 
furthermore  cf  those  putlishec  in  *  he  little  encountered 
publications. 

Specifically,  the  irter.ticr  to  complete  this  gap/spacing  I'd  by 
the  authors,  who  launched  in  this  monograph  the  attempt  to 
systematically  present  the  basic  theoretical  and  practical  asr-cts  cf 
the  system  cf  residual  classes. 

Page  5. 


For  the  purpos*  of  simplifying  to  reader  the  mastary/adoptior  cf 
the  material  cf  the  book  is  introduced  chapter  2,  in  which  is 
presented  the  necessary  information  from  the  theory  of  numbers,  it  is 
more  exact,  comparisons.  For  this  purpose  the  almost  each  paragraph 
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cf  the  bee*  is  accompanied  by  t  h*  illustrating  -.he  s*t-fcr;h 
positions  examples. 

Besides  chapter  2  and  partially  chapter  1  aonegraph,  ir.  essei 
contains  the  presentation  of  the  criminal  research,  carried  oat  b' 
th<=  authors  in  th  =  iatt®r/last  :*ca:e. 

Ur.f  ertunat3 1 y,  the  seriss/rew  cf  important  and  useful  sectio 
t  he  v  could  r.ot  be  ccr.nsc  ted  with  the  boo  it  in  view  ef  the  limits  dr 
of  its  capacity.  In  reader's  this  plan/layout  after  ac  i  ua  ii.t  a  r.c  - 
the  material,  presented  ir  this  beck,  if  is  necessary  to  refer  to 
seme  special  articles. 

The  bock  is  intended  fer  the  scientific  workers  and  cngin  =  er 
who  carrv  out  the  development  cf  electronic  computers,  and  the 
students  cf  the  senior  policies  cf  highar  educational  institution 
for  the  appropriate  specialties. 

The  authors  express  hope,  that  the  appearance  of  this  beck  w 
contribute  to  tns  expansion  cf  research  according  to  the  theory  a 
to  the  practical  realization  cf  numeration  system  in  the  r-sidual 
classes  and  to  the  ir.trcd  ucti  cr.  of  this  system  into  computer 
technolcg v. 

A  u- hors. 

Pace  6. 
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Page  7. 

Chapter  1. 

I  ‘JTROrrjCTION  TO  numeration  system  in  the  residual  classes. 

§1.1.  Emergence  ar.d  the  development  of  the  r.o npositior.al  rumt-rat  ior. 
s  yste  ms . 

At  present  it  is  ret  possible  tc  visualize  any  complicate! 
automatic  system  without  its  center  section  being  composed  of  the 
computers,  which  fulfill  the  functions  of  processing  information  and 
control.  Actually,  in  each  automatic  system  specific  are  the  sensors 
of  information  and  actuating  elements,  and  ir.  other  respects  system 
often  consists  of  the  standard  computers,  which  ensure 
interconnection  ar.d  coordinated  interaction  of  all  d  evice  s/oq  uipmer  t 
cf  system. 

Therefore  is  obvious  the  value  of  the  research,  dedicated  to  t  h<= 
new  principles  of  the  construction  cf  electronic  computers,  to  *-h  = 
raticnal  methods  cf  organizing  their  work,  to  tne  searches  for 
effective  means  of  their  uss/appl  icat  ion. 
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The  new  ways  of  organizing  of  structure  and  logic  of  electronic 
computers  encompass  both  the  directions  of  the  complication  of 
structure  and  logic  of  machines  fcr  an  increase  in  their  efficiency 
and  search  for  the  new  systems  cf  numeration  and  new  methods  of 
organizing  th«  joint  operation  cf  all  devices/equipment  cf  machine 
and  entire  machine  as  a  whole. 

Page  8. 

During  the  development  of  the  structure  of  mathematical  machine- 
one  of  the  basic  questions  is  the  selection  of  the  appropriate 
representation  of  numerical  information,  i.e.,  the  corresponding 
code.  Numeration  systems  are  the  different  methods  of  the  codin  j  of 
numerical  information. 

Principal  requirements  for  any  intended  for  the  practical 
use/application  code  system  (if  we  clear  the  requirements,  which 
escape/ensue  from  the  information  theory  considerations)  essence 
following: 

a)  the  possibility  of  representation  in  this  system  of  any  valu 
in  the  cor.sidered/examined,  predetermined  range; 


b)  the  uniqueness  of  representation  -  any  code  combination 
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corresponds  to  one  and  only  to  one  number  in  the  preset  range; 

c)  simplicity  of  operation  with  numbers  in  this  numeration 
system. 

The  capacity  of  range,  i.e.,  a  quantity  cf  different  numbers 
which  can  be  represented  in  this  cede  system,  obviously,  is 
determined  by  tna  number  cf  different  possible  code  ccmbinat i cns. 

The  searches  for  the  new  ways  of  increasing  the  efficiency  in 
the  execution  of  arithmetic  operations  led  researchers  to  the 
conclusion  that  within  the  framework  of  the  ordinary  positional 
system  of  the  considerable  acceleration  of  the  execution  of 
operations  cannot  be  attained  almost.  These  or  other  single  methods 
and  improvements  of  the  algorithms  cf  the  execution  cf  operation, 
contributing  to  the  more  rational  organization  of  work  of  arithmetic 
units,  leave  nevertheless  the  productivity  of  these  dev  ices /equip  men 
within  the  framework  cf  ere  and  of  the  same  order.  0 utput /yield 
beyond  these  limits  requires  the  enlistment  of  new  ideas,  new  logic 
and  new  arithmetic. 

It  should  be  noted  that  the  positional  systems  of  the 
numerations,  in  which  is  represented  and  is  treated  the  information 
in  the  contemporary  computers,  possess  essential  deficiency/lack  - 
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the  presence  of  the  interhit/interbyte  connections  which  superimpose 
their  print  on  the  methods  of  the  realization  of  arithmetic 
operations,  complicate  equipment  and  limit  high  speed.  Therefore  is 
logical  the  research  of  the  possibilities  of  the  construction  of  sue 
arithmetic,  in  which  step-by-step  connections  were  absent. 

It  turned  out  that  this  arithmetic  can  be  constructed  on  the 
basis  of  the  nonpositiona 1  system  of  numeration,  in  particular 
numeration  systems  in  the  residual  classes. 

Page  9. 


Ascending  oy  its  ideological  roots  to  the  classical  works  of 
Euler,  Gauss  and  Chebysfcev  according  to  the  theory  of  comparisons 
system  of  residual  classes  is  intended  to  introduce  new  jet  into 
development  of  the  principles  of  the  efficient  construction  of 
high-productivity  computers. 


th 


In  the  system  of  residual  classes  numbers  are  represented  by 
their  remainders/residues  from  the  division  into  the  selected  system 
of  bases/bases,  and  all  rational  operations  can  be  made  in  parallel 
above  the  digits  of  each  digit  individually.  However,  in  so 
convenient  a  in  one  sense  system  cf  residual  classes  is  inherent  the 
number  of  de  ficiencies/lacks  in  ether  respects:  the  limitedness  of 
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the  operation  of  this  system  by  the  field  positive  integer  numbers, 
the  difficulty  of  determining  the  relati onshi cs/ratios  of  numbers 
from  the  value,  the  determination  of  the  output/yield  of  result  of 
operation  from  the  range,  etc. 

So  that  in  the  system  cf  residual  classes  it  would  be  possible 
to  construct  computers,  it  is  necessary  to  find  the  fundamental  ways 
of  overcoming  these  difficulties  and  to  find  the  efficient  methods  of 
the  construction  of  machine  arithmetic. 

§1.2.  Positional  numeration  systems  the  f ormation/educaticn  cf  the 
digits  of  the  represent ation  cf  a  number. 

Determination.  If  is  preset  the  series/rcw  positive  integer 
numbers  n2f  .  .  nn,  subsequently  cf  those  called  rice,  then  under 
the  generalized  positional  system  we  will  understand  such  system,  in 
which  integer  t»  is  represented  in  the  form 

N  —  Un-i?tn-t‘ln~2  •  •  •  ^1^1  "t"  fln-2^n-2^n-5  •  •  •  “*2^1  T  •  •  • 

...  4-a2rtjrt,+a,rt,  +  a«>.  (U) 

where  digit  a,.,  are  numbers  0,  1,  .. .,  n}  —  I  (/=  I,  2 . n ),  consecutive 

obtaining  cf  which  can  be  realized  by  the  following  process: 


r- 
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U) 

de.iHTca  Ha 

■•t,.  npH  STOM 

[i. 

1  =  v> 

H  V- 

0 

© 

1 

ne.iHTCH  Ha 

rt;,  npH  3 TOM 

[£] 

|  -  V; 

II  V, 

Q 

-.v,  ,  - 

-i  ae.iHTca  Ha  nj.  npn  stom  ^ 

•  - 

]”V> 

H  X j. 

iVn-,  aejiHTCH  Ha  npn  stom  [— f1]  =.V«  h  .V,-,-.V,.-Tn-a,.t 
Key:  (i).  it  is  divided  into.  (2).  m  this  case. 

Page  10. 

Here  and  subsequently  [ Y  ]  it  designates  whole  syllable  Y. 

The  capacity  of  the  range  cf  represented  in  this  system  numbers 
IP  is  equal  to 

^  =  Seta  *>» 

For  the  described  prccess  characteristically  precisely 
consecutive  obtaining  cf  the  digits  of  aach  digit  in  the  strictly 
defined  order  (beginning  from  the  lew-order  digit),  when  the  result 
of  the  previous  stage  (obtained  in  this  stage  quotient)  participate 
as  the  dividend  in  the  following  stage.  This  reflects  the  inherent  in 
the  positional  numeration  systems  dependence  between  the  digits  of  a 
number,  which  with  the  fulfillment  of  the  operations  on  numbers  ir. 
the  positional  system  imply  th«  need  for  the  account  of  transfers 
from  the  low-order  digits  into  the  adjacent  senior.  This  dependence 
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of  digits  burdens  to  a  considerable  degree  the  equipment  *x-icitior.  cf 
operations  and  limits  possibilities  in  the  achievement  of  nigh  speed 
operation  and  simplicity  cf  realization. 

If  we  introduce  th*  desigraticn 

P‘  =«!•***  •  •  • 

the  expression  (1.1)  car.  be  registered  ir.  the  form 

N  -  4-  On-sP.-j  +  •  •  •  -f  a,pt  +  a*.  (1 .2) 

In  the  particular  case  «,*«*=...  =  ji»  =  p  we  will  obtain 

V  =  +  flu-jP1*"*  +  . . .  +  a,p  +  a,.  (1.3) 

Here  all  consecutive  indexings  are  ccnductad  on  one  and  :h •*  sin* 
number  p  -  base  cf  system,  and  we  thus  obtained  the  ordinary 
positioral  system,  whcs*  capacity  &  of  the  range  of  represent? i  *  r. 
this  system  numbers  was  equal  to 

S'  =  pn. 

Choosing  basis/base  f  equal  tc  2,  3  it  is  possible  to  sort 

cut  all  pcssiole  positional  numeration  systems. 


In  the  digital  electronic  computers  prevailing  value  obtained 
binary  and  decimal  systems.  The  latter  larger  partly  is  applied  ir. 
the  binary-coded  form.  Are  known  machines,  constructed  in  the  ternary 
systam,  numeration  system  with  tasis/base  p*-2,  etc. 


Page  11 
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The  advisability  of  the  introduction  of  negative  bases/bases  depends 
on  the  fact  that  the  sigr  organically  is  included  in  the 
representation  of  a  number,  in  cccnection  with  which  there  is  no  need 
for  in  the  special  representation  cf  the  sign  of  a  number. 

Inconvenience  in  the  realization  of  this  system  consists  in  th* 
process  of  addition  -  to  one  dicit  can  arrive  two  transfers,  which 
complicates  the  diagram  cf 

Prom  the  point  cf  view  cf  the  range  of  the  represented  numbers 
in  the  case  of  negative  tasis/base  occurs  certain  dissymmetry.  Thus, 
with  even  n  (oc  with  an  even  quantity  of  digits  of  a  number)  cf  the 
negative  numbers  it  can  be  represented  more  than  positive  ores,  and 
with  the  odd  vice  versa. 

For  example,  with  n*u  entire/all  set  of  numbers  is  such: 

000l=+l  0110=  -h  2  101 1  —  —9 

0010=  -2  0111=  -r-  3  1100=  -4 

001 1  =  -  1  1000=  -8  1 101  =  —  3 

0100  =  —  4  1001  =  —  7  1110=  —  6 

0101  =  4-5  1010  =  —  10  1 1 1 1  =  -5. 

Here  positive  numbers  1,  2,  3,  4,  5,  and  negative  1,  2,  3,  a,  5,  8, 


7,  8,  9,  10,  i.e.  the  range  of  negative  numbers  are  twice  more  than 
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as  the  range  of  positive  numbers. 


For  case  of  n=3  the  set  of  the  represented  numbers  will  te 
registered  in  the  form 

00 i  =  -f~  I  101  =  4-5 
010  =  — 2  110=4-2 
Oil  =  -I  III  =  4-3 
100=  4-4 

In  this  case  the  range  of  positive  numbers  more  than  twice 
exceeds  the  ranye  of  negative  ores. 


Are  known  the  reflected  in  large  quantities  of  works  different 
logical  and  circuit  methods  of  acceleration  and  rational  organization 
of  the  execution  of  operations. 


Page  12. 

In  all  these  works  as  basis  was  assumed  positional  system,  an!  one 
should,  apparently,  consider  that  proposed  in  these  works  ways  of  the 
more  efficient  exacution  of  operations  axhaust  in  many  respects  of 
possibility  the  positional  of  system  and  further  any  considerable 
acceleration  of  the  execution  of  operations,  remaining  within  tne 
framework  of  positional  system,  is  hindered/hampered. 


The  searches  for  the  new  ways  cf  the  construction  of  the 


T 
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arithmetic  units,  in  which  the  operations  on  numbers  would  be  made  as 
simply  as  possible,  moreover  so,  that  the  dependence  between  bits  was 
excluded  and  would  drop  cut  inter  kit/interbyte  transfers,  they  lad  to 
the  use/application  for  these  purposes  of  the  apparatus  of  calculus 
of  residues.  Tha  deductions  have  been  !:no’--n  'o-  r>  re  and  ar 

stated  ir.  the  elementary  course  of  the  theory  or  numbers;  however, 
until  recently  the  possibility  of  their  practical  use  in  computer 
technology  was  not  examined. 


The  theory  of  numbers  applies  deductions  for  solving  the 
series/row  of  specific  for  this  field  of  science  tasks  (comparison, 
diophantine  analysis,  etc.).  Mean  while  the  use/application  of 
deductions  as  tie  nonpositional  numeration  system  in  computer 
technology  places  other  entirely  problems,  on  successful  solution  of 
which  depends  not  only  th°  efficiency,  but  also  generally  the 
advisability  of  applying  this  system. 

1.3.  Numeration  system  in  the  residual  classes. 

Determination.  If  is  preset  the  secies/rcw  of  positive  intf-g^rs 

Pu  Pi . Pn,  of  those  called  subsequently  the  basis  of  system,  then 

under  numeration  system  in  the  residual  classes  we  will  understand 
such  system,  in  which  positive  integer  number  is  represented  in  tht 


form  of  the  set  of  remainders/residues  (deductions)  cn  the  selected 
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bases/bases 


^  =  (“1.  <*2 . an). 


moreover  the  f or mation/education  cf  digits  “/  is  realized  by  the 
following  process 

— i«l.  2  (1.4) 

i.e.  the  digit  of  i  digit  a;  cf  rusher  M  e  the  smallest  positive 
remainde r/resid ue  from  division  of  N  on  p;. 


Hare  in  contrast  to  the  generalized  positional  system  formation 
of  the  digit  of  each  bit  will  foresee  itself  independently  of  each 
ether.  The  digit  of  i  digit  a,  is  the  smallest  positive 
remainder/residue  from  the  division  of  very  number  M,  but  the  not 
previous  quotient,  as  this  occurred  into  §1.2,  to  i  basis/base  jx4.  It 
is  obvious  that  ai  < p,. 
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In  the  theory  cf  numbers  it  is  proved  that  if  numbers  pt  are  th 
mutually  simple  between  themselves,  then  the  described  by  digits 
•••.On  representation  of  number  N  is  single. 

The  capacity  of  the  range  cf  the  represented  numbers  in  this 
case,  as  can  easily  be  seen,  is  equal  to 


® « PiPt  ■■■  pn. 
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Hare,  as  in  the  generalized  positional  system,  the  range  of  the 
represented  numbers  he  increases  as  the  product  of  bases/bases,  and 
the  bit  configuration  of  numbers  N  he  increases  as  the  sum  of  the  bit 
configurations  of  the  same  bas*s/tases. 

Let  us  consider  the  rules  cf  the  execution  of  the  operations  of 
addition  and  multiplication  in  the  system  of  residual  classes  if  both 
numbers  and  result  of  operation  are  found  in  the  range  (0,  <fT).  Lst 
operands  A  and  B  be  represented  respectively  by  remainders/residues 
Oj  and  ^  on  bases/bases  Pi  with  i-1,  2,  n. 

The  results  of  operation  of  addition  and  multiplication  A* B  and 
AB  are  represented  respectively  by  remainders/residues  y.  and  <s,  on 
the  same  bases/bases  p-,,  i.e. 

A  =  (a,,  . an), 

B  =  (Pti  P2 . Pn). 

A  +  B  =  (Yu  Y21  •  •  •’  Yn)i 
AB  —  (fill  fill  •  •  ■  1  fin)i 

and  in  this  casa  occur  the  relaticnships/ratics: 

A<&,  B<& ,  A  +  B<& ,  AB < cP. 

It  is  claimed  that  Yj  is  congruent  with  <xf-rPf  in  aodulus/aodulo  p,. 

and  fi|  is  congruent  with  ®<Pi  in  the  same  modulus/module,  i.e,, 

Yi  =  -r  Pi  (mod  />*), 
fi(  =  0(Pi  (modpf). 

In  this  case  as  the  digit  of  result  it  is  talcen  respectively 


A 
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Yi  =  a<  +  Pi  —  [*'  p.  ^  ]  Pi  < 

6.  =  a  A-[^]P«- 


r  .« 


Actaall y/really,  on  the  basis  (1.4)  it  is  possible  to  write 


iyisi  (=1,2 . n. 


Key  :  (1 )  .  for. 
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From  reprasantation  A  and  B  it  fellows  that 

kipl-\-cti\  (I 

B  —  hPt  4-  Pi, 

*=1.2 . n, 

where  and  //  -  whole  nen-negative  numbers.  Then 


whence 


that  also  proves  (1.5). 


<4  -f  B  —  (k-,  -+-/>)  Pi  4-  at,  +  p£, 

PS6]. 

*  =  1,2,  . . . ,  n 


Y1  =  a1  +  p(-pi±A*]Pl, 


In  the  casa  of  the  multiplication 
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Taking  into  account  (1.7),  we  will  obtain 

AB  =  kilip*  -f-  (a;/;  -|-  pt  -j-  aiPi, 

*  =  1.2 . n. 

Consequently , 

that  also  proves  (1.6). 

Let  us  consider  the  examples,  which  illustrate  the  given  aoove 
rules  of  the  execution  cf  the  operations  of  addition  and 
multiplication. 

Let  the  basis  of  system  be 

Pi  — 3,  p*  =  5,  Pj  =  7. 

The  range  of  system  will  be  defined  as  ^p^jp^ios. 

Example.  To  sum  number  A=17  with  number  B=63. 

On  the  selected  bases/bases  numbers  A  and  B  in  the  system  of 

residual  classes  will  be  represented  as 

-*  =  I7-(2,  2,3), 
a-63  =  (0,  3,  0). 

In  accordance  with  (1.5)  we  will  obtain 

A+B  =  ( 2.  0,  3). 
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Easily  it  is  checkad,  that  number  (2,  0,  3)  is  80  equal  tc  the  sum  of 
operands. 

Example.  To  multiply  number  A  = 1 7  by  number  B=6. 

In  the  system  of  residual  classes  numbers  A  and  B  will  be 
represented  as 

A  =  17  =  (2,  2.  3). 

B  =  6  =  (0,  1,  6). 

In  accordance  with  (1.6)  we  will  cfctain 

AB  --  (0,  2,  4). 

Easily  it  is  checked,  that  number  (0,  2,  4)  is  102  and  it  is  equal  to 
the  product  of  operands. 

Let  us  describe  in  general  terms  the  advantages  and 
disadvantages  in  the  introduced  numeration  system  in  the  residual 
classes. 

To  the  advantages  should  be  related: 

-  the  independence  of  the  fcrmation/education  cf  the  bits  of  a 
number,  by  virtua  of  which  each  bit  carries  information  about  entire 
initial  number,  but  not  about  the  intermediate  number,  which  is 
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obtained  as  a  result  of  forming  the  lew-order  bits  (as  it  takas  [.la 
in  the  positional  system).  Hence  ensues/escapes/flows  oat  the 
independence  of  the  bits  cf  a  number  from  each  other  and  the 
possibility  cf  their  independent  parallel  processing  »; 

-  Lo.'-naturs  of  the  reaainders/residues,  which  represent  a 
numbe  r. 

FOOTNOTE  1 .  This  special  feature/peculiarity  subsequently  will  make 
it  possible  to  draw  fundamentally  new  methods  of  arithmetic  check. 
During  the  introduction  cf  further  control  basis/base  the 
remain! er/resid ue,  undertaken  on  this  basis/base,  carries  surplus 
information  about  an  initial  number,  which  makes  it  possible  to 
discover  and  to  correct  the  errors  in  the  digits  from  the  working 
basis  of  system.  ENDFOOTNCTE. 

In  view  of  the  small  number  of  possible  code  combinatiors  is 
disclosed  the  possibility  cf  the  construction  of  tabular  arithmetic, 
thanks  to  which  the  majority  cf  the  operations,  performed  by 
arithmetic  unit,  are  converted  into  the  single-cycle  ones, 
implemented  by  simple  sample  of  the  table. 
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To  main  disadvantages  in  the  numeration  system  in  the  residual 
classes  should  be  related: 

-  the  impossibility  cf  the  visual  comparison  of  numbers,  since 
the  external  recording  of  a  number  does  not  give  representation  afccu 
its  value; 

-  absence  of  the  simple  signs/criteria  of  the  output/yield  of 
results  cf  operation  beyond  the  limits  of  range  10,  &); 

-  the  limitedness  cf  the  operation  of  system  by  the  sphere 
positive  integer  numbers; 

-  obtaining  ir.  all  cases  of  accurate  result  of  operation,  which 
excludes  the  possibility  cf  the  direct  approximate  execution  cf 
operations,  rounding  of  result,  etc. 

The  elimination  of  deficiencies/lacks  in  the  system  or  at  least 
weakening  the  operation  cf  these  deficiencies/lacks  and  most  complex 
use  of  its  advantages  in  the  implementation  in  the  computers  compose 
the  basic  content  of  machine  arithmetic  in  the  system  of  residual 
classes  creation  by  which  puts  forth  its  specific  problems. 

§1.4.  Methods  of  the  introduction  cf  negative  numbers. 
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The  given  above  representations  of  numbers  and  operations  above 
them  related  to  the  positive  numbers. 

Let  us  consider  the  rules  cf  the  execution  of  the  operation  of 
subtraction  in  the  system  of  residual  classes  if  both  numbers  and 
result  of  operation  are  found  in  the  range  [0,  <^J. 

Let  operands  A  and  E  be  represented  respectively  by 
remainders/residues  at  and  Pi  or  tases/bases  pf  with  i=  1 ,  2,  ...,  n. 
The  result  cf  operation  of  subtraction  A-B  is  represented 
respectively  by  remainders/resi  dues  ?i  on  the  same  bases/bases  pit 

i.e. 

A  =  (av  a* . a^) 

B  =  Pt . ft,). 

A  —  fl  =  (Yt,  Yi.  •••.  Y»). 

and  in  this  case  occur  relationshi  ps/rat  ios  ;  A<&,  B  <&,0<A  —  B<#>. 
Analogous  (with  1.5)  we  will  obtain  for  the  subtraction 

Y.=a.-R.  — 0-.  n.8) 

T  L  Pt  J 

V.  S'!. -Pi  (mod p:). 

i=l,  2 . n. 

The  operation  of  subtraction  when  its  result  is  positive,  is 
implemented  by  the  subtraction  cf  the  corresponding  digits  of  digits. 


... 


moreover  as  a  result  is  always  given  the  smallest  positive 
remainder/residue,  as  this  fellows  from  the  determination  of  the 
system  of  residual  classes. 

j  5 

. 

;-v  ,  In  other  words  if  a  difference  in  the  digits  proved  tc  he 

negative,  then  is  taken  its  additjer  to  the  basis/base. 


1 

4i 

f 

( 

* 
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After  the  execution  of  operation  the  sign  of  result  in  any  way 
in  it  in  is  reflected.  Strictly  speaking  the  signs  of  components  with 
the  execution  of  operation  are  not  treated  and,  therefore,  is  net 
formed  the  sign  of  result. 


i 

4 


Appears  the  need  for  introducirg  in  a  special  manner  sign  into 
the  representation  of  a  number  and  determining  the  rules  of  the 
execution  of  operation,  which  ensure  obtaining  not  only  the  value  of 
result,  but  also  its  sign. 


i 

t 

f 

l 


Let  us  consider  the  possible  versions  of  the  introduction  of 
negative  numbers. 


Pi.  P2,  .  .  ..  pn  ~  radix.  Range  ®  cf  represented  in  this  system 
numbers  will  be  defined  as 

&=Pl'  Pi,  •••,  Pn- 
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Lat  one  of  the  basis  of  system  be  equal  to  2.  For  the  certainty 
we  assume/set  Pi=2. 

Let  us  designate  through  P  value 

Pi  1 
or 

P  =  PzPs  ■  ■  ■  Pn- 

In  the  systam  of  the  residual  classes 

P  =  (I.  0,  0 . 0). 

He  will  use  with  the  numbers,  which  lie  in  the  range, 

0<\N\<P. 

Lat  us  taica  as  zero  numbers  P  and  we  will  represent  positive 
numbers  \  =  \N\  in  the  for*  N'  =  P-t-\Si\.  and  negative  numbers  N=—  |,V| 
in  the  fora  N’  =  P  —  |,Vj.  Then  with  the  algebraic  addition  we  obtain  the 
following  form  of  the  representation  of  the  positive  and  negative 
numbers: 

V  =  P  -  N. 

This  means  that  in  the  representation  accepted  which  let  us  name 
artificial  fora,  we  will  always  deal  concerning  the  positive  numbers. 
However  numbers  in  the  interval  [0,  P)  in  the  artificial  form  there 
will  represent  negative  numbers,  and  in  interval  IP,  #)  -  positive. 
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If  rasult  of  operation  dees  not  exceed  the  limits  cf  new  rang® 
[0,  P)  ,  it  is  possible  tc  implement  the  operations  of  addition  and 
subtraction  as  follows. 

Assume  it  is  necessary  tc  find  the  sum  of  two  numbers  &r.d  N 

1st  us  taka  thair  artificial  terms 

p ~ ,vt.  ,v;  =  />_.v2 

and  let  us  sum 

•v;  -r  v;  ==  P  ~  .V,  +  P  +  ,V2  =  2 P  +  (/V,  +  Afc).  (1.9) 

The  artificial  form  of  sum  is 

W-riV-r-M  +  Ato+P.  (1.10) 

whence 

(•v»  -*v2)'  =  .v;-.v;-p, 

or,  the  same,  since  P=  ( 1 ,  0,  0,  ...  0), 

(•V,  +  <V2)'  =  A'  +  ,VJ  -f  p.  (l.U) 

Let  us  consider  the  examples,  which  illustrate  the  formulated 
rules.  In  these  examples  it  is  assumed: 

Pt  =  2,  p2  =  3,  p3  =  5,  pk  =  7,  P  =  3-S- 7  =  105. 

Example.  1^  =  17,  N2  =  41.  we  form  the  artificial  forms  of  tha 
preset  numbers 

,v;=(l,  0,  0.  0)  +  (I,  2,  2,  3)  =  (0,  2,  2,  3), 

A'J-O,  0,  0.  0)  +  (l.  2.  1,  6)  =  (0,  2,  I,  6), 

on  the  basis  (1.11)  obtain 

(W«  +  AV-( 0.  2,  2,  3)  +  (0,  2,  1,  6)  +  (I,  0,0,  0)-(l.  I,  3.  2). 
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Number  (1,  1,  3,  2)  is  th«»  artificial  form  of  the  sum  of  the 
preset  numbers,  what  is  checked  by  transition  to  the  decimal  system: 

(17+41)'  =.(58)'  =  105  -f-  58  =  ( 1 ,  0.  0,  0)+(0,  1,  3.  2)  =  ( 1 ,  1,  3,  2). 

Example.  N,  =  17,  Nl=-H1.  He  form  the  artificial  forms  of  the 
Dreset  numbers 

•Vl  =  (l.  o,  0,  0)  —  (1,  2,  2,  3)  =  (0,  2,  2,  3), 

N-,  =  (  1.  0,  0,  0)  —  (1,  2,  1,  6)  =  (0,  1,  4,  1). 

Let  us  sum  these  numbers  and  on  the  basis  (1.11)  »e  will  obtain 

(A(1  +  Ar2)'=( 0,  2.  2,  3)  +  (0,  1.  4.  1)  +  (1,  0.  0,  0)  =  (1,  0,  1.  4). 

Let  us  produce  checking  by  transition  to  the  decimal  system: 

(17—41)'  =  (—24)'  =  105  —  24  =  (1,  0,  0,  0)-(0,  0,  4,  3)=(1,  0,  1,  4). 

Example.  Nt=-17,  we  form  the  artificial  forms  of  the 

preset  numbers 

N[=(l,  o.  o.  01  —  41.  2.  2.  3)  =  (0.  1.  3.  41. 

(V;=(l,  0.  0.  0)  — (1,  2,  1,  6)  =  (0,  1,  4,  I). 


Page  19. 

Let  us  sum  these  numbers  taking  into  account  (1.11) 

((Vt  +  ^2)'  =  (0,  I.  3,  4)  +  (0,  1,  4,  !)  +  (!,  0,  0.  0)  =  (1,  2.  2,  5). 
with  transition  to  the  decimal  system  we  produce  the  testing 

(-17— 4I)'  =  (  — 58)'  =  105  —  58  =  (I,  0,  0.  0)-< 0,  I.  3,  2)  =  (1,  2.  2,  5). 

The  transition  of  positive  number  into  the  negative  and  Deck, 
i.e.,  the  f crmation/education  cf  its  two's  complement,  is  produced  by 


a 
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the  subtraction  of  this  number  cf  the  number 

Pt,  P» . p„). 

Thus,  under  conditions  of  the  examples 

t 4 1  =  ( 1 , 2,  1.6);  -41  =  (I,  3,  5,  7)  — ( 1 .  2.  1,6)  = 

=  (0,  1,4,  1)  =  64. 

It  should  he  r.ched  the4-  4 '  tuo  "uh treher.d  ••♦*»«*  elre^d” 

represented  in  the  artificial  term,  then  for  obtaining  two's 
complement  it  is  necessary  to  suttract  it  not  of  the  nuaber 
(1.  Pi,  •  ■  pn),  and  from  (2,  pt,  .  .  .,  pn). 

Lat  us  consider  the  examples,  which  illustrate  the  method  of 
conducting  the  subtraction  indicated. 

Example.  Nj=17,  N2=41.  Let  us  present  the  preset  numbers  ir.  the 
artificial  form 

N[  =  (0,  2,  2.  3).  Vj  =  (0.  2.  1,  6). 

Me  form  the  two's  complement  N2 

(-A/j)'-(2,  3,  5.  7)  -(0,  2,  1,  6)  =  (0,  1,  4,  1). 

Let  us  sum  N * ,  and  tf'2,  taking  into  account  (1.11): 

(Nt  —  JVj)'  -  (Nt  -f  ( -  Af,))' « .v;  +  ( _  +  P  = 

-(0,  2,  2,  3)  +  (0,  1,  4,  l)+(l,  0,  0,  0)  =  (1,  0,  1,  4). 

On  cne  of  the  previous  examples  it  is  known  that  (1,  0,  1, 

4)  =  (17-41)  •. 

Example.  Nl=41,  M 2 - 1 7.  Me  form  the  two's  complement  N'2: 

(■N2)*  =  (2,  3,  5,  7 )  -  (0 ,  2,  2,  3)  =  { C ,  1,  3,  4)  and  we  further  in>pl«o«nt 


DOC  *  81023901  PAGE 

the  addition 

(tf ,  —  Ntf  =-  A'l  -i-  ( —  V2)'  +  />  = 

-(0,  2,  I,  6)+(0.  I,  3,  4)  J- (I,  0,  0.  0)  =  ( 1 ,  0,  4,  3). 

By  transition  to  the  decimal  system  we  check,  that 

(41 -17)' -(24)'- 106  +  24- (1.  0.  0,  0)  +  (0.  0,  4.  3)  —  (l.  0,  4.  3). 

Page  20. 

Prom  methods  of  procedure  of  addition  and  subtraction  presented 
it  follows  that,  applying  the  artificial  fora  of  the  representation 
of  the  codes  (with  zero  drift  on  F)  ,  is  possible  to  carry  cut  the 
operaticns  cf  addition  and  subtraction  above  the  artificial  fores, 
obtaining  always  correct  (both  in  the  value,  and  on  the  sign)  result, 
although  sign  it  is  hidden  in  the  fcra  of  the  representation  of  a 
number  and  we  cannot  visually  determine,  it  is  positive  or  negative. 

Lat  us  switch  over  to  the  operation  of  multiplication.  As  it  is 
above, 

jv;«p+jv„  *;=/>  +  , v2, 

then 

NW-Pp  +  Nt  +  NJ  +  NJ*  (1.12) 

whence 

(<V,/Vj)'  =  .VjjV,  +  P  —  P(P  +  ,V(  +  jV2). 

Talcing  into  account  that  p*(1,  0,  0,  ...  0)  and  that  the  initial 
numbers  are  preset  in  the  artificial  fora,  we  will  obtain 


(.v,.V2)'-.v;.v;  +  f»(i  +  p  +  .v;  +  aq. 
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Since  P  is  odd,  we  will  obtain 

(tf,/V2)'  =  N\N't  +  P(N[  +  AQ,  •  (1. 13) 

It  is  obvious  that  the  parity  or  oddness  will  determine, 

in  what  for®  will  be  obtained  the  result. 

Expression  (1.13)  can  be  registered  as 

...  ..  ..  _  A'i-Vj,  (!c.H{  ,V'  H  N\  OJHH3KOBOH  qeTHOCTH, 

.  NiN,+P,  ec.m  N[  h  iVj  pa3HOH  vcthocth. 

Key:  (1)*  if*  (2)  .  identical  parity.  (3).  different  parity. 

one  or  the  other  alternative  determines  the  need  for  the 
correction  cf  result.  If  »•  t  and  f»'?  different  parity,  we  obtain  the 
result  cf  multiplication  immediately  in  the  artificial  form,  but  if 
N  •  i  M '  2  of  identical  parity,  to  the  result  it  is  necessary  to 
adjoin  P=(l,  0,  ...,  0) in  order  tc  convert  it  into  the  artificial 
form.  Since  cna  of  the  basis  cf  system  was  selected  p,  =  2,  then  in- 
terms  of  the  valua  cf  the  remainder/residue  of  a  numter  by  this 
basis/base  we  judge  about  parity  cr  oddness  of  a  number  its«lf. 

H9nce  the  analysis  of  a  single  number  or  sum  to  the  parity  or 
the  oddness  is  produced  on  the  single-column  remainier/residu®  on 
basis/base  p,  =  2.  It  is  logical  that  the  odd  numbers  will  have  in  tne 
reffainde  r/rc  silos  on  this  basis/base  unity,  and  even  numbers  -  zero. 
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Respectively  ar.d  the  correction  of  result,  if  it  is  required, 
i.e.,  addition  P-(1,  0,  0,  ...»  0),  whose  single  remainder/resid ua  on 

basis/base  pt=2,  and  others  -  zerc,  it  is  reduced  to  the  inversion  of 

the  value  of  the  re mainder/residue  cf  result  cn  basis/base  pj. 

Page  2 1 . 

Let  us  give  the  examples,  which  illustrate  the  execution  of  the 
operation  of  multiplication.  The  system  of  basas/bases  the  sasr®  as  in 
t !  ■»  previous  examples. 

Example.  N,*7,  n2=13.  Let  us  present  the  preset  numbers  in  the 
artificial  form 

^,•  =  (1,  0.  0,  0)  +  (/,  1,  2.  0)  =  (0.  I.  2,  0). 

■V;  =  (l.  0,  0,  0)^(1.  |.  3,  o )  (0.  I,  3,  6|. 

We  compute  product  N  *  t  N  1  2  : 

vi-vi  =  (0,  I,  2,  0)  (0.  ),  3,  6)  -  *0,  I.  I.  0). 

Since  N ' i  and  N’2  identical  parity,  then 

=  vqv,  =  (0.  i.  i,o) 

Result  we  check  by  transition  tc  the  decimal  system 

(713V  =  (91)'  =  1054-91  =  (1,  0.  0.  01  —  < I ,  I,  !,  0)  =0).  I,  1,0). 

Example.  N,=7,  N2  =  -11.  Let  us  write  artificial  fora  for  the 
preset  numbers 

■Vi  =  (1.  0,  0,  0) -f- ( 1 .  I.  2.  0)  =  <0.  I.  2,  0). 

*»-<!.  0,  0.  0)  —  ( 1 .  1,  3,  6)  --(0.  2.  2.  I). 

Let  us  compute  product  n,,n,2: 
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N[S’.  =  ( 0,  1,  2,  0)-(0,  2,  2,  1)  =(0,  2.  4.  0). 

In  accordance  with  rule  (1.14)  (N1N2)  '=(0,  2,  4,  0).  Checking  gives 

the  following  result: 

(7-( — 13))'  =  ( — 91)'=  105 — 91  =(1,  0.  0.  0)  —  (1,  1,  1,0)  =  (0,  2.  4,  0). 

Example.  Nl  =  -7,  n2=-13.  Let  us  present  the  preset  numbers  in  the 
artificial  form 

Ag  =  (l,  0,  0,  0)  — (1,  1,  2,  0)  =  (0,  2.  3,  0). 

V;  =  M.  0.  0.  0)  —  (1,  1,  3,  6)  =  (0,  2,  2,  1). 

we  determine  product 

AW=(0.  2,  3,  0).(0,  2.  2,  1)  =  (0.  1,  1,  0). 

Of  previously  t.ne  example  examined  it  is  evident,  that  (0,  1,  1, 

0 )  =  ( 7 •  1  3 )  or,  which  is  the  same,  (C,  1,  1,  0)  =  ((—7)  •  (—13)  )•. 

In  the  given  examples  were  multiplied  numbers  of  identical 
parity.  Let  us  consider  examples  cf  the  multiplication  of  numbers  of 
different  parity. 

Example.  St~6f  N2*17.  Let  us  present  the  preset  numbers  in  the 
artificial  form 

v;  .=  (1,  0,  0,  0)  —  (0.  0  I.  6,  =(1,  0.  1 .  51, 
o,  0,  0)  — (I,  2.  2.  j)  --(0.  2,  2.  3). 

i is  compute  product  n',n'2: 

,v;.v;  =  (l,  0,  1.  6)  (0,  2.  2.  31  =  (0,  0.  2.  4). 

since  N't  and  M'2  different  parity,  then  according  to  (1,14) 

(VpVj)-  =0,  0,  0,  0)  -(0.  0.  2.  4)  -  o,  o,  2.  4). 
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By  transition  to  the  decimal  system,  we  check 
(6- 17)'  =  (102)'  =  105+102  =  (1,  0,  0,  0)  +  (0.  0,  2,  4)  =  (1,  0,  2,  4). 

Example.  N 1  =6 ,  N2=-17. 

/v;  =  (l,  0,  0,  0)-f  (0,  0,  I,  6)  =  (1,  0,  1,  6) 

‘v*  =  (l.  0,  0,  0) — (!,  2,  2.  3)  =  (0,  I,  3,  4) 

•V1V;  =  (1.  0,  1.  6) •  (0,  1,  3,  4)  —  (0,  0,  3,  3). 

According  to  (1.14)  we  have 

(•W  =  (l.  o,  0,  0)-r(0,  0.  3,  3)  =  (I.  0,  3,  3). 

Checking  by  transition  to  the  decimal  system  gives 

(6-(—  17))'  =  (  —  102)'  =  105—  102  =  (1,  0,  0,  0)  — (0,  0.  2,  4)  =  (1,0,  3,  3). 

The  method  presented  the  representations  of  negative  numbers  a 
operation/prccass  with  them  assume  that  Pi=2. 

This  is  convenient  from  the  pcint  of  view  of  simplicity  of  the 

execution  of  ope ration/prccess,  but  it  is  certain  limitation.  It  ca 

seen  that  in  tne  questions,  connected  with  the  approximate  executic 
of  operations/processes  in  the  machine  in  the  composition  of  the 
foundations  for  inexpediently  having  a  oasis/base,  equal  to  two. 
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Therefore  it  is  necessary  to  examine  the  process  of  the  ir.troductic 
of  negative  numbers  of  mere  general  character,  without  assuming 
compulsorily  in  the  composition  of  the  bases/fcases  of  number  2. 

Let  the  basis  of  system  be  pu  p2,  .  .  pn>  moreover  p!  =  2t«-1.  Let  u 
break  down  the  range  &  —  p,p2  ■  ■  ■  pn  to  two  parts  :  ^0,  - ~~ 1  )  and  [— -3s 

i 

Let  further  in  the  adopted  system  number  — —  take  form 

3>—  l  .  v  3>-\  ,  .  ,, 

— 2 —  =  (Pi,  P2.  ■ . pn).  Let  us  accept  as  zero  numuers  — ^ —  and  we  will 

represent  positive  numbers  N  =  \N\  in  the  form  A  =-  ,  A'  .  and  r.egati 

numbers  /V  =  —  LV  i  in  the  form  A"  ^ -  ~  1_  i  ,y  i.  a.  the  general  view  of  t 

artificial  form  of  a  number  wall  be 

•v'=;iyLi  +  ‘V.  (1.15) 

The  representation  cf  a  rusrber  in  the  form  (1.  15)  s ubs,vj uer.t lv 
we  will  call  the  generalized  artificial  form  cf  a  number. 

P  ag  e  23. 

Assuming  that  the  result  cf  operation  in  the  absolute  vaiu<=  dc 
_  1 

not  exceed  ,  it  is  possible  tc  perform  the  o perations/procasses 
of  addition  and  subtraction  as  fellows:  assume  it  is  necessary  to 
find  the  sum  cf  two  numbers  and  n2,  preset  in  the  artificial  for 


The  artificial  form  of  the  sum  cf  these  numbers  taites  the  form 


(Aj— A:)  —  - — — i  g- _  .Y; . 

Lat  us  designate  through  =  /p,.  £ . p,).  Hera 

Pi  =  Pi  — Pi.  i=1,  2,  ...,  n.  Then 

(.Vj  -f- N2)‘  =  A t ~ A',  —  (p, ,  p;,  ( » .  1 6) 

It  is  easy  to  see  that  the  two's  com  clem  er.t  of  number  V  is  obtained 
by  the  subtraction  of  this  number  cf 

•  l 

— 2~  =  (pi.  p3.  •••.  Pn)- 


In  this  case,  if  a  number  was  preset  in  the  artificial  form, 
subtraction  with  the  foraatior/ed  ucation  cf  two’s  complement  must  is 
carried  out  from 
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Example.  Nt=46,  N2=8  1.  Let  us  writs  the  artificial  forms  of  th 
com ponen ts/terms/add ends 

2,  3,  5)  —  {! ,  ! . 

jv;  =  (l,  2,  3,  5)  +  (0,  1.  4,  4)  =  (1 ,  3.  0.  9). 

Then  in  acccrGar.cs  with  (1.16)  we  obtain 

(N, 4- Nz)‘  =  (2,  3,  0,  7)  +  (l,  3,  0,  9)+(2,  3.  4.  6)  =(2,  4,  4,  0). 

We  check  by  transition  to  the  decimal  system,  that 

(46+81)'  =  (127)'  =  577+  127  =  (1.  2,  3,  5)  +  (l,  2,  I.  6)  =  (2,  4,  4.  0). 

Page  24. 

Example.  Nl  =  46,  N 2  — —  81. 

.v;  =(1.  2,  3,  5)  +  (l,  I,  4.  2)  =(2.  3,  0,  7), 

A'j  =(I.  2.  3.  51  —  (0,  1.  4.  4)  =(I.  I.  6.  I), 

(A ',--.V;)'  =  (2,  3.  0,  7)  —  ( 1 .  1.  6.  I)  ~(2,  3.  4,  6)  =  (2,  2.  3.  3). 

By  checking  by  transition  to  the  decimal  system  we  obtain 

(46  —  81)'  —  (—  35)'  =577-35  =0,  2,  3.  5)  —  (2.  0,  0,  2)  =  (2,  2.  3,  3). 

Example.  Ml=-46,  N2=-81.  By  transition  to  the  artificial  form: 

,V,'  =  (I.  2.  3.  5)  —  ( 1 .  1.  4,  2)  ---(0,  1.  6,  3), 
v;  =  (l,  2,  3,  5)  —  (0.  I,  4,  4)  =(l,  1,  6,  1), 

;A',--.Vj)'  =(0,  I,  6,  3)  +  ( 1 ,  1,  6,  1)  +  (2.  3,  4,  6)  =  (0,  0,  2,  10). 

We  carry  out  testing  in  the  decimal  system 

(  —  46  —  81)'  =(—127)'  = 

=  577—127  =  0,  2,  3,  5)  —  (1 .  2,  I,  6)  =  (0,  0,  2,  10). 
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Lst  us  giva  the  examples,  which  ilLustrate  method  presented 
above  of  conducting  the  subtraction. 

Example.  >^  =  116,  N2=67.  We  ccnvert/trans far  tc  the  artificial 

form 

.v;  =  0.2,  3,  5)  -  (2,  1 ,  4,  6)  =  (0,  3,  0,  0). 

<v;  =  0,  2,  3.  5)  —  (0.  2,  3.  10)  =  (I,  4,  6,  4). 

Me  form  the  two’s  complement  cf  the  subtrahend  N'2: 

( —  iVj)’  -=  (2,  4.  6,  10)  — (I.  4.  6,  4)  -(1.  0,  0,  6). 

Me  carry  out  addition  according  tc  (1.16) 

(,Vt  _  iV2) ' ’  -  (JV,  +  ( _  ,Vj)) ' ■  =  Ni  +  ( -  N# ’  +  = 

=  (0,  3.  0.  0)4-0,  0.  0,  6)-!- 12.  3.  4.  6)  =  (0.  1,  4,  1). 

Me  check  by  transition  tc  the  decimal  system,  that 
(116  — 87)' =  (29)' =  577  -  29  =  0  .  2,  3,  5)4- (2,  4,  1.  7)=(0,  I,  4,  1). 

Example.  Nt=116,  N2--97. 

A,  -U.  2. -J.  5) -(-'.  I.  4,  6)  (0.  3,  0.  0), 

Ad  -0,  2,  3,  5)  —  (0,  2,  3.  10)  =(!,  0,  0,  6). 


Let  us  determine  the  two’s  complement  of  the  subtrahend 

(-*4)'  - (2,  4,  6,  10)  — (1,  0,  0,  6)  -(I,  4.  6.  4) 

is  produced  the  addition 

|  —  A  :)  (0,  3.  0.  !>)  -0.4,  6,  4)  -  (2,  3,  4,  6)  .=  (0,  0,  3,  10). 
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M3  check  in  the  decimal  system,  that 

(l  16— (—87))'  =  (203) '  =  577  -s.  203  -=  (1 . 2. 3.  5)  +  (2, 3,  0,  5)  =  (0,  0, 3,  10). 

Page  25 . 


Example.  N2=87. 

jV[  =  (l,  2.  3,  5)  —  (2,  1,  4.  6)  =  (2,  1,  6,  10), 

•Vi  =  (l,,2,  3,  5)  (0,  2.  3,  10)  =  (1.  4,  6,  41. 

(  — iVj)'  =(2.  4,  6,  10)  — (1,  4,  6,  4)  =  (1,  0.  0.  6). 

'  (<Vt  —  N£'  =(2,  1,  6,  10)  +  (1,  0,  0,  6)  + (2.  3,  4,  6)  =  (2,  4,  3,  0). 


We  check  in  the  decimal  system,  that 

(-116-87)’ ==(-203)' -=577  -  203  .= 

=  (1.  2,  3,  5)  —  (2,  3,  0.  5)  =  (2.  4.  3.  0). 

Example.  M^-116,  N2=-87.  We  will  use  the  results  of  the 
previous  “xamples 

(.V,  —  N2)‘  =  (2,  1.  6.  10) -p (1,  4,  6,  4)  —  (2,  3,  4.  6)  -12.  3,  2.  9). 

Checking 

(—116  —  ( —  87))'  =  (  —  29')  =  577  —  29  = 

=  (l,  2,  3,  5)  —  (2,  4,  I,  7)  =  (2,  3,  2,  9). 

Let  us  examine  the  execution  cf  the  operation/process  of 
multi  plication  during  the  representation  cf  multipliers  in  th 
generalized  artificial  fcru. 
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N[  =  —5 - i-  iVt  and  A';^= 


.^-1 


■JV2. 


then 


NM  =  ^  ( JVi + v, + ^ ~  .v,.v2. 


After  designating 


<p  =  Nt  +  Nz-t 


S--\ 


we  will  obtain 


whence 


•  a. 


Assuming/setting 


(by  recording  in  the  curly  braces  is  indicated  fractional  part  of  t 
division  *  into  two),  we  will  obtain 


(A W : 


3°-l 


Page  26.  If  *  is  even,  then  [  #/2]  ®#/2  and  (  */2  }  =0,  then 


+  W  +  (1.18) 

If  *  is  odd,  than  [*/2]  =*-1/2  and  (  */2  }  =1/2,  then 


(U9) 
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Let  us  introducs  value  tf  determined  as  follows: 


,  r  • » 

,  ec.iH  <p  qeTHoe, 

'  =  «) 

[  — 2 —  •  ec-111  He4eTHoe. 


Key:  (1).  if  0  even.  (2).  if  *  cdd. 


Then  expressions  (1.18)  and  (1.19)  are  transformed  into  the 


following: 


(1.20) 


Value  *  it  is  expedient  to  select  expressed  through  the 


artificial  forms  of  ccfactors,  i.e., 

<p-Ar,+jv;+^I. 


(1-21) 


Let  us  axamina  some  examples,  which  illustrate  the  execution  o 
the  opercition/process  of  the  iru ]ti plication  when  numbers  are 
represented  in  the  artificial  for*. 


Example.  Nx=23,  N*  =  19.  Me  convert/transfer  to  the  artificial 


forms  of  the  cofactors 


.v;  =  (l,  2,  3,  5) -f(2,  3,  2,  1)  =  (0,  0,  5,  6), 
JVi=.(l.  2,  3,  5)  +  (l.  4,  5,  8)  =  (2.  1,  1,  2). 


m*w’*m*  i 
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Lat  us  compute  value  f  according  to  (1.2  1): 


<p  =  (0,  0,  5,  6)  +  (2,  1,  1,  2)-f(2,  3,  4,  6)  =  (1,  4,  3,3), 

*  =  -y  —  (2,  2,  5,7), 

(A/,jVj)'  =  (1,  2,  3,  5)  +  (0,  0,  5,  6) •  (2.  1.  1,  2)-(2,  2,  5,  7)  = 
=  (1,  2,  3,  5) +  (0,  0,  5,  1)  —  (2,  2,  5.  7)=(0,  4,  6,  2). 


We  carry  out  testing  in  the  decimal  system 

(23-19)'  =  (437)'  =  577-1-437  =  (1 ,  2,  3,  5)-f(2,  2,  3,  8)  =  (0,  4,  6,  2) 


Page  27. 


Example.  Ni  =  23,  N2*-19.  Let  us  compute  the  artificial  forms  o 
the  cofactors 

N[=(l,  2,  3,  5)  ~  (2,  3,  2,  l)  =  (0.  0.  5,  6), 
tf;  =  (I,  2,  3,  5)  —  (1,  4,  5,  8)  —  (0,  3.  5,  8); 


let  us  determine 


9  =  (0,  0,  5,  6)  + (0,  3,  5,  8)-)-  (2,  3,  4,  6) --=(2,  1,  0,  9), 


hence 

<=-y --=(1.  3,  0,  10). 

We  compute  product  on  (1.20) 

(A712Va)'  =  (1,  2.  3,  5) 4- (0,  0,  5,  6) ■  (0,  3.  5,  8)  -Hi.  3.  0,  10)  =(2,  0,  0,  t). 

We  check  by  transition  to  the  decimal  system,  that 


(23  •  ( - 19))'  =  ( -  437)'  =  577  -  437  = 

=  (1,  2,  3,  5)  —  (2,  2.  3,  8)  =  (2,  0,  0,  8). 
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Example.  Nl=-22,  Nz=19.  fce  ccnve  rt/tra  ns  fer  to  the  artificial 
forms  of  the  ccfactors 


=  2,  3,  5)— (1,  2,  1.  0)  =  (0,  0,  2,  5). 

<VJ  =  (1,  2,  3,  5)  +  (l,  4,  5,  8)  =  (2,  1,  1,  2). 


We  compute  0: 


<p  =  (0,  0,  2,  5)  +  (2.  I,  1,  2)  -f  (2,  3,  4,  6)  —  (I.  4,  0.  2). 


hence 

/  =  |-=-(2,  2,  0,  1). 

we  compute  product  in  accordance  with  (1.20) 


(*1*4)'*=  (I.  2,3.  5)  +  (0,  0,  2,  5) ■  (2,  1,  l,2)+(2,  2,  0,  1)=(0.  4,  5,  5). 

we  carry  out  testing  in  the  decimal  system 

((—  22)  ■  19)'  =  (—  418)'  =  577—  4I«  — 

=  (1.  2.  3,  5)-(l.  3,  5,  0)-(0,  4,  5,  5). 


Example,  N,=-22,  M?=-19.  We  compute  0,  utilizing  the  artificial 

forms  cf  ccfactors,  determined  in  the  previous  examples: 

9  =  (0,  0,  2.  5) -f  (0,  3,  5,  8) -r  (2,  3,  4.  6)  =(2.  I,  4.  8). 


hence 

/-JL-U.3.  2,  4). 

Let  us  compute  the  product 

(V,,Vj)'  =  (I,  2,  3,  5)  +  (0,  0,  2.  5) •  (0,  3,  5,  8)-(l.  3.  2.  4)  =  (2.  0,  1,  5). 

we  check  by  transition  to  the  decimal  system,  that 

(( - 22)  ( -  19))'  =  (4 18)'  =  577  +  4 18  = 

-=(l,  2,  3,  5) 3,  5,  0)  —  (2,  0,  1.  5). 

Page  23. 
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§  1.5.  fiulti-stige  system  of  residual  classes. 

one  of  the  essential  advantages  of  the  system  of  residual 
classes  is  the  possibility  of  the  parallel  processing  c:  the  digits, 
which  are  re  main ders/r°si dues  along  the  adopted  system  of  oasap/Sis. 

Pt,  Pz,  .  .  pn.  Since  in  this  case  the  range  of  the  representation  of 
numbers  &  is  defined  as  the  product  of  the  bases/oases 

S  =  PiPz  ■  ■  ■  Pn, 

tn«n  it  is  logical  that  the  range  of  the  representation  of  ru^b^rs 
increases  considerably  mere  rapid  than  the  word  format,  necessary  fo 
the  representation  of  a  number,  characterized  by  the  sum  of  the 
digits,  necessary  for  the  representation  of  r  emaind  nr  s/resi  d  u«s 
according  to  the  selected  bases/bases. 

The  requirement  of  mutual  simplicity  of  tases/bases  dees  net 
make  it  possible:  to  select  them  clustered  in  tne  small  section  of 
the  series/row  of  natural  numbers.  Thus,  for  instance,  one  cf  the 
possible  systems  of  bases/bases,  which  realizes  the  numerical  rang® 
of  order  s  «  1017.  will  be  such  3  ,  5,  7  ,  1  1  ,  1  3  ,  17  ,  19,  23,  29,  3  1  , 
37,  41,  43,  47. 


It  is  easy  to  see  that  for  storing  the  remainders/residues  or 
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thesa  bises/oises  will  be  required  rhe  binary  registers  wi-r.  tn  - 
iischarge/digital  configuration  with  respect  2,  3,  3,  4,  a,  5,  5,  5 

d|  5|  6 1  6|  6/  6* 

on  the  six-bit  registers  car  be  storel  tbs  remainder s/resil us s 
on  three  more  basas/bases  of  the  same  seriss/row,  namely  c.n 
bases/bases  53,  59,  hi  which  will  increase  range  to  the  values  of 
order  1  022.  For  further  increase  cf  range  will  be  required  the 
transition  tc  the  seven-digit  registers. 

Possibly,  the  system  of  bases/bases  indicated  is  not  optimum, 
but  it,  just  as  any  other,  it  is  reflect  ed/re  present  ad  natural 
tendency  toward  an  increase  ir.  the  discharge/di  gital  configuration 
registers  with  an  increase  in  the  numerical  range.  An  increase  in  c 
discharge/digital  co.nf ig uraticr  cf  the  registers,  which  store  t-.  e 
remainders/residues  of  ruirbers  cf  the  examined  range,  respectively 
leads  to  the  complication  of  the  equipment  for  arithmetic  unit  and 
increase  in  the  operation  time. 

Tendency  as  far  as  possible  to  decrease  the  value  of  bases/bas 
led  to  the  thought  to  construct  the  system  of  residual  classes  into 
several  steps/stages. 

The  principal  system  of  the  foundations  for  eating  p)(  p2 . pn, 
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and  this  system  of  bases/  cases  provides  t  n;  pcs. 51  j’  lity  r : 
“xecutitn  of  ope  r  at  ions/  p  r  cce  ss  es  in  preset  ran.  ;•?  10.  -J\ 

Page  2-». 


The  maximum  r. 'inner,  which  can  be  cr taf.tr  1  1;.  tr.  1  s  »  .  it.-  • 
multi  plica  t;  cr.  of  single  digits,  exists  ip,  —  lil 

«a  will  tew  represent  all  digits  0:  principal  *  rst- t 
system  with  fcases/basas  iy  sich,  tha' 

it  =  ...  .i.  iPi  —  1 1". 

In  this  system  th®  maxuus  number  which  car.  be  ootair. 
multiplication  of  its  digits,  will  be  number  |.-xr  —  1 1*  it  is 
in  turn,  these  last  figur»s  (in  system  -t,.  ..  .  -vi  tc  w rite  r 
the  system  wits  oases/bases  Pi.  P;,  .  .  p,  under  cotiiticr. 

p  -  ihp:  •  •  p,  —  I  r  and  sc  forth. 

This  Drccess  of  transition  tc  the  smaller  bases/Dases 
simplifies  the  realization  cf  elementary  arithmetic  uni*  a 
shortened  the  time  cf  the  execution  cf  arithmetic  operatic 

Actually/really,  for  tne  system  with  range  f  ^  1,/-  t  * 
basis/base  is  pn  =  47. 
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«i  t.n  tr  •  jiulti  pi  ?  ca  ti  on  th«  at  ntrst  number  whose 
c aa ai n i er/r es id ja  is  intended  to  de  t®  rmi  ne,  it  can  d?  ib*=2llo.  Th  is, 
tr.®  seror.i  steu/sti^e  of  the  system  of  residual  classes  oust  r-  sues 
that  its  rare3  *  = -ii.  ••*:•  .  n.  wculi  satisfy  fer  c  h  o  senior  1  a  sis /r.a  n  a 

ror l:tic"  i.  ■ 

'Jsin:  b  vs‘»i  propose  i  above  cf  bas»s/bases,  it  is  possibl* 

/alias  n.  »o  selac*  by  «-h®  tcllcwjr}:  3,  S,  11,  13. 

Tn  -  ran  }«  if  the  second  s**?t/sta  j*  for  the  greatest  has  i  s/n  as  -  1 

is  Lm'ei  to  ::ea'?st  basis  /rase  nmit  =  13 

It  is  possiole  *  o  examine  •’hiri  st^p/staje,  into  which  the  jr=  at 
obtair*!  r  ixoer  will  be  i;*=ii«4.  It  is  ic  uca  1  that  for  tre 
real  iza  *  icr.  c:  one  thirl  step, staie  will  be  req  iir®  1  the  basesCnf--* 
of  snlla:  iisrnar  7®  •'  di  jital  cerf  iquraf.cn.  In  particular,  fret  t  h* 
same  s»:i«s/:ox  can  rs  selected  *  b®  system  of  oases  /basas  3,  ',  ’  h 

I1:®  tr.*  greatest  result  of  cr°rat:or.  will  oe  iefined  as 
1}/=1J0,  i.-.,  fir  r  ne  rea!izaf:or  ct  possible  i  per  a  tio  r.  s  '  or  o  ~a  s  s  3s  I 

l  r  tte  rcurtr.  sten/staq®  will  be  required  oases  'Dases  J,  S  7 .  I 

It  is  crvtois  furtner  iecre  as-  it  the  value  if  th-  ;r->a‘Js* 

basis/oas®  is  Limits1.,  since,  e  v®  r  if  is  remove:  from  t  r.  e  s  *  1  •**“*»  * 
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number  of  mutually  simple  reasons,  will  seem  than  t h a  maximum  r.umb-r 
capable  of  arising  in  the  process  cf  executing  the  operation/process 
is  equal  (to  7-1)2=36,  and  the  new  system  of  mutually  simple 
bases/bases  it  can  be  selected  only  from  series/rcw  2,  3,  4,  5,  8, 

which  is  impossible. 

Page  30. 

Thus,  from  the  initial  system  of  bases/bases  with  greatest  basis/bas 
p, ,  =  47  it  is  possible  tc  cross  three  steps/stages  to  the  system  of 
bases/bases  with  the  greatest  basis/base,  equal  to  7,  thanxs  to  whic 
is  provided  a  decrease  cf  redundancy  in  the  tables  cf  arithmetic 
operations  and  an  increase  cf  the  high  speed  cf  the  latter. 
Arithmetic  unit  in  this  case  m  will  work  only  in  the  highest 
step/stage  and  only  in  the  stages  of  deduction  of  result  the  co‘ain? 
numbers  must  be  converted  into  the  form,  most  preferable  for  the 
output/yield. 

Should  be  focused  attention  on  the  circumstance  that  in  general 
we  win  in  the  redundancy  one  elementary  arithmetic  unit;  however, 
with  each  increase  in  the  step/stage  of  bases/bases  we  lose  in  the 
redundancy  cf  antir®  arithmetic  unit  due  to  an  increase  in  the 
discharge/digital  configuration  cf  entire  number  and  due  to  an 
increase  in  the  redundancy  uper.  transfer  to  the  new  st®?/sta  g®. 


DOC 


6 1 023902 


PAGE 


Let  as  examine  some  examples,  which  illustrate  multilevel 
systems . 

For  the  operation  with  numbers  from  1  to  103  should  be  select3! 
the  system  cf  bases/bases,  in  which  would  be  represented  numbers  from. 
1  to  1 0 6 .  It  is  possible  to  accept  the  system  of  the  bases/bases: 

Pi  =  ll,  p2  =  13,  p3=17,  p4  =  20,  Pi  =  2l. 

Here  =  p^jp^pj  =  1011020  >  io«.. 

With  the  cperations/crocesses  with  the  digits  in  this  system  a 
maximally  possible  result  20*20=400. 

we  will  each  of  the  digits  represent  in  th 2  system  with  th3 
bases/bases : 

a j  =  3,  —  4,  jij  ;  5,  A 4  —  7. 

Range  of  this  system 

A  =  Aj  AjAjAj  =  3-  4  •  5-  7  =  420 . 

The  greatest  possible  result  in  this  system  will  be  define']  33 
(7-1)2  =  36,  while  in  the  first  system  of  bases/bases  the  greatest 
possible  result  was  equal  to  40C,  i.e.,  here  elementary  arithmetic 
unit  operates  with  numbers,  10  times  less  in  the  value. 
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Example.  Assume  we  should  conduct  multiplication  115-54  1.  Cat  us 
write  ccfactors  in  th°  principal  system  of  bases/bases  (first  stag?) 

115=  (5,  11,  13,  15,  10);  541  =(2,8,  14,  1,  16). 

Let  us  write  now  these  numbers  in  the  system  of  the  bases/tases 
of  the  following  (second)  st^p/stage: 

115  =  ((2,  I,  0,  5);  (2,  3,  1,  4);  (1,  1,  3,  6);  (0,  3,  0,  1);  (1.  2.  0,  31], 

541  =((2,  2,  2,  2);  (2,  0,  3,  1);  (2,  2,  4,  0);  (1,  1,  I,  1);  (1,0,  1.  2)]. 

Let  us  produce  multiplication  in  the  second  step/stage 

115-541  = 1(1,  2,  0,  3);  (1,  0,  3,  4);  (2,  2,  2,  0);  (0,  3,  0,  1);  (1,  0,  0,  6)]. 

Page  3  1  . 


Let  us  examine  how  appears  the  obtained  result  in  first  staje: 

115-541  =(10,  88,  182,  15,  160). 

Operations/processes  in  the  lowest  system  will  always  b-* 
correct,  if  true  result  dees  not  lQave  the  range  of  the 
representation  of  numbers  of  sericr  step/stage.  In  this  case  also 
must  not  have  point  of  emergence  frem  the  range  of  the  representation 
of  numbers  and  in  the  lowest  step/stage. 

Returning  to  the  result  cf  tb«  multiplication  conducted,  let  us 
lead  it  to  the  smallest  positive  remainders/residues  along  the 
selected  system  of  the  fcases/fcases 

115-541  =  (10,  10,  12,  15,  13)  =  622 1 5 . 

Example.  Compute  uiz.  Let  us  write  numoer  41  in  the  first 
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system  cf  the  bas® s/bases 

41  =  (8,  2,  7,  1,  20). 

Let  us  pass  to  tha  second  step/stage 

41  =[(2,  0,  3.  I);  (2,  2,  2,  2);  (I.  3,  2.  0);  (1,  1.  1.  1);  (2,  0,  0,  6)|. 

Let  us  elevate  41  Into  the  squar®  in  th®  second  stap/stage 
41*  = 1(1.  0.  4,  1);  (1,  4.  4,  4);  (1,  1,  4.  0);  (1.  1,  1,  1);  (1.  0.  0.  1)). 

Let  us  r®store/reduc®  result  in  first  stags 

41*  =  (64,  4,  49,  1,  400) 

and  let  us  lead  it  to  the  smallest  positive  r eaainder s/resid ues  in 
first  stage 

41*  =  (9.  4.  15.  1,  I.)  =  1681- 


§  1.6.  Rational  operation s/prcc«sses  in  the  system  of  residual 
classes. 

Above  it  was  established/insta lied,  that  the 
cperaticns/procasses  of  addition  and  multiplication  on  the  numbers 
represented  in  the  system  of  residual  classes,  are  reduced  to  the 
appropriate  cperations/prccesses  above  the  digits  of  this 
representation.  This  proves  to  be  valid  also  for  any  complex 
operations/processes,  comprised  cf  the  operations/processes  of 
addition  and  multiplication.  Sole  limitation  in  the  fulfillment  of 
this  type  of  complicated  cperations/processes  is  the  requirement  r 
nonappearance  beyond  th®  limits  cf  rang®,  determined  by  the  basis 
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system  acc°pted  both  final,  and  i  n  ter  mediate  results,  with  scire 
refined  rules  of  the  fulfillment  cf  complicated  o  peratior.s/proc^sses 
it  proves  to  be  possible  to  be  United  by  the  requirement  of 
nonappearance  from  the  range  cnly  cf  final  result,  leaving  after  th=- 
intermediate  results  the  possibility  to  exceed  the  limits  of  range. 

Page  32. 

It  is  obvious  that  the  alcresaid  relates  also  to  the  calculation 
of  the  values  of  polynomial. 

Let  be  given  polynomial  Q{x): 

QW=  2  atx \ 

i»0 

where 

at  =  (a<<\  a<<> . a<n*>); 

=  xj‘>.  ....  *<„<>); 

coefficients  and  the  degree  of  basing  of  polynomial,  presented  in  the 
system  of  residual  classes  on  bases/bases  pl#  p2,  .  .  H$ 

designate  through  Qj  (xj)  the  expression 

Q]{X))= 

Then  in  accordance  with  the  rules  of  addition  and  multiplication 
in  the  system  of  the  residual  classes 
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<? (x)  * (  2  2  aP'jei*';  . . .;  2  = 

t=0  i=0  i=0  ' 

=  (Qi  {JC.).  Q2  (Xz),  •  •  •  i  Qn  (*„))-  (1.22) 

The  components  of  polynomials  are  writte n/recoraed  taking  into 
account  signs  in  the  artificial  form. 

For  the  illustration  let  us  examina  soma  examples.  Ir.  these 
examples  is  accepted  the  system  of  the  bases/bases:  pt  =  2,  d2  =  3,  p3=5, 
p4  =  7. 

Example.  Compute  expression  AB+C  with  A=4,  B=5,  C=-3. 

Let  us  writs  the  preset  numbers  in  the  artificial  form: 

-4'=0,  0,  0,  0)  +  (0,  l,  4,  4)  =  (I,  I,  4,  4) 

B'  =(1, 0,  0,  0)  +  (l,  2,  0,  5)  s» (0,  2,  0,  5), 

C'  =  (l,  0,  0,  0)-(i,  0,  3,  3)  =  (0,  0,  2,  4). 

we  compute  expression  A’^E’+C': 

=  I,  4,  4)-(0,  2,  0.  5) 4- (0.  0,  2,  4)  =  (0,  2,  2,  3). 

Let  us  perform  testing  in  the  decimal  system 

(4-5—3)'  -  (17)'  —  105-p  17  =  (1,  0.  0.  0)  — (1,  2.  2,  3)  =  (0,  2,  2,  3). 

Example.  Compute  expression  AB+C  with  A=5,  B=-3,  C=4. 

preset  numbers  to  the  artificial  form: 

'>'=(!,  0.  0.  0)-(l,  2,  0,  5)  =  (0.  2.  0,  5). 
fl'  =  (1 ,  0,  0,  0)  -  (1 ,  0,  3,  3)  =  (0,  0,  2,  4), 

C'-(l,0,  0,0) -HO,  ),  4,  4)  =  (I,  1,  4,  4). 


L»t  us  lead  the 
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We  compute  expression  A'-E'+C1: 

A'  B'  +  C'  =  (Q,  2,  0,  5)  (0,  0,  2,  4) -Hi,  1.  4.  4)-j-(l,  0,  0,  U)  => 

=  (1,  1,  4,  3) -HI,  0,  0,  0)  --=  (0,  1,  4,  3). 

We  check  in  the  decimal  system/  that 

(S-( — 3) -r  4>'  =(— II)'  -  103-11 
=  Cl.  0.  0,  0)  — (1,  2,  I ,.  4)  =  (0,  I,  4.  3). 

Example.  Compute  expression  (A-B)C  with  A=  1 7 ,  B=7,  C-  5. 


Let  us  write  the  preset  numbers  in  the  artificial  form: 


8'=.-  (I,  0,  0,  0)-(l,  2.  2,  3)  H0,  2,  2,  3), 

S' HI,  0,  0,  0)  —  (1.  I.  2.  0)  -  ;0.  1,  2.  0 )-B’  -= 

—  (2,  3,  5,  7)  —  (0,  1,  2.  0)  HO,  2.  3.  0). 

C'  HI,  0,  0,  0)*(1,  2,  0,  5)  =  (0,  2,  0,  5). 


We  compute  expression  (A'-B’JC’-: 

(A'-B')C'  =  (( 0,  2,  2,  3) -HO,  2,  3,  0)_ (1,  0,  0,  0»-(0.  2.  0.  5)- 
—  (1,  0,  0,  0)  =  (I,  1,  0,  3)  (0,  2,  0,  5)  —  ( I .  'I  0.  0)=  (J,  2.  0.  I). 

wa  carry  out  testing  in  the  decimal  system 

4I7-7)-5)'  =.(50)'  =  105-1-50  =  (1,  0,  0.  0)-(0,  2,  0,  l)  =  (l,  2,  0,  1). 

Example.  Compute  the  value  of  polynomial  Q  (r)  =  1  1x*-7x+9  with 
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x  =  3. 


Lat  as  write  Q  (x)  with  the  coefficients  represented  in  the 
artificial  fcrm; 

Q'  (x)  =  (0,  2,  1,  4)  i* (0,  2,  3,  0)  x  — (1,  2.  3,  1). 

*'  =  (1,  0,  0,  0)-(i,  0,  3,  3)  =  (0,  0,  3.  3). 

We  compute  values  where  -  rema  inder/r  esidue  on  basis/bas 

Pi- 


<?,(*,)  =oo*  +  o.o+i  =1, 

(?,(Xs)=2-0«+2.0+2  =  2, 

<2,(Z3)  =  l-3*+3-3^3=l, 
<24(zJ=4-3*-0-3^1  =2. 


Hence 


<?' (*')=<!,  2,  I,  2). 


we  check  in  the  decimal  system 


(Q  (3))-  =  105  +  Q  (3)  =  105-86  =  (1.  0,  0,  0)-(0,  2.  !,  2)  - (1.  2.  !.  2) 

§  1.7.  Translation  of  numbers  of  the  positional  system  into  the 
system  of  residual  classes  and  vice  versa. 

The  transla ticr/con version  of  number  N  from  the  positional 
system  into  the  system  cf  residual  classes  can  be  realized  with  th 
aid  of  the  set  of  the  constants,  which  are  the  equivalents  cf  leqr 
p  (basis  of  positional  system)  in  the  system  cf  residual  classes. 
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Let  number  N  be  preset  in  the  positional  numeration  system  witn 


basis/base  p 


N  =  aTpr  -i-  ar-iPr-1  +  ...+atp  +  a0 


•v-S  a'Pi ■ 

i  —  0 


Here  -  ore  of  the  numbers  0,  1 ,  2,  • «  «  ,  p- 1  and  let 

Pi-(Pr\Pi‘> . Pi0)  Ar  t  =  1 ,  2 . r 

-  be  the  representations  cf  degrees  of  p  in  the  system  of  residual 
classes  with  bases/bases  Pi,  p2,  —  pn,  and  value 


a,  =  («<«>,  a*'1,  . . . ,  a<n’>)  ~  cr  f  s  1 ,  2 . r 


-  representation  of  the  coefficients  of  polynomial  (1.23)  ir.  ♦he 
system  cf  residual  classes.  Th»n  in  accordance  with  (1.22)  it  is 
possible  to  easily  form  number  N  in  the  system  of  residual  classes. 
After  designating 


<?,=  2  «W\ 

i>0 


we  will  obtain 


,V  —  (Qj,  Qj,  . . . ,  Qn), 


(1.24) 


i.e.  for  forming  the  number  N  in  the  system  of  residual  classes  it  is 
required  knowledge  r  cf  the  constants,  which  are  degrees  cf  d  ar.  1  p-1 


i 
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constants  of  appropriate  for  possible  values  a(  i.e.  in  all  r +p 
constants.  This  path  is  simpler  than  direct  indexing  N  into  each 
basis/base  and  format? cr/education  cf  remainder /res  idue ,  as  this 
a  sea  pe/Qnsue  s  from  the  determination  of  system.  It  can  be  realized 
the  presence  of  tha  arithmetic  unit,  which  worts  in  the  system  of 
residual  classes. 

Example.  To  translate  number  102  of  the  decimal  system  into  t 
system  of  residual  classes  with  the  bases/bases:  pi=3,  p2=5,  c3  =  7. 

Let  us  extract  constants: 

P°  ■*  I  —  (I.  I,  I),  pi  =  !0  =  (l.  0.  3),  -=  100  =  (1.0.  2); 

“•i  —  2  =  (2,  2.  2),  a,  =U  =  ((J.  0,  ui.  a2  =  (l,  1.  n. 

then  in  accordance  with  (1.24) 

Iu2  *r>  I  -  01  -M,  21-0-0  •  !  •  0.  2 •  I  0 ■  3 1-  I  •  2)  =  (0,  2,  4) . 

Page  35. 

Possible  if  does  not  limit  storage,  to  have  a  set  of  constant 
of  the  values  of  products  ajp>  (g=Cr  1,  .  ..,  p-1)  in  the  system  of 
residual  classes. 

tb  then  number  N  is  formed  simply  by  tha  additions  of  the 
correstocnding  constants. 
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Calculation  N  can  also  be  conducts!  according  to  the  diagram  o 
Hcrnar  for  the  polynomial. 


Lat  us  examine  new  translation  algorithm  from  the  system  of 
residual  classes  into  the  positicral  system. 


Let  the  basis  of  the  system  cf  residual  classes  be  p1# 

Pi . Pn  Let  us  assign  n  of  numbers  Bit  B:,  .  .  in  the  system  cf 

tha  residual  classes 


Bj  =  (tf*  P‘» . p(„j>). 

/=  1,2 . n, 

which  subsequently  we  will  call  the  basis  of  system.  As  it  will  be 
evidently  further,  the  bases  cf  system  are  its  basic  constants.  7h» 
values  are  defined  simultaneously  with  the  solection  of  system  and 
are  known  to  us  both  in  the  system  cf  residual  classes  and  in  tr. e 
positional  numeration  system. 


Let  for  tha  tr anslaticn/conversion  into  the  positional  system 

is  preset  number  A  in  the  fern 

A  =  (oq,  Sj,  ..•!  On). 

The  goal  of  trans lat icn/ccnversion  consists  in  determining  of 

numbers  Hi.  . jin’  such,  tnat 

1*1  T  H2#2  f  .  .  .  —  Hn&n  =  A.  (1  .25) 

Let  us  rewrite  (1.25)  in  the  system  of  the  residual  classes 
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mp;”,  Pi1’ . tun 

+  MP?\  ft”.  . 

Pi“)+... 

•"T|*n (Pi™'.  Pi"’,  • 

Pn  *)  —  (ott,  ru . a„). 

Equalizing  corresponding 

remainders/residues ,  we  obtain  the 

system  of  linear  algebraic  equations  for 

determining  the  values 

u,.  lu.  . . Li, : 

ix^  +  ^T-r.. 

.-rrf’-ce,. 

h.p;i; +  •  • 

•-rMi"’-**. 

d-26) 

M.P^’-^-r  •• 

•  4 ■  PnPn"*  =  &n- 

Page  36. 


System  (1.26)  will  have  the  whole  solutions,  if  the  det  ermir.an' 


of  system  is  equal  to 

+  - 1 

,  i.  €. 

f 

Pi1’. 

Pi”, 

.  Pin) 

ft”. 

Pi”.  .... 

Pin) 

p?\ 

Pi.” . 

Pi.n) 

There  is  a  large 

se lection 

o  f 

=  ±  1. 


(1.27) 


luas  p,,  p2>  .  .  P„.  since  any 

system  of  valuas  is  acceptable  as  the  r emainders/rssidu ss  of 
bases,  if  it  satisfies  ccnditicr  (1.27). 


In  the  particular  case  as  the  bases  of  system  can  be  selected 
the  following  values 

B.  =  (1,0,0 . 0),  B»-(0,  1,0 . 0).  ... 

....  =  0 . 1),  (1.28)  : 
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which  it  is  logical  to  call  the  orthogonal  basas  of  system.  In 
accordance  with  (1.26)  for  the  orthogonal  bases  we  obtain 

fi,=a,  ecr  »  =  I,2 . n ,  (1.29) 

w he  nee 

A  =  aiB,  +  atBt-i-  ...  +0*5*  (mod^).  (1.30) 

For  these  bases  the  determinant  of  left  side  faxes  the  form 


* 

100  .. 

..  0 

010  . . 

,.  0 

000  . . 

..  1 

Let  us  examine  an  example  cf  the  use/application  of  orthogonal 
bases  for  the  tr  ar.s  lati  cn/con  ve rsi cn  from  the  system  of  residual 
classes  with  bases/bases  p^l,  p2  =  5,  p3  =  7  into  the  lecimai  syst-m. 

Example.  To  translate  number  A=  (2,  3,  5)  into  the  decimal 
syste  m. 

Lat  us  extract  the  orthogonal  bases: 

fl,  =(1,  0.  owo,  Sj  =  (0,  1,  0)  =  21,  Sj  =  (0,  0.  1)  =  15. 

On  the  basis  (1.30)  it  is  possible  to  writ? 


3.  5)  2B,  —  3fl:  —  5fl3  -=2-70  -3-21  5  - 15  =  278. 


e  - 


'13^  ■). 


?h  a  cotcir.  >i  ;  -  s  u  I  is  ir*  reduced  into  the  :a:.>  by  tr  - 
subtraction  or  value,  multiple  *  ,  j  or.  and  finally  we  oota:  r. 

4  C.  ).  5i  278  -  2  105  ^68. 

Page  37. 

Faqardin  ;  ortheccrai  oases  (i.ld)  the/  can  oe  rapr-  s-r.  t 

form 


fl,  =  fer  i  =  l.  2. 
pi 


where  mi  -  whcla  positive  number  which  let  us  r.a  me/cail  t  r.e  weiunt  of 
orthogonal  basis. 


fioroovs  r  must  be  selected  in  such  a  way  that  would  occur  tho 
following  comparison 


s  1  (mod  p< 


(i  31) 


or 


Pi 


=  liPif-  1. 


where  .  /.  -  positive  integer  number. 

Lat  us  point  out,  how  it.  is  expedient  to  compute  value  rni-  L-4-  us 
introduce  designation  &,=  — .  Let  us  ccmDute  £\  =  — .  «  e  divide  eP, 

Pi  Pi 


into 
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met  _ _ _  _ . 

p,.  3inca  2T,  of  the  multipliers  of  mutually  simple  ones  witn  P><  that 
J,  it  will  net  be  comprised  completely  divided  into  pt,  as  a  result  c 
division  we  will  obtain  certain  remainder/residue  which  let  us 
designate  through  6,.  iThen  in  accordance  with  (1.  11)  mi  is  defined  as 
the  solution  of  the  comparison 

=  I  (mod  pi).  (1.32) 

In  view  of  a  comparative  smallness  cf  values  of  oases/basts  for  set 
Pi  ■  it  is  possible  to  make  table  of  the  solutions  of  comparisons 
(1.32),  in  which  through  value  6j  is  located  appropriate  ms.  Assuming 
that  the  oasis  cf  system  are  taken  by  simple  ones,  lot  us  give  Ch-* 
tables  of  the  solutions  cf  comparison  (1.32)  for  the  pnmo  numbers  i 
the  range  26 . 

In  this  table  for  each  crime  number  in  the  range  1-2**  are  given 
n ii,  these  corresponding  to  all  possible  ones  6. 

For  the  check  of  the  calculation  cf  orthogonal  bases  it  is 

possible  to  use  the  relations  hi  r/ratic,  obtained  from  (1.23): 

B\  -j-  Bz  4- . . .  —  Qn  =  ( ! ,  0 . 0)  —  (0,  1 . 0)  —  ...  — 

-r (0,  0 . !)  =  (!,  1 . 1)  =  1. 

Since  the  operati.cn  is  carried  out  in  the  system  with  rang* 

I0,&),  the  control  re  laticnship/ratic  can  be  written  as 

n 

2  Bt  s  I  (mod  sT). 


(1.33) 
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Table  of  the  solutions  cf  com  pa risen  (1 


! a\ 

2  3  5 

7 

11 

13 

17 

19 

23 

29 

31 

37 

41 

43 

47 

53 

59 

ol 

1  1 
'  2 

1  1  1 

2  3 

1 

4 

I 

6 

1 

1 

9 

1 

10 

1 

12 

1 

15 

1 

16 

1 

19 

1 

21 

1 

22 

1 

24 

1 

27 

1 

30 

i 

31 

'  3 

_ 2 

5 

4 

9 

6 

13 

8 

10 

21 

25 

14 

29 

16 

Is 

20 

41 

4 

4 

2 

3 

10 

13 

5 

6 

22 

8 

28 

31 

11 

12 

40 

15 

46 

5 

3 

9 

S 

7 

4 

14 

6 

25 

15 

33 

26 

19 

32 

12 

49 

1  6 

6 

2 

1 1 

3 

16 

4 

5 

26 

31 

7 

36 

8 

9 

10 

51 

1  ^ 

8 

2 

5 

11 

10 

25 

9 

16 

6 

37 

27 

38 

17 

35 

i  8 

7 

5 

15 

12 

3 

11 

4 

14 

36 

27 

6 

20 

37 

23 

!  9 

5 

3 

2 

17 

18 

13 

7 

33 

32 

24 

21 

6 

46 

34 

|  10 

10 

4 

12 

2 

7 

3 

23 

26 

37 

13 

33 

16 

6 

55 

<  11 

6 

14 

7 

21 

8 

17 

27 

15 

4 

30 

29 

43 

50 

1  12 

12 

10 

8 

2 

17 

13 

24 

24 

18 

4 

31 

5 

56 

;  13 

4 

3 

16 

9 

12 

20 

19 

10 

29 

49 

50 

47 

14 

11 

15 

5 

27 

20 

8 

3 

40 

37 

19 

38 

48 

1  10 

8 

14 

20 

2 

29 

5 

11 

23 

22 

46 

4 

57 

!  16 

16 

6 

13 

20 

2 

7 

18 

35 

3 

10 

48 

42 

j  17 

9 

19 

12 

11 

24 

29 

38 

36 

25 

7 

18 

1  18 

18 

9 

21 

19 

35 

16 

12 

34 

3 

23 

17 

1  19 

17 

26 

18 

2 

13 

34 

5 

14 

28 

45 

!  20 

15 

16 

14 

13 

39 

28 

40 

8 

3 

58 

i  21 

ii 

18 

3 

30 

2 

41 

9 

48 

45 

32 

22 

22 

4 

24 

32 

28 

2 

15 

41 

51 

25 

23 

24 

27 

29 

25 

15 

45 

30 

18 

8 

24 

23 

22 

17 

12 

9 

2 

42 

32 

28 

25 

7 

5 

3 

23 

31 

32 

17 

26 

22 

26 

19 

6 

10 

30 

5 

38 

51 

25 

54 

27 

14 

23 

11 

38 

8 

7 

2 

35 

52 

28 

28 

10 

4 

22 

20 

42 

36 

19 

24 

29 

15 

23 

17 

3 

13 

11 

57 

40 

33 

30 

21 

26 

33 

11 

23 

2 

59 

31 

6 

4 

25 

44 

12 

40 

2 

32 

22 

9 

39 

25 

5 

24 

21 

33 

9 

5 

30 

10 

45 

34 

37 

34 

12 

35 

19 

18 

39 

33 

9 

55 

18 

34 

16 

43 

50 

27 

7 

36 

36 

8 

6 

17 

28 

41 

39 

37 

10 

i 

14 

43 

8 

,33 

,0 

27 

17 

26 

7 

14 

53 

39 

20 

32 

41 

34 

56 

36 

40 

40 

40 

20 

4 

31 

29 

41 

21 

39 

22 

36 

3 

42 

42 

28 

24 

52 

16 

43 

35 

37 

11 

44 

44 

31 

47 

JO 

43 

•J3 

23 

33 

21 

19 

46 

46 

15 

9 

4 

47 

14 

54 

13 
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53  59  61  1 

48 

21  16  14 

49 

13  53  5 

50 

35  13  1! 

51 

26  22  6 

52 

52  42  27  ; 

53 

49  38 

54 

47  26 

00 

44  in 

56 

56  12 

57 

29  15 

58 

58  20 

59 

30 

60 

60 
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Let  us  examine  examples  cf  the  calculation  of  orthogonal  bas=s, 
utilizing  data  from  the  tabl®. 


Example.  Lat  be  given  the  system  of  the  tases/basas: 

pt=3,  p2  =  5,  p3  =  7.  p4  =  17.  ^>  =  p,p»o1p4=  J785. 

Wa  compute: 


S  -  7 
—  =  o-7- 

17  =  595. 

—  =  3-7 

•17  =  357, 

Pi 

Pi 

—  =  3-5- 

17  =  255, 

P  -3  - 

7=  105. 

Pi 

Pi 

We  compute  now: 

•  595  ^57 

3i=-r-(mod3)=l,  fl2=  (mod  5)  =  2, 

*3  =  ^  (mod  7)  =  3.  fl4  =  ij  (mod!  7)  =  3. 

Through  the  table  we  find:  rr t  =  1 ,  m2  =  3,  ra3=5,  m*  =  6.  Thus, 


fi,  =  1-595  =  595,  fl;  =  357-3=  1071. 
fl,  =  5-255=  1275.  S4  =  6-105  =  630. 
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Ka  check  against  the  control  relationshi F/ratio 

fl,  +  Bs  +  Bk=  595+  1071  +  1275  +  630  =  3571; 

3571-2-1785=1. 
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Chapter  2. 

Theoretical-numerical  bases  of  the  system  of  residual  classes. 

§2.1.  Slements/cells  of  the  theory  cf  comparisons.  i 

The  basic  t  heoret  ical-nu  tee  rical  basis  of  the  system  of  residual 
classes  is  the  theory  cf  comparisons.  Questions  of  the  theory  of 
comparisons  were  worked  cut  by  cutstanding  Russian  scientific  ?.  L. 

i 

Chebyshev  and  presented  in  his  classical  work  "Theory  of  j 

comparisons".  Following  in  essence  f.  L.  Chebyshev’s  presentation,  ; 

will  be  examined  below  scire  guestiens  of  the  theory  of  comparisons, 
necessary  for  the  development  of  the  system  of  residual  classes,  and 
also  some  methods  of  executing  the  arithmetic  operations,  which  are 
based  on  the  use/applicat  icn  cf  thecry  of  primitive  roots  and 
ind ices . 

Determination.  For  integers  a  ar.d  b  are  congruent  between 


■ .  .ii.,.  - «-». ... 


m 


tM 
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themselves  in  modul  us/module  p,  if  their  difference  a-b  is  multiple 
(it  is  divided  completely  into  p)  ,  i.  e. ,  a-b=lp,  where  X  -  integer. 

For  the  comparison  is  accepted  the  designation 
a  =  b  (mod  p).  (2.1) 

Comparison  car.  oe  treated  as  equality  on  the  mod  u  lu  s/mod  ule .  This 
makes  sense,  since  the  comparisons  possess  many  properties,  inhertr. 
in  equalities.  Let  us  enumerate  these  properties. 
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Property 
com  pa  risons 


If  a,  b,  c  and  p  -  integers,  then  from  the 
a  =  c  (mod  p)  b  =  c  (mod  p) 


it  follows  that  also 

a  =  b  (mod  p),  (2.2) 

i.e.  two  numbers,  congruent  with  the  third  in  certain  modulus/modul 
are  congruent  between  themselves  in  the  same  modu  lus/mcdule . 


Actually/re all y ,  regarding  th°  comparison 

a  =  lip-tc  h  b  —  l-ip  —  c. 


where 


integers. 


After  excluding  c  of  both  equalities,  we  will  oDtain 

—  h)  P~rb, 
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whence  it  ensue s/escap«s/f lews  cut  (2.2)  . 

Property  2.  In  the  comparisons,  just  as  in  the  equalities,  it  is 
possible  to  transfer  terms  cf  one  part  into  another  without  the 
disturbar.ce/breaKdcwn  cf  comparison. 

Let  occur  the  comparison 

at  +  <%+••■  +  an  =  bt  -  bz  ~  . . .  -bn  (mod  p). 

Regarding  this  indicates  the  presence  of  the  equality 

ai  ~r  °2  +  •  •  •  4-  am  =  kp  bi  +  b2  -f-  •  •  •  -r  bn. 

Equality  will  not  be  broken,  if  we  transfer  of  one  part  of  it  into 
another,  taking  into  account  signs,  any  quantity  of  terms.  Let  we 
transfer  from  the  left  side  cf  the  equality  members  a1(  4*,  ...,a 5 
into  tn?  right,  and  from  the  right  tlf  o2,  ...,b£  into  the  left. 
Then  it  is  possible  to  rewrite  equality  in  the  form 

Oj+l  T  ■  •  •  "t  Urn  —  b\  —  b2  —  ...  —  bt 

—  kp  -f-  bt+ j  4-  ...  4-  b„  —  a,  —  . .  .  —  a,. 

Passing  from  the  equality  to  the  comparison,  let  us  write 

U,+l  T~  •  •  •  T  Um  —  ■  ■  -  —  b [  == 

bt* rf  •  ■  ■  -rbn  —  a,  —  ...  —  a,  (mod  p), 

that  also  shows  the  validity  cf  the  formulated  property.  In 
particular,  if 


a  =  6(modp),  to  h  =  a  (mod  jj). 
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Property  3. 

a,  ==  6,  (mod  p)  h  (mod  pi. 
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Then  occur  and  the  comparisons 
—  <k  =  bx  -f  b2  (mod  p), 
a,  — a2  =  £>i  — 62  (mod  p), 

i.s.  comparisons  on  cnf  and  the  sane  mod u  lus/ module  can  be  piecemeal 
stored/added  up  and  subtracted. 

The  actually/really  preset  comparisons  can  be  rewritten  in  the 
form  of  the  equalities 

+  and  <h  =*ktP  +  b,; 

by  storing/adding  up  and  by  subtracting  piecemeal  these  equalities, 

we  will  obtain  a,  +  a.  =  (*, ~*2) p  +  ft|  +  b^ 

a,  —  a2  =  (*,  —  kz)  p-i-bt  —  bz. 

After  switching  over  frcm  the  equalities  to  the  appropriate 
comparisons,  we  will  obtain  (2.3).  This  property  applies  to  any 
quantity  of  comparisons. 

Lat  us  give  the  illustrating  example. 

Example.  From  the  comparisons  77=5  (mod  8),  36  =  4  (mod  d)  by 
term-by-term  addition  -  subtraction  we  obtain  the  ccmDarisor.s 

Thct-  '  S 

77-36  =  5-4  (mod  8),  The.  113=  9  (mod  8)  ClAcl 
77  —  36  s  5—4  (mod  8),  t.  e.  41  s  1  (mod  8). 
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validity  cf  which  is  easily  Sf‘  by  testing. 


Prep®rty  4.  If  takes  the  place 


and  r  -  integer,  then 


a  =  b  (mod  p) 


or  =  br  (mod  p), 


i.e.  the  members  of  comparison  can  be  multiplied  by  one  and  the  same 
integer. 


An* uaii y/reall  y ,  the  first  comparison  is  equivalent  to 


equalit  y 


a  -  kp  —  6. 


After  multiplying  both  parts  cf  this  equality  to  r,  we  will  obtain 


the  equality 


where 


ar  —  krp  -*~br  =  Kp  —  br. 


K  -  kr. 


which  is  equivalent  (2.4). 
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Let  us  illustrate  this  property  by  an  example. 


Example.  Occurs  comparison  47=3  (mod  11)  .  multiplicand  ar=>  hot  n 
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parts  of  it  to  17.  we  will  obtain  799^51  (mod  11)  .  3y  tsstir.j  we 
establish  that  799-51=748  is  divided  by  11. 


Property  5. 


at  =  i,  (mod  p)\  a2  =  b2  (mod/?);. . .:  a,  =  6,  (mod  p). 


Then 

ata2. .  .a,  =  6,6:.  .  .b,  (mod  pi,  (2.5) 

♦ 

i.e.  comparisons  on  one  and  the  same  modu  lus/mo  Jule  can  pier^mea 
multiplied  to  each  other. 


Actualiy/reall y ,  let  us  register  the  comparisons  as  of  s  or 
equalit ies 

<*t  =klp~bl;  az-kzp^r  bz\. . .;  as  =  k,p~b,. 

Multiplying  piecemeal  these  equalities,  we  will  obtain  the  «gual 

a,a2.  .  .a,  =  k,k2.  .  .k,p3  +  (ktks. .  - 

^1^2 •  •  •  k,-2ktbs-i  +  . . .  t  k2k2. . .  kfbi)  p*"1  —  .  . 

■  •  •  t  (*i b2b3 . . .  b,  —  k  .b^b} . . .  b,  J-  ... 

*  •  •  ktb^b2  ■ .  ■  ^5-i)  P  t  b^b2 .  .  .  b9 , 

which  is  equivalent  (2.  5)  . 


Property  6.  Let  be  given  the  polynomial 
f  (x)  =  +  gn- \xn-1 -f  ■  •  •  -f  £»-»•«  -f 

with  the  whole  coefficients  and  let  a  be  is  congruent  with  b  in 
mod  ulus/acd  uls?  p.  Then 

f  (a)  3  f  (b)  (mod  p),  (2.6) 
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i.e.  the  values  cf  polynomial  with  the  whole  cosf ficients  from  two 
arguments,  congruent  in  certain  mcdulus/mod  ule,  are  congruent  betw 
themselves  in  tna  same  mcdulus/srodule. 

This  property  is  set  on  the  basis  of  the  use  of  the  previous 
properties  of  comparisons. 

Let  us  giva  the  illustrating  example. 

Example,  Let  be  giver,  the  polynomial 

f(x)^7x*  12*3-  23*2-  \lx~  10 

and  let  it  he  it  is  given  22=.7  (mcd  5).  Let  us  find  the  values  of 
polynomial  with  x=2  and  x=7 

/  (22)- 1  788  952:  /  (7)  -  22  137. 

Let  us  compute  the  difference 

i  I  7SS  552  -  22  137  -  I  766  SI5. 

It  is  easy  to  see  that  this  difference  is  dividod  by  5,  i.e. 

f  (22)  =  j  (7)  (mod  5) 
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Property  7.  Let  occur  the  comparison 

oc  s  6c  (mod  p). 


moreover  c  is  mutually  simple  with  p.  Then  is  performed  the 
Comparison  -  =  b  (mod  p). 


i.e.  the  members  of  comparison  can  fce  abbreviated/reduced  to  their 
common  factor,  if  the  latter  is  mutually  simple  with  the 
modulus/module.  Initial  comparison  is  equivalent  to  the  equality 

ac  =  kp-r-bc. 

Since  the  left  side  of  the  equality  is  multiple  c,  rhen  right  sida 


also  must  be  multiple  c.  Kith  p  and  c  mutually  simple  must  be  < 
multiple  c  i.e. 


then 


k  =  lc , 

ac  =  lep  -f  be. 


After  shortening  both  parts  cf  this  equality  to  c,  we  will  obtain 


i.e . 


a  =  lp  +  b, 
a  =  6  (mod  p). 


Example.  Frcm  the  comparison  374^77  (mod  9)  it  follows,  after 
decrease  to  11,  34.=  7  (med  9),  i.e.,  difference  34-7  =  27  is  iivid-d  by 
9. 

Property  3.  Let  occur  the  comparison 


ac  =£  be  (mod  pc). 
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i.e,  the  comparison,  t°rms  and  mcdulus/module  of  which  have  ccmm  or 
factor,  it  can  oe  abbreviated/reduced  to  this  multiplier. 
Actually/really,  after  writing  the  equivalent  to  initial  comparison 

eq“aUt!'  ac^kcp  +  bc 

and  shcrtpp.ing  it  on  c,  we  will  obtain 

a  =  b  (mod  p). 

Let  us  giva  the  illustrating  example. 

Example.  From  th  =  ccmpariscn  87=3  (mci  2  1)  ,  by  the  decrease  c e 
its  terms  and  modulus/mcdule  to  3,  we  obtain  comparison  X9=1  (mod  7) 
valid,  since  29-1=23  it  is  divided  by  7. 

Page  45. 

§2.2.  Solution  of  the  simplest  comparisons. 

Number  x,  which  satisfies  the  comparison 

f  (x)  a  0  (mod  p),  (2.7) 

let  us  name  the  solution  of  this  comparison,  from  that  presented  it 
is  clear  that  if  comparison  (2.7)  has  although  one  solution,  t.Vr.  it 
has  countless  solution  set,  congruent  with  the  data  by  the  solution 
by  mcdulus/module  p.  Among  these  solutions  f  re  is  small  positive 
number  and  a  small  (in  the  absolute  value)  negative  number,  i .  * .  ,  ‘h 
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smallest  positive  deiucticn  and  respectively  smallest  negative 
ded  ucticn . 

La t  as  introduce  the  concept  cf  the  independent  solutions  cf 
comparison  (2.7).  Two  solutions  a  and  3  comparisons  we  will  call  the 
independent  solutions,  if  they  are  incomparable  between  themselves  o 
modulus/module  d.  Further,  everywhere,  speaking  about  a  number  cf 
solutions  of  comparison  (2.7),  we  will  have  in  mind  precisely  a 
number  of  independent  solutions,  since  to  speak  about  a  number  of 
deo®r.dan.t  solutions  dees  not  have  a  sense  -  it,  as  we  saw  ao eve, 
infinitely. 

Occurs  the  following  theorem. 

Theorem  2.1.  Th.®  comparison 

f  (x)  s  0  (mod  p) 

has  as  many  the  solutions,  as  numbers  in  the  series/rew 

0,  1 . P-1  (2.8) 

it  they  satisfy. 

Proof.  If  wa  through  «lr  a2,  ...,cin  designate  these  numbers, 

then  a  number  of  solutions  will  be  n  and  the  set  of  the  solutions  of 

comparison  (2.7)  can  be  registered  in  tne  form: 

25a,  (mod  p ), 
x  =s  a,  (mod  p), 

x  s  (mod  p). 
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Let  us  designate  through  a  an  arbitrary  number  of  sequence 
(2.8)  .  Then  any  number  0,  which  lies  cut  of  sequence  (2.8),  can  be 
registered  in  the  form 

fi  =  kp-i-a. 

Let  us  assume  that  p  is  the  solution  of  comparison  (2.7),  i,$ 

f  (P)  =  0(mod  p). 

Page  46. 

After  substituting  value  £  into  the  right  side  cf  the  polynomial, 
will  obtain 

f{V)  =  Lp- r/(a). 

Whence  /  (a)  =  0(modp), 

i.e.  at  must  be  the  soluticn  cf  comparison,  in  other  words  in  cn^  o 
the  numbers  ait  a2,  .  ..,  a,.  Eut  then  p  as  the  number,  congruent  w 
at,  is  not  the  independent  solution  cf  comparison  (2.7).  Thus,  the 
independent,  independent  solutions  there  can  he  not  more  than  □. 

Example.  Let  be  given  polynomial  f(x)  of  the  form 

f  (x)  =  3*’  -j-  2x*  -h  5x  ~  2. 

Substituting  in  it  consecutively/serially  for  x  number  0,  1,  2,  3, 
...,  10,  w»  will  obtain  values  cf  f(x),  the  respectively  «gual  *■  c 
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12,  44,  116,  246,  452,  752,  1164,  17  0*,  2396,  3152,  rrom  wnicn  ?.:* 
multiple  p=11  only  44,  that  corresponds  tc  valua  of  x=2. 

Tnus,  the  comparison 

3x3  2xl  4-  ox  t  2  s  0  (mod  II) 
r.as  only  ere  sclutior  of  x=J  (mod  11). 

Corollary.  Linear  cc  ngruer.  ce 

ax  -r  £  =  0  (mod  p)  (2.9) 

can  have  only  one  solution  with  aiO  (mod  p)  .  flctually/rQally ,  all 
solutions  cf  this  comparison  according  to  the  previous  theorem  must 
be  located  among  numbers  cf  sequence  (2.3).  Let  <zl  oe  such  solution 
This  means  that 

aa^b  —  kp.  (2.10) 

Let  there  be  by  az  -  second  solution  of  this  comparison,  i.e. 

aai  +  b  =  lp.  (2.11) 

Subtrahend  (2.11)  from  (2.10).  we  will  obtain 

a(a,-a2)  =  (fc-/)p.  (2.12) 

Since  the  right  sida  of  the  equality  is  multiple  d,  then  left  side 
must  be  multiple  p.  But  aj-a2  as  the  equality  of  two  numbers  each  o 
which  is  less  than  p,  it  cannct  be  divided  into  p.  Therefore  cv 
multiple  p  must  be  number  a.  But  according  to  the  condition  of 
theorem  a  it  cannot  be  divid°d  into  p.  consequently,  equality  (2.12 


cannot  occur 
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In  ether  words  assumption  about  the  fact  that  there  is  a  second 
solution,  of  ar2  of  comparison  (2.9),  is  invalid,  and  this  comparisc 
can  have  only  unique  solution  among  runners  of  sequence  (2.9)  . 

Theorem  2.2.  (Fermat  low  theorem).  If  number  a  is  not  multipl 
p,  then  with  simple  p  is  correct  the  comparison 

a?-1  =  1  (mod  p).  (2.13) 

Proof.  Actually/really,  at  ,  a2/  «p-i  number  of  sequence 

(2.  3)  such,  that 

a  s a,  (mod  p),  2a  s a*  (modp),  . . (p—  l)a  =  a p_, (mod  p). 

After  multiplying  all  these  comparisons  with  each  other  in 
accordance  with  the  estab  lished/installed  above  rules,  we  will  cbt 

1  - 2 - 3 . . . (p  —  1)  ap_1  ==  ajOtj. .  .a p_,  (mod  p).  (2.14) 

Let  us  establish/; nstall  first  of  all,  that  among  numbers  i1( 
or 2 ,  ...,  ctp-t  cannot  be  two  identical  numbers. 

Actually/r eally ,  if  we  assume  the  presence  of  two  identical 
numbers  a,  =  a j  =  c,  then  this  it  means  that  occur  the  comparisons 

aii  s  c(mod  p)  h  akj  =  c(mod  p), 
i.e.  that  the  comparison 


&x~b  =  0  (mod  p) 
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it  has  two  solutions  kt  and  kj  among  numbers  of  sequence  (2.3), 
what  be  it  cannot  on  the  basis  of  corollary  of  the  previous. 
Consequently,  among  numbers  alt  a2,  ...,  ap_,  cannot  be  identical 
numbers.  Let  us  further  note  that  among  them  there  is  no  number, 
equal  to  ztc  a*  =0,  since  in  this  case  must  occur  comparison 
akt  =o(*ir>d  p)t  from  which  it  would  fellow  that  a  is  multiple  p,  and  this 
contradicts  theorem  condition. 

Tnus,  number  at,  a2 . ar-[  -  different  numoers  of  sequence 

(2.8),  moreover  among  them  there  is  no  zero,  whence  it  fellows  that 
aqa.. .  .aPH  =  I  -2-3. .  .(p—l)*=(p—  ))! 

After  shortening  both  parts  of  comparison  (2.14)  to  multiplier  (p-1)  ! 
we  will  obtain  (2. 13) that  also  it  is  the  assertion  of  theorem. 

Let  us  give  illustrating  Fermat  theorem  an  example. 

Example.  Let  us  take  a=13,  p  =  5.  Number  ap-i  —  i  =  13*  —  i  =  z$Lb\~  t~Zir>5tO 
is  divided  ty  5. 
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Euler  generalized  Fermat  theorem  to  the  case  of  mutually  prime 
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with  p  numbers  in  the  following  manner. 

Theorem  2.3.  (Euler's  theorem)  .  If  number  a  is  mutually  prime 
with  p  number,  then  is  correct  the  comparison 

a<?(p)  =  1  (mod  p),  (2.15) 

where  through  «(p)  is  marked  a  quantity  of  numbers  of  sequence  (2.8) 
mutually  simple  ones  with  o,  i.e.f  the  not  having  with  p 
general/commor./t otal  cofactors. 

Proof.  fci,  k2,  ....  k9ir>)  -  mutually  prime  with  p  numbers  amor.j 

numbers  of  sequence  (2.  8)  ,  and  a’’  a2’  '  '  ’’  a'P(I,)  -  number  of  the  same 

sequence,  determined  by  the  comparisons: 

akt  sajmodp).  (2  16) 

ak2  ==  ocj  (mod  p), 

(p)  (mod  p) , 

The  multi Dlication  of  these  comparisons  leads  to  the  comparison 

Ms- . .  A, (p)  a* lp>  =  a,a*. .  .a^^mod  p). 

Let  us  first  of  all  note  that  numbers  a,  must  be  mutually  simpl 
with  p. 

Actually/really,  let  us  assume  contrary  that  a,  has  with  p  th - 
common  factor,  i.e.,  if  p=as.  then  <* i  —  mt,  where  m,  t  and  t  - 
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Let  'is  rewrite  the  appropriate  comparison  of  (2.16)  in  the  fe. 

aki  =  mt  (mod  ms) 

or  in  th.3  form  of  the  equivalent  equality 

ak i  =  Lms  -\-mt  =  m  (Ls  —  t) . 

From  the  lattar/last  comparison  it  follows  that  must  o° 

divided  into  m.  3ut  neither  a»  r>cr  hi  in  vi°w  of  the  absence  in  rr.= 
of  general/common/total  ccfactors  with  p  can  be  divided  into  m,  and 
therefore  cannot  be  divided  into  it  and  their  product.  This  shews  th 
groundlessness  of  assumption  about  presence  a<  of  mutually  simple 
with  p.  Further,  by  the  already  described  in  the  previous  theor-m 
form  it  is  established  that  among  numbers  ai  there  are  r.c  idsntica 
ones. 

Page  49. 

Since  a  quantity  of  numbers  <*i  is  equal  to  *  (p)  ,  then  the  sequence 
of  the  numbers 

«n  a? . o»(p>  (2.17) 

is  the  set  of  all  numbers,  mutually  simple  with  d  from  sequence 
(2.9),  in  other  words  sequence  (2.17)  completely  coincides  (wit)  an 
accuracy  to  sequence)  with  set  *,,  kz,  .  .  ^(p).  Hence  it  follows  that 

Mz  ■  •  •  *,(P)  =  oqcc-  •  •  ■  a*(P).  that  also  i+-  P^ves  (2.  15)  . 

Example.  Let  us  take  a=5  with  p=  12.  Lat  us  compute  *  (12).  L2*- 
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us  write  cut  st  juer.ce  (2.8)  fcr  p=  1 2:  1,  2,  3,  4,  5,  6,  7,  3,  9,  10, 

11.  Are  here  emphasized  the  numbers  of  sequence,  mutually  simple  with 

12.  Such  numbers  it  proved  to  be  3,  i.e.  ,  *{12)=3.  Consequently,  must 
occur  comparison  53  =  1  (mod  12).  Testing  5  3- 1=  12  5- 1  =  1  24  (it  is  divide! 
by  12)  shows  bn;  validity  of  this  comparison. 

§2.3.  Primitive  roots  and  the  methods  of  their  calculation. 

Let  us  now  move  on  to  the  examination  of  some 
ccr.crete/specif ic/actual  means  cf  comparisons. 

Theorem  2.4.  To  the  comparison 

a*  ss  b  (mod  p),  (2.18) 

where  p  -  simple,  and  a  -  mutually  prime  with  d  number,  satisfies 
number  x-=£. 

Then  the  same  comparison  satisfies  any  number  z,  congruent  with 

e  in  modulus/module  p- 1 ,  i.e. 

z  =  l(modp—l).  (2.19) 

Proof.  Actu  ally/real  ly ,  if  has  place  (2.19),  th=»n 

z  —  l  =  k(p—  1) 

and,  therefore,  a*-t  =  ak 

3ut  acccrdinq  to  Fermat  lew  theorem 

ap~l  3=  I  (mod  p). 


DOC 


HI  023  903 


PAGE 


which  i oi ply 


==  1  (modp), 


and  since 


we  obtain 


that  also  proves 


a*  ==  b  (mod  p), 


a*  =  6  (mod  p), 

the  assertion  cf  theorem. 
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From  that  presented  it  is  evident  tnat  if  comparison  (2.15) 
satisfies  one  r. amber  a;  cf  sequence  (2.8),  then  it  satisfies  an 
infinite  quantity  of  numbers,  congruent  with  «<  in  mod  ul  us/mod  ul 
p-1.  Entire  this  set  of  the  solutions,  generated  by  number  dj,  we 
will  make  as  one  decision.  Specifically,  in  this  sense  we  will 
indicate  that  comparison  (2.18)  has  as  many  solutions  of  m,  as 
numbers  5j,  C2,  ...,  Sm  from  sequence  (2.8)  it  satisfies. 

Theorem  2.5.  If  the  comparison 

ax  m  1  (mod  p)  (2.20) 

satisfies  certain  number  £,  thf-n  this  comparison  satisfies  number 
where  k  -  integer. 
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Proof.  According  tc  theorem  condition  is  correct  the  coicarison 

as  =  1  (mod  p). 

After  multiplying  this  comparison  auto  to  itself  it  of  times,  as 
will  obtain  the  comparison 

aficfc . . . a‘  5=  1  (mod  p)  or  s  1  (mod  p), 

<■  paa 

constituting  the  assertion  of  theorem. 

Earlier  it  was  shown  (Fermat  low  theorem),  which  comparison 
(2.20)  always  satisfies  number  p-1. 

In  ganaral/coamon/total  the  case  comparison  (2.20)  can  ha/s, 
depending  on  values  of  a  and  p,  most  varied  number  of  solutions.  Ir. 
that  special  case  when  a  and  p  are  such,  that  the  comparison  has  or  1 
one  solution  <■  =  ?■*  1,  number  a  is  called  primitive  root  of  number  p. 

Far  not  any  number  p  has  primitive  roots,  in  exactly  the  same 
manner  there  ara  no  formulas  (with  exception  soma  p  of  special  form 
for  which  this  formula  they  are  establis hed/i nst ailed  in  P.  L. 
Chebyshev's  works),  which  expressed  the  value  of  primitive  roots  ir. 
tha  case  when  if  exists  depending  on  p.  The  determination  of 
primitive  rccts  is  carried  cut  in  the  overwhelming  majority  of  fh? 
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cases  by  simple  the  countershaft  cf  numoers  of  sequence  (2.o). 

Let  us  consider  an  example  of  the  determination  of  primitive 
roots. 


Example.  To  find  the  primitive  roots  of  number  p  =  7. 

According  to  Fermat  theorem  comparison.  (2.13)  satisfies  x=6. 

Test  of  number  a  =  2*2i  =  2  (mod  7);  22  =  4  (mod  7),  23=1  (mod  7); 

2  *  =  2  (mcd  7);  25  =  4  (mcd  7);  2*=1  (mcd  7),  i.e.,  comparison 
2*  s  1  (mod  7)  has  a  solution  cf  x=3  besides  x  =  6.  Consequently,  2  i*:  is 
not  primitive  root. 


Page  51 . 

Testing  number  a=3»3l  =  3  (mcd  7);  32  =  2  (mod  7);  33=.6  (mcd  7); 

3  *= 4  (mod  7)  ;  35  =  5  (mod  7)  ;  3  1  (mod  7)  .  Thus  only  6  satisfy 

c om  pa  ri. son.3*  =  1  (mod  7), ^4^3  arQ  primitive  root  of  number  7. 

Testing  number  a=4  •  1  »  =  4  (mcd  7),  4 2  =  2  (mod  7);  43=1  (mcd  7); 

4  ♦=  4  (mcd  7);  4 sh_2  (mcd  7);  4»  =  1  (mod  7)  ;  x  =  3  is  the  solution  of 

comparison  4*=t(mod7)  besides  number  x=6.  Mumfcer  4  is  not  primitive 


rcct  cf  numbsr  7. 
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Tasting  number  a  =  5*  51  =5  (mcd  7);  52  =  4  (mod  7);  5J5_6  (nod  7)  ; 

* 

5  *=2  (mod  7);  55  =  3  (mod  7);  56=1  (mod  7).  comparison  5*  ^  '  (mod  r>  h 
the  unique  solution  cf  x=6.  Consequently,  5  -  primitive  roots  of 
number  7 . 

Tasting  number  a-6  *6  l=6  (mod  7);  62=1  (mcd  7)  ;  b3=6  (mod  7)  ; 
63;1  (mod  7)  ;  54=1  (mcd  7)  ;  6^  =  6  (mod  7)  ;  6*=1  (mod  7).  It  is 
obvious,  6  it  is  not  primitive  roots  of  number  7. 

By  tha  tasts  conducted  we  computed  all  primitive  roots  of  nu 
7,  namely,  3  and  5. 

Thecram  2.5.  If  comparison  a*  =  1  (mod  pi  with  d  simple  and  a 
non.iu  ltiple  p  satisfies  a  r.utncer  6,  then  it  satisfies  number  d,  w 
is  the  greatest  oommon  divisor  cf  numbers  F  and  p-1. 

Proof.  For  the  proof  of  theorem  let  us  e  staolish/install  the 
following  facts.  If  d  -  greatest  common  divisor  of  numbers  5  and 
than  number  A  =  F/d  and  B  =  p-1/d  -  mutually  prime  numbers.  Further, 
r<p  and  mutually  simple  with  p,  then  for  any  m<p  there  is  such 


km<p,  *■. h  at 


kmr  ss  m  (mod  p). 


(2.21) 
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Actually/really,  in  the  sequence 

r,  2r . ktr . k2r . (/?  —  1 )  r  (2.22) 

there  are  to  sum  numbers  kt  and  k2  so  that  simultaneously  would 

performed  the  comparisons 

V  =  m  (mod  p);  V  =  m  (mod  p). 

If  both  comparisons  were  performed,  tasn  must  ice  performs! 
comparison 

(fet  —  *2)rs0(modp). 

But  this  is  impossible,  since  k,-k2  is  not  divided  into  p  and  r 
ralafively  prime  with  p. 

Page  52. 


Cons*  quently , 


for  each  of  ( p  —  1 )  the  numbers 
com  pa  ri  son 

ki r  =  i  (mod  p) 


of  s  egu  ance 


(2.22)  i 


for  different 
them  is  f 
established  f 
numbers,  then 
t,  that 


numbers  i,  whore  i=1,  2,  ...,  m 
or  which  is  satisfied  comoarison 
act  it  follows  that  if  A  and  3  - 
always  it  is  possible  to  select 

sA  —  tB=  1. 


,  ,  .  • ,  p- 1 ,  an  d  amo 
(2.21).  From  the 
two  mutually  prime 
two  such  numbers  s 


Actually/really,  since  A  and  3  is  mutually  simple,  then,  ai 
assuming  A<3,  it  is  possible  or.  the  basis  (2.21)  to  write 


s/1  =  m  (mod  B). 
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Transition,  to  the  equality,  equivalent  to  this  comparison  ji 


sA  =  tB  +  m, 


which  correctly  for  any  m , 
e  juai if y 


in  particular  for  m=1. 


or 


sl  —  t(p—  l)  =  d. 


Thus,  occurs  th 


Fro  taa  initial  comparison  or  theorem  it  follows 

a**  s  ]  (mod  p), 
a‘  <p-1>  ==  1  (mod  p), 

but  after  the  division  of  the  first  comparison  into  the  second  wt 
come  to  the  comparison 

ad  as  1  (modp), 

constituting  the  assertion  ^ f  thecrem. 

This  theorem  it  is  easy  to  spread  also  to  the  general  case: 
and  Tj  -  any  two  solutions  cf  the  comparison 

a *  s  i  (mod  p), 

where  p  -  prime  number  and  a  is  net  multiple  p,  then  this  com  pari 
satisfies  their  greatest  common  divisor. 

Theorem  2.7.  j  -  small  number,  which  satisfies  comparison 
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with  simple  d  ana  a,  nonmulti  pie  p.  Then  or  is  the  di  vid  =  r/d  e  r.  on  1  r.  at  or 
of  r.umb-r  p-1  and  all  remaining  numbers,  which  satisfy  initial 
comparison,  ara  multiple  a. 


Pa 53. 

Proof,  c  -  any  solution  of  this  comparison.  According  re  th? 
previous  theorem  tnis  comparison  it  must  satisfy  the  gr-atest  common 
divisor  of  numbers  a  and  6.  But  in  this  case  must  be  d^a.  meanwhile  a 
-  small  from  the  numbers,  which  satisfy  this  comparison,  and 
inequality  d<«  is  impossible.  Therefore,  d=a,  i.e.,  is  the 
d ivider/dereminator  of  any  solution  of  comparison,  including  p-1. 

Theorem  2.5.  If  to  the  comparison 

ax  s=  A  (mod  p),  (2.23i 

where  ?  -  prime  number  and  \  is  mutually  simple  with  a,  satisfies  a 
number  B,  and  a  number  a  -  small,  that  satisfies  the  comparison 

ax  =  I  (mod  p), 

then  initial  comparison  they  satisfy  p-1/a  numbers,  namely: 

x  =  |3(mod  p—  1);  .t  s  (5  -  a  (mod  p—  !): 

x  =  (b-r-2a (mod p—  1);. . .  (2. 24) 

r=[p-r  l)  a]  (mod  p  —  !). 

Proof.  On  tne  basis  of  theorem  conditions,  it  is  possible  *  o 
writ?  th  =  comparisons 


a&  =  A  (mod  p), 
ana  =  1  (mod  p). 


c*X 
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*  her?  n  -  integer. 

After  multiplying  these  comparisons,  we  will  obtain 

Qp—na  s  q  (mod  p). 

i .  a .  a  number  3tu  with  any  n  sat  is  ties  comparison  (2.23)  . 

General  formula  for  x  can  he  registered  in  the  form 
x  =  $  +  na.  (2 .251* 

According  to  the  previously  proved  theorem,  if  comparison  satis 
any  number  g,  toon  it  satisfies  any  number,  congruent  with  ?  in 
mod ul us/med ule  p-1.  In  ether  words  the  sequence  of  numbers,  whi 
obtained  frem  (2.25)  at  different  possible  values  of  n,  must  co 
of  tne  numbers,  congruent  between  themselves  in  mod  ulus/mod  ui  ? 

Page  54. 

Since  x  -  di vid e r/d sr emir atcr  p-t,  then  in  the  sequence  indicat 
will  be  obtained  the  numbers,  congruent  between  themselves  in 
modulus/modul  ?  p-1,  when  different  value  r.  are  congruent  betweo 
themselves  in  modulo  v-l/a.  Let  nt  and  oe  two  such  valu-s  r.. 
occurs  the  com  pa  risen 


occ 


9 1  12  3  9  0  3 
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P  —  n, a.  =  P  —  n.j'x  (mod  p  —  1 ) 
0  r 

n.-x  =  (mod  p  —  I ). 


Here,  after  shortening  comparison  on  x, 

n,  =  rij  ^  mod 

Hut  in  mo  iul  us/i  oriul-  p-1/a  all  numbers 
following  r.umners 


0,  I,  2..., 


we  will  obtain 


are  ccngrua.it  with 


W  2  Z 


Tense  quo  nliy ,  all  solutions  cf  comparison  (2.2  3)  will  be  congnon 

module  £-1  with  any  of  the  numbers 

P.  p  +  a,  p~2a,  p~(^i-])x. 

that  also  is  claimed  in  the  theorem. 


To  the  s on  efficient  algorithm  of  the  determination  of 
primitive  roots,  rather  than  testing  all  possiole  bases/t  as  os  ,  r 
i iv *  the  following  theorem. 

Theorem  2.  ).  *i,  n2,  .  .  -  simple  divid  er  s/denc  min  a*  or  s  of 


n  u  m  b  e 

r 

p-1.  Then  th 

n.ece 

S 3d  r 

y  and  sufficient 

condition  of  *•  h a  fa 

that 

q 

is  ori mi ti ve 

roots 

of 

the  prime  numoer 

d,  is  tr.e 

non  fa 

if 

illment  not 

cf  one 

of 

the  comparisons 

p- 1 

.  q  •'»  si 

(mod  p). 

p-  1 

q 

p-t 

=  i  ^mod  p) . q  *'  = 

1  (mod  p). 

(2.26) 

Proof.  The  n  s  ?  2  for  this  condition  is  obvious,  sir.c^  oho 
execution  at  leas'"  of  cot  of  these  c'-moa  r  is  or.  s  woul:  ir.  ■ :  -  to  a 
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the  comparison 


qx  s  1  (mod  p) 

has  a  solution  ossidas  x-p-1  which  contradicts  the  detar  a  in  at  ion  cf 
primitive  roots. 


Page  55. 


L?t  us  show  now  the  sufficiency  of  these  conditions.  Let  us 
assume  that  besides  solution  cf  x=p-1  thera  is  even  some  solution  of 
the  comparison 

q*  =  l  (mod  p) 


x=€,  moreover  5<p-1 
the  exponents  with 
small,  then  it  must 


and  at  the  same  tima  it 
q,  which  figure  in  (2.26) 
divide  p-1 


coincides  not  wi* h  one 
.  If  this  solution  is 


of 


If  p  -  prime  number,  thenp  —  and,  therefore, 

5-2=1 

i.e.  €  is  solution  of  one  of  coaparisons  (2. 26)  which  contradicts  the 
done  assumption. 


If  m  •  not  simple  divider/derominator  of  number  p-1,  then  it  can 
be  represented  in  the  form 

p  =  niO, 

where  *i  -  simple  di vider/dnnoainator  of  number  p-1,  and 


J 
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The  assumption  that  €  is  the  solution  of  comparison  (2.20),  imply  tr. 
execution  of  tha  comparison 

p-t 

ql  *  =  q*i  si  (mod  p), 
ar.d  again  we  coma  tc  the  contradiction. 

If  5<p-1  -  any  solution  of  the  comparison 

q*  s  1  (mod  p), 

then  there  is  a  small  solution  a<  p- 1  which  divides  5  (E  =  at)  ,  moreover 
for  a  is  performed  compulsorily  one  of  comparisons  (2.26),  which  is 
shewn  above.  Coiceal  by  form,  and  in  this  case  we  arrived  at  the 
contradiction. 

Consequently,  assumption  €<p-1  is  inadmissible  and  comparison 
(2.23)  can  have  only  one  solution  of  x-p-1,  i.e.,  g  is  primitive 
roots  of  number  p.  Frcm  this  theorem  it  follows  that  for  calculating 
the  primitive  roots  it  is  necessary  to  test/experience  bases/bases 
only  to  the  nonfulfillment  of  conditions  (2.26). 

Page  56. 

Example.  To  compute  primitive  roots  of  number  p*7. 
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Uara  p-1=6.  Tns  simpl-2  dividers/denomir.ators  p-1  arc  *  t  =  2,  ir2= 
The  system  cf  comparisons  (2.26)  takes  form  q2s.1  (mod  7),  q’^l  (mod 
7)  . 

Test  of  basis/bcse  a  =  2.  2Z=4  (mod  7)  ;  23=1  (mod  7)  .  2  it  is  no 

primitive  roots  of  number  7. 

Testing  basis/base  a=3.  32  =  2  (mod  7);  33=6  (mod  7).  3  - 

primitive  roots  cf  number  7. 

Testing  basis/base  a=4.  42e.2  (mod  7)  ;  43=1  (mod  7).  4  it  is  no 
primitive  roots  of  number  7. 

Tasting  basis/base  a=5.  52=4  (mod  7)  ;  5 3 ^6  (mod  7)  .  5  - 
primitive  roots  of  number  7. 

Tasting  basis/base  a=6.  62»1  (mod  7)  ;  63*£  (mod  7)  .  6  it  is  no 
primitive  roots  of  number  7. 

Thus,  relying  on  this  theorem,  we  obtain  primitive  roots  of 
number  7  by  simpler  method  than  it  is  earlier. 

§2.4.  theory  of  indices. 


i 

'H 

,< 


it 
■*  1 


i 

t 

1 
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Theorem  2.10.  If  g  -  primitive  roots  of  number  p,  then  rhs 
coo  pa  ri  son 

<7*s  i4(modp),  (2.27) 

where  A  -  is  net  multiple  p,  has  one  and  only  one  solution. 


Proof, 
com  pa rison 


According  to  the  determination  of  primitive  rcc-.s  for  th 
g*  a  I  (mod  p) 


the  small  value  x,  it  satisfying,  exists  x=p- 1.  Comparison  (2.27)  c?. 
have  only  one  solution,  since  2^1—  l  =  £zi«_ »  — n  or  to  not  at  all 

a  p—  i  ’ 

have  not  one  solution.  Theorem  claims  what  solution  is  to  eat. 
Consequently,  the  proof  of  theorem  is  reduced  to  the  proof  of  the 
fact  that  comparison  (2.27)  cannot  but  have  a  solution. 

Let  us  assume  that  (2.27)  it  does  not  have  the  solution.  Since 
on  condition  not  multiply  p,  the  A  during  the  division  into  p  gives 
in  the  remaindac/residue  any  cf  numbers 

2 . p-  I.  (2.28) 

Let  this  be  number  r,  i.e. 


Page  57, 


A  m  t  (mod  p). 


Then  we  obtain  the  comparison 

mr  (mod  p),  (2.29) 


* 

ft 


I 
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which  also  dees  not  have  a  solution,  since  otherwise  would  have  th*> 
solution  and  (2.27).  However,  since  q  -  mutually  prime  with  p  number, 
the 

<7°.  q\  qp-* 

is  not  divisible  by  p  and,  therefore,  each  of  them  in  modulus/module 
p  is  congruent  with  one  cf  numbers  (2.23) .  Hence  it  follows  that  each 
of  p- 1  numbers 

0,  1,  2,  ...  p- 2  (2.30) 

satisfies  any  of  the  comparisons 

cf  =s  1  (mod  p),  cf  as  2(modp),  . .  .  (2.31) 

....  —  1  (mod p). 

Meanwhile  seme  one  of  them  is  comparison  (2.29),  waich,  by 
hypothesis,  do^s  not  have  a  solution.  Consequently,  each  of  p-1 
numbers  (2.30)  must  satisfy  any  of  p-2  comparisons  (2.31),  i.e.,  at 
least  any  one  cf  them  they  must  satisfy  two  numbers  of  (2.3C).  In 

other  words  must  exist  this  comparison 

cf  as  p(modp), 

which  has  two  solutions.  But  this  is  impossible,  since  earlier  it  was 
shown  that  if  comparison  (2.27)  has  a  solution,  the  only  ore. 
Consequently,  comparison  (2.29)  is  obligated  to  have  a  solution,  and 
with  it  has  the  solution  and  comparison  (2.27). 

Determination,  Number  J,  which  is  the  solution  of  the 


com  parison 


cf  as  .4  (mod  p). 
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Is  called  the  index  of  number  A  and  is  designated  J  =  ind  A.  Primitiv? 
roots  q  is  called  the  basis/base  cf  index# 

From  all  that  has  been  previously  stated,  it  follows  that  for 
the  determination  of  the  index  cf  any  number  A  from  mod ul us/m odule  p 
it  is  necessary  to  find  primitive  roots  cf  p  and  th2n  to  find  f  h  •» 
solution  of  this  comparison  for  this  primitive  roof. 

Let  us  give  an  example  of  the  calculation  of  the  indices  of 
numbers,  using  in  this  case  the  calculated  in  the  previous  paragraph 
primitive  roots. 

Example.  To  compute  indices  according  to  module  7  numbers  0 ,  1, 
2,  3,  4,  5,  6.  Primitive  roots  cf  number  7  are  3  and  5. 

Let  us  taka  basis/base  $=3.  1st  us  compute  3*  for  x=0,  1,  2,  3, 
4,  5,  6.3°5.1  (mod  7);  3*  =  3  (mod  7);  3*=2  (mod  7);  33=b  (mod  7);  3**4 
(mcd  7)  ;  3**5  (mod  7)  ;  3*  =  1  (mod  7)  . 

Page  5d. 

From  these  comparisons  it  follows:  ind  1*0;  ind  2=2;  ind  3=1; 
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Let  us  analogously  find  the  indices  of  these  numbers  from 
basis/base  5:  icd  1=0;  ind  2=4;  #nd  3=5;  ind  4=2;  ind  5=1;  ind  6=3. 

Lat  us  establish/install  new  some  properties  of  indices,  which 
are  determining  tna  possibility  of  their  use  in  the  machine 
arithmetic,  during  the  representation  of  numbers  in  the  system  of 
residual  classes. 

Theorem  2.11.  If 

•  •  •  *  ^4 

are  positive  intagar  numbers  whose  indices  on  modulus/module  p  with 
primitive  roots  of  g  are  respectively  equal  tc 

•'(>  *|l  •••! 

and  if  through  J  is  designated  the  index  of  the  product  of  these 

t 

numbers 

A  =  AfAj . . ,  Ak 
P 

on  the  modulus/aodule4with  the  same  primitive  roots  of  g,  then  th^ 
index  of  product  is  equal  to  the  sum  of  tha  indices  of  multipliers, 
undertaken  on  aodul us/aodule  p-1,  i.e. 

J- ^O(modp-l).  (2.32) 

Proof.  In  accordance  with  the  determination  of  indices  occur  t 
comparisons 

qil  m  Ax  (mod  p),  q1*  m  At  (mod  p) . $**  «  <4»  (mod  p). 

After  multiplying  these  comparisons,  we  will  obtain 

•  •  +1*  m  ^  (mo<l  p) 
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or,  taking  into  account 

P'afre  bo*h  parts  of  the 
com  parison 


introduced  index  J 

9«i+j,+...+i  kmgJ{modp)' 

comparison  on  q3 ,  we 

« 


cf  number  A , 


will  obtain  the 


.  ^u+irr ■  ■  _  ,  (mod;,).  (2.33) 


Since  q  -  primitive  roots  of  number  p,  then  all  solutions  of 
comparison  (2.33)  will  be  multiple  p-1.  In  othar  words 

i,  — 1'2  +  ...  fi'n-JsO (mod p  —  1 ). 

This  comparison  can  be  rewritten  in  the  form  (2.32). 
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In  the  expanded/scanned  form  the  proved  comparison  can  be  registered 
as  follows: 

indtiW .  .v4»)  2  ind/l^modp—  1).  (2.34) 

In  other  words  the  index  cf  product  is  equal  the  sum  of  the  indices 
of  multiplier  on  modulus/module  p-1. 

§2.5.  Use/application  of  indices  for  executing  the  arithmetic 
operations. 


The  examined  in  the  previous  section  special  feature/peculiarity 
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of  indices  will  bring  together  them  with  the  logarithms  and  if  makes 
it  possible  to  substitute  the  multiplication  cf  numbers  and  raising 
to  the  power  by  the  addition  of  their  indices  with  the  subsequent 
transition  from  the  index  of  product  and  degree  to  the  preduct  itself 
and  the  degree.  For  the  transition  from  the  index  to  an  actual  number 
they  are  applied  anti-index. 

Determination.  The  anti-index  cf  number  J  is  called  number 
such,  that 

3  —  ind  a  or  a  =  ind_1J.  (2.35) 

If  anti-index  is  designated  through  iV(jr),  then  from  (2.35)  if  follows 

A((inda)  =  a.  (2.36) 

In  order  to  have  the  capability  to  use  for  purposes  of  multiplioati on 
relationship/ratic  (2.32),  it  is  necessary  to  compute  the 
anti-indices  of  numbers.  This  easily  is  reached,  as  soon  as  there  ar'1 
calculated  indices  of  numbers,  by  the  appropriate  rotatior./access  cf 
the  table  of  indices  or  the  basis  of  expression  (2.36). 

Exampla,  To  compute  anti-indices  according  to  the  modulus/aodul? 
of  7  numbers  0,  1,  2,  3,  4,  5, 

In  the  previous  example  are  given  the  indices  of  numbers  from  1 


to  6.  Their  values  prove  to  be  in  the  limits  of  sequence  0,  1,  2,  3 
4,  5.  It  is  logical  that  number  0  cannot  have  final  index,  sinc^ 
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there  is  so  this  exponent,  after  raising  into  which  final,  fiiff ^r'-r. 
from  zero,  basis/base  it  wculd  be  pcssiole  to  obtain  0. 

Primitive  roots  of  3.  N{0)=1;  N(1)=3;  N(2)=2;  N  (3)  =6 ;  V(4)=4; 

.\'  (5)  =  5. 

Primitive  coot  of  5.  ti(0)  =  1;  M(1)=5;  N  (2 )  =4 ;  N(3)=6;  N(4)  =  2; 

N  (5)^=3. 

Ralaticnship/ratic  (2.34)  can  be  used,  also,  for  execution  of 
division  on  the  mod ulus/acdule.  Under  the  division  on  mod ul us/ao dul 
a/b  (mod  p)  is  understood  the  quotient  a+kp/b,  where  k  -  small  from 
the  possible  numbers,  which  convert  a+kp  into  a  number,  multiple  b. 
In  this  case,  if  a/b  (mod  p)=*c, 

(inda— ind6)(modp—  i)  =  indc.  (2.37) 

Page  60. 


By  th2  usa/application  of  indices  it  is  possible  to  couput-  th 
more  complicated  expressions,  which  includa  the  operations  cf 
multiplication,  raising  tc  the  power,  divisions. 

Example.  To  compute  the  expression 

ab» 

c  =  W(mod  p)' 


where  a=2;  b=5;  k  =  3;  d=4;  p=7 


DOC 


PI  023903 


PAGE  10$ 


1.  We  find  indices  of  values,  entering  computed  expression, 
after  taking  primitive  roots  of  5:  ind  2=4;  ind  5=1;  ind  3=5;  ind 
4  =  2. 

2.  W=  compute  index  of  result 

ind  c  s  4+3  — 10  —  2(mod6),  inde=l. 

3.  -we  find  anti-index  1:N(1)=5.  Direct  calculation  shows  that 

2-5*  ,  . 

c*-^- (mod  7)  =  5. 

§2.6.  Table  of  indices  for  the  simple  bases/bases. 

In  the  system  of  residual  classes  it  is  proposed  to  apply 
indices  for  obtaining  the  digits  cf  the  product  of  numbers  with  each 
of  the  bases/bases  individually.  Although  the  theory  cf  indices  can 
be  used  also  for  the  complicated  moduli/ modules  and  formula  (2.34) 
can  during  the  proper  selection  of  the  complicated  modulus/module, 
which  ensures  the  presence  of  primitive  roots,  occur  for  the 
multiplied  numbers  as  a  whole  however  for  the  formulated  target  cf 
the  use/application  of  indices  it  suffices  to  examine  index 
separately  on  the  moduli/modu les  -  the  Dasis  of  the  selected  system. 
In  this  case  it  is  net  difficult  tc  select  these  bases/bases  tv  such 
that  for  them  the  primitive  rccts  would  exist  and,  therefor®,  could 
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be  constructed  the  tables  of  indices.  For  any  simple  mod  ulus/ mod  ul 
the  primitive  roots  always  exists,  and  therefore,  if  we  as  the  bas 
of  system  use  prime  numbers  (that,  generally  speaking,  it  is 
appropriate  and  in  other  respects),  then  is  satisfied  both  the  bas 
requirement  of  the  uniqueness  of  the  representation  cf  numbers  - 
mutual  simplicity  of  th~  basis  cf  system  and  the  condition  for 
existence  of  primitive  roots  and,  therefore,  the  possibility  of  fh 
construction  of  the  corresponding  tables  of  indices. 

Page  6 1 . 

Further  are  given  the  tables  of  indices  for  the  prime  numbers 
written/recoraed  net  more  than  by  six  bits.  Since  for  the  circuit 
realization  one  or  another  the  character  of  the  connections,  which 
reflect  tabular  conformity,  can  prove  to  be  moro  acceptable,  lot  u 
give  the  tables  of  indices  for  sci°  primitive  roots,  although  is 
realized  it  must  be  for  each  basis/base  the  table  only  or.  any  or.e 
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Chaptec  3. 

BASES  OP  HACHIK E  ARITHH ETIC  IN  A  SYSTEH  OP  RESIDUAL  CLASSES. 

§3.1.  Rank  of  a  number  and  its  property. 

Let  be  preset  the  system  with  bases/bases  Pi<  Pz . P<"  range  of 

which  eP  is  defined  as 

*=  fi[  P‘- 

i*»l 

As  is  known,  any  nuaber  A  frca  range  [0,  sP)  in  a  single  aanner 
can  be  represented  in  the  fora  of  remainders/residues  on  the  selected 

mutually  simple  bases/bases,  namely: 

A  —  (a„  a2,  ....  a„). 

To  the  preset  system  of  bases/base3  unambiguously  corresponds 

the  system  of  the  orthogonal  bases 

B\,  B%,  . . . ,  Bn, 

of  such,  that  the  value  cf  nuaber  A  in  the  positional  nuaeration 
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system  can  be  represented  as 

n 

A  =  Sai5i(mod^)  (3.1) 

i=i 

or,  which  is  tha  sane, 

A=ia,B,-rA3\  (3.2) 

1=1 

where  rA  positive  integer  nunber,  which  shows,  how  often  the  range  of 
systen  S'  was  exceeded  open  transfer  fron  the  representation  of  a 
number  in  the  system  of  residual  classes  to  its  positional 
representation  through  the  systea  of  orthogonal  bases. 

Page  78. 

Positive  integer  nunber  rA  we  will  call  the  true  cant  or  sinply 
by  the  rank  of  number  A. 

Let  us  fornulate  the  theoren  about  tha  rank  of  tha  sun  of  two 
nuebers. 

Theoren  3.1.  (about  the  rank  of  sun).  If  in  the  systen  with 
bases/bases  p„  p2,  ....  pn  and  range  preset  two  nunbers: 

d  =  (a,.  ••■!“»)•' *nd  fl  =  (P„  fts,  ....  P»).  with  ranks  rA  and  r«  respectively, 

then  rank  rA+B  of  the  sun  of  these  nunbars  will  be  defined  as 

U.  I 
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where  mr  the  weight  of  orthogonal  base  Bt. 

proof.  Lat  us  write  in  accordance  with  (3.2)  expressions  for 
numbers  &  and  B: 

n 

4=2  0LiBi  —  rAfr> 

i— 1 
n 

S  = 

i— 1 

Adding  A  and  B,  we  will  obtain 

A  +  fl‘=  s  (a,  -u  ft)  Bi  -  (rA  +  rB)  3\  (3.4) 

t-i 

on  the  other  hand,  on  the  basis  of  the  rules  of  the  calculation  of 
the  sum  of  two  numbers  we  can  write 

(*,->■  |>,-[5l±6]  . a.  +  fl.-[^],„) 

or  in  the  form  (3.2) 

n 

A~B=2  (3.5) 

>=i 
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Be  convert  this  expression 
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ir 


o 


n  n 

A  +  B='2l(ai  +  h)Bi-2  [-21 ■~]ptBi-rA.B3‘  = 

<=»i  i=l 

n  n 

=  2  (ai  +  pOBi-2  [^~ (3.6) 


<•< 


i-t 


Equalizing  right  sides  (3.4)  and  (3.6),  we  obtain  assertion  (3.3)  of 
the ores. 


Obtained  expression  (3.  3)  Is  the  findaaental  principles,  which 
Bakes  it  possible  to  count  the  rank  of  sue  on  the  ranks  of 
components/teras/addends.  It  is  obvious  that  [  ~p.~]  = 1  ■  if 
and  ]  =  0  otherwise. 

Logical  to  ass  use  that  frequently  the  deter Bination  of  rank  will 
be  produced  directly  in  the  process  of  executing  the  operation,  being 
its  essential  part.  Therefore  let  us  consider  one  of  the  possible 
nethods  of  detaraining  the  rank  without  the  transition  to  the 
positional  representation  of  a  nunber.  Let  us  designate  through  Mi 

the  ainiaua  froa  nuabers  of  the  fcra 

.(0,  0,  0...  0,  tlf  . tn ). 

Is  obvious,  this  will  be  represented  in  the  adopted  systea  nuaber, 
equal  to  the  product  of  the  following  basis  of  systea: 

PiPt.  •  -Pi-i- 

Thus, 


—A 


DOC  =  81023904  PAGE 

Af,  =  (l,  1 . 1), 

M2  =  (0,  Pi,  pl . pj, 

Af3  =  (0,  0,  piPt{mo&p3) . PiP«(mo&pn))  thd  so  fiofiiK* 

Let  A  =  (au  a.  ....  a„)  be  the  naeber  whose  rank  rA  should  be  coapated. 
Numbers  Mi  and  th9ir  ranks  r,  we  assuae/sat  by  known  ones,  since 
they  are  determined  only  by  the  basis  of  system.  He  will  to  number  A 
adjoin  nuaber  Ht  as  many  times,  as  will  be  required  so  that  the  digit 
of  nuaber  A  on  basis/base  p*  would  become  equal  to  zero. 

Let  us  assuae  that  for  this  was  necessary  kt  times  to  adjoin 
nuaber  dt,  and  as  a  result  of  addition  was  foraed  number  At  with  rank 

rAi 

At  —  A  -f-  k\M{. 

Page  80. 

Then  applying  oonsecuti vely/serially  kt  times  formula  (3.3),  we  will 
obtain 

rA\  =  rA  +<*>!. 

where  -  known  to  us  value. 

Let  us  now  aove  on  to  the  second  stage  of  procedure.  Let  us 
produce  the  analogous  additions  k2  of  tiaes  of  number  f!*  to  nuaber  At 
before  obtaining  of  zero  remain der/resiiue  with  basis/base  p2.  In 


%■  mt+**rmt*f*i**w 
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this  case  we  will  obtain  nuaber  A2  with  rank  ui 

,4;  —  Ay  —  kzM*. 

Applying  consecutively/serially  k2  tiae3  formula  (3.3),  we  will 
obtain 

rAt  =  rA  -  a*. 

where  u2  ~  known  to  us  value. 

Continuing  this  process  on  all  digits  of  a  nuaber,  as  a  result 
we  will  obtain  the  number  (0,  0,  0),  equal  to  rank  of  which, 

as  can  easily  ba  seen,  is  equal  -  1.  on  the  other  hand,  the 
calculated  rank  of  this  nuaber  is  equal  to  rA  +  ®n,  whence  it  follows 
that 

U  =  *-©*—  1.  (3.7) 

Let  us  give  the  example,  which  illustrates  the  method  of 
determining  the  rank  of  a  nuaber  examined. 

Let  us  selact  system  of  calculation  with  bases/bases  p t  =3,  p2»5, 
p,»7.  in  this  case  the  range  of  system  will  be  equal  to  ^=3  ^7=105. 

The  orthogonal  bases  of  system  are  defined  as  Bt=70,  B2  =  2i, 
Bj*15,  and  their  weight  with  respect  to  kA  al*2,  a2=l,  i3a1. 

For  the  selected  system  we  write  the  minimum  numbers: 

1,  l),  Afj  =  (0,  3,  3),  iVfj  =  (0,  0,  1), 


A 


ranks  of  which  ace  equal  to 

r i  =  i ,  r*  =*  1 ,  rs  -  0. 

Exaaple.  To  find  rank  /a  of  nuaber  A= ( 1 ,  1,  5)  =61. 


Let  us  sub  nuaber  A  with  Rt 

(1,  1,  5) -HI.  I.  1)  =  (2,  2,  6). 

Transitions  through  the  bases/bases  it  was  not;  therefore  the  rank  of 
sun  will  be  defined  on  (3.3)  as 

r  =  rA~\. 

It  is  repeated  the  procedure  indicated  again 

(2.  2,  6)-Hl,  1.  1)  =  (0,  3,  0). 

In  this  case  occurred  the  transitions  through  bases/bases  pt*3,  p3«7; 
therefore 

r  =  ,Arl-fI— 2  —  I  =  rA  —  1. 
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Let  us  now  nova  on  to  the  transition  into  zero  digits  on  the  second 

basis/base  with  the  help  cf  nuaber  H* 

(0,  3,  0)  +  (0,  3,  3)  =  (0,  I,  3). 

In  this  case  occurred  overfilling  on  the  second  basis/base.  Therefore 
the  rank  of  result  will  be  equal  to 

r  =  rA  —  I  4  I  —  I  = '’a  —  i  • 

It  is  repeated  the  addition 


(0,  l,3)r(0,  3,  3)  —  (0,  4.  6). 
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Transitions  it  was  not.  The  rank  of  a  nuaber  will  be 

r  =  rA  —  1  -i-1  =  rA. 

te  continue  ths  process 

(0,  4,  6) -j-(0,  3,  3)  =-  (0,  2,  2). 

Transition  occurred  through  bases/bases  p2  and  p3,  i.e. , 

r  =  rA~i—2  =  rA-~[. 

And,  finally 

(0,  2.  2)  -  (0,  3,  3)  =  (0,  0,  5). 

we  here  have  an  overfloe  on  the  second  basis/base 


r  —  rA  — 1  +  1  —  I  =  rA —  J. 

Let  us  switch  over  to  transition  into  zero  digits  on  basis/base  p3 

(0,  0,  5)  +  (0,  0,  1)  =  (0,  0,6). 

Transitions  it  was  not 

r  =  rA-\. 

It  is  repeated  the  addition 

(0,  0,  6)+(0,  0,  I)  =  (0,  0,  0). 

In  this  case 

r**rA-\-l=rA-r2. 

In  accordance  with  (3.7)  we  will  obtain 

rA  — 2=*  —  I. 

whence  rA  =  i.  Actually/really,  the  rank  of  nuaber  A,  detereined 
according  to  (3.  2)  , 


A  =  flj  +  fij-r  5flj  =  166 —  1  •  105 


is  equal  to  rA*i. 
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The  given  above  method  of  deteriining  the  rank  of  a  nueber  by 
consecutive  additions  with  preset  minimum  codes  Mt  can  be 
simplified,  if  we  have  in  the  storage  of  machine  codes,  multiple 
minimum,  and  their  ranks.  Then  it  is  possible  to  conduct  the 
calculation  of  rank  by  consecutive  subtractions  in  n  procedures. 

Page  82. 

Definition.  The  rank  of  the  number,  which  is  the  result  of 
arithmetic  operation,  obtained  from  the  ranks  of  operands  is  called 
the  calculated  rank  of  a  number. 

It  is  logical  that  if  the  operation  is  performed  correctly,  then 
calculated  rank  and  true  rank  of  result  during  the  comparison  will 
prove  to  be  identical. 

As  it  will  be  proved  further,  the  calculation  of  the  rank  of 
result  with  the  execution  of  the  operation  of  addition  and  its 
comparison  with  the  true  rank  of  result  make  it  possible  to 
establish/install  the  fact  of  output/yield  or  nonappearance  of  result 
from  range  to,  &),  i.e.  the  fact  of  overflow. 
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Let  as  coasidar  some  examples  in  the  system  with  bases/bases 

Pt®3,  P 2=5,  Ps-7. 

Example.  To  sub  number  A»(l,  3,  2)  =58  rank  of  which  u  -=  1.  with 
number  B=(1,  1,  2)  =16  with  rank  r9  =  i.  sa  store/add  up 

A  -f  B  =  (l.  3.  2)  ~r  (1,  I,  2)  -=  (2.  4,  4). 

Th9  rank  of  sum  will  be  #•*+*»  i -i- 1  ~  2.  As  it  is  easy  to  check,  the  true 
rank  of  number  (2,  4,  4)  is  equal  to  2.  Thus  tha  calculated  and  true 
ranks  of  result  coincided,  therefore,  overflows  was  not. 

Example.  To  sum  number  A-(1,  3,  2)  =58  with  number  B=(1,  3, 

2)  =58.  Here  'a  = ~  1.  He  store/add  up 

A  +  B  =  (!,  3,  2)  -r  (I,  3,  2)  =  (2,  6.  4). 

Hank  of  sum  r*+a  =  *  +  >  —  >  =  »•  The  true  rank  of  number  (2,  1,  4)  is 
equal  to  2  and  does  not  coincide  with  the  calculated  rank,  which 
means,  occurred  overflow,  is  actual/r®el»  A«-b=58*58=  116>105. 

§3.2.  On  the  expanded  representation  of  numbers. 

Until  now,  number  A  in  the  system  of  residual  classes  was 
represented  in  the  form 

A  —  (*n  •  •  •.  a*). 

Let  us  introduce  now  the  representation  of  a  number  in  the  form 


A'  =  (kiOi  +  ( 1  —  It)  (®t  —  Pi)'  •  •  •  * 


"h  ( 1  —  In)  (®i»  — •  Pn))< 
(3.8) 
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where  X,  (1=1,  2,  . ..,  o)  can  b«  equally  either  1  or  0. 

Beprssentation  (3.8)  subsequently  we  will  call  the  expanded 
representation  of  nuaber  A. 

Ordinary  r ^presentation  corresponds  to  the  case  when  everything 
X,  =  1.  If  X,  =.  o,  then  the  corresponding  digit  cf  a  nuaber  will  be 
negative.  Belativa  to  the  expanded  representations  occurs  the 
following  theorea. 
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Theorea  3.2.  In  the  systea  with  bases/bases  pu  p? . .  by  range 

if1  and  orthogonal  bases  Bu  B2,  .  .  Bn.  with  single  weights  of 

m,  =  m,  -  ...  =  _  j  for  any  nuaber  A  by  rank  r.\  there  is  an 

expanded  representation  of  zero  rank. 

Proof.  In  reality,  after  placing 

X<i  =  Xjj  — . . .  =  =  0, 

and  others  x,  =  I,  we  will  obtain  on  (3.8) 

A'  =  (a„  a, . . *,T A-P<rA. 

Let  us  present  this  nuaber  in  its  disintegration  in  teres  of  the 
orthogonal  bases 

A'  =  Ct| Bi  T  *5^1  +  .  ■  •  +  •  •  •  T  a'rA^ir  A  ~  '  '  '  ~ 

+  a nBn  —  (Pliflli  i-  PlfB >»  -T  •  ■  ■  ^  P'rA^'rA^ 
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Sines  we  sslectad  the  systes  of  bases/bases  for  which  piBt  = <3\  that 

A'  —  -f-  +  .  • .  +  &nBn  —  f  —  A. 

This  expanded  representation  of  a  nuaber  va  will  naaa  the 
principal  expanded  representation. 

Corollary  1.  the  rant  of  a  nuaber  is  equal  to  a  quantity  of 
negative  digits  in  its  principal  expanded  representation. 

Corollary  2.  The  aaxiaua  rank  of  a  nuaber  does  not  exceed  a-1  (n 
-  order  of  systea).  This  esca pe /ensues  froa  the  fact  that  all  digits 
of  principal  fixed  expansion  cannot  be  negative,  at  least  one  of  the 
digits  east  be  positive.  Thus,  principal  fixed  expansion  of  a  nuaber 
can  contain  not  wore  than  n- 1  negative  digits. 

Corollary  3.  A  aaxiaally  possible  rank  for  the  nuaber.  which  has 
k  of  zeros,  does  not  exceed  n- k- 1 . 

The  upper  Liait  of  the  value  of  the  rank  of  a  nuaber  can  be 
soeewhat  lowered.  This  possibility  is  deterained  by  the  following 


theoree 


m 
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Theorea  3.3.  A  aaxiaally  attainable  rink  of  nuabor  A  in  its 
principal  expanded  representation  does  not  exceed  n-2. 
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Proof.  The  proof  of  this  theorea  aust  consist  in  the 
deaonstration  of  the  fact  that  by  one  positive  digit  cannot  be 
gathered  the  positive  nuaber  in  the  principal  axpanded 

repress ntation.  In  reality,  let  A  =  (a,,  a2 . a*)  be  a  nuaber  with  the 

greatest  possibLe  rank  and  we  found  such  principal  expanded 
representation  A«,  in  which  =  1,  and  the  others 


Then 


*  =  2,  — ,  n,  i=^=j 


A'  =  a jBj  -  ((p,  -  a,)  B,  +  (p2  -  a,)  S2  +  . . . 

•  •  +  ( Pj-i  —  af-i)  Bj-i  t  {Pj+ 1 — ot/+i)  Bj+ 1  +  ••• 

•••”(■  (Pn —  &n)  Bn).  (3.9) 


It  is  obvious,  A*  will  be  greatest,  when  positive 

coaponants/tera3/addends  are  greatest,  1 nd  negative  -  saallest  in  the 
absence  of  zero  digits,  i.e. , 


Then 


at  =  pt—\, 
i=  1.  2,  . . n. 


A'  =  &-{Bl  +  Bi+  ...  +  Bn)  =  &-(&+\)  =  -1. 
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Meanwhile  a  =  (pt  —  1,  p2  -  1 . pn  —  1)  =  S'  —  1  and,  thus,  (3.9)  it  is  not 

the  lain  thing  they  are  expanded,  by  representation  A.  The  latter 
will  be  obtained,  if  we  preserve  in  A*  by  positive  one  additional 
digit,  that  also  is  claieed  under  theore®  condition.  Then  will  occur 
the  equality 

A'  =  2&-(&+\)  =  &-\. 

Let  us  take  cow  as  the  orthogonal  bases  of  the  value: 


Bt  =  (A„  0,  0 . 0). 

B2  =  ( 0,  0 . 0), 


Bn  =  (0,  0,  0 . An). 


(3.10) 


where  kt  can  have  values  1,2,  ...,pi  —  l  far  i=i,  2,  ..., 


n. 


Let  in  the  selected  systea  of  base3/bases  be  is  preset  number 

A  —  (a,,  aj . an). 
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Let  us  select  values  V.  A*, a,  in  such  a  way  that  would  occur  the 
following  coaparisons: 

A,A,  a  a,  (mod  pt), 
s  oj  (mod  p2), 

.  (3.11) 

knK  =  On  (mod  pn) 


or 
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=  -?7  (mod 

.  (3.12) 

K  3  |2-(mod  pn). 

Lot  us  name  tha  expression 

■A  =  (kuki . K)  (3.13) 

the  inverse  reprasantation  of  number  A,  and  the  constant  value 

K=(klt  kt,  ....  kn)  (3.14) 

-  by  gate  of  inverse  representation. 

Between  the  integers  of  range  [0,  fr)  and  tha  inverse 
representations  of  these  numbers  (3.13)  occurs  one-to-one  conformity, 
since  from  (3.11),  (3.13)  and  (3.14)  we  have 

AK  =  A  (mod  &) 

°r  -A 

A=-£-(  mod  £>). 

It  is  obvious  that  the  in  question,  until  now,  representations  of 
numbers  in  the  form  of  remainders/residues  on  the  selected 
bases/bases  of  the  fora 

A  =  (CCj *  C&x,  .  ■  *t 

are  also  the  inverse  representations  of  numbers  with  the  gate 

#C»(1.  i . .1). 

Since  (1=1,  2,  ,  a)  ,  then  as  the  gates  of  different  inverse 

n 

representations  can  serve  J]  (pt  __  ])  different  numbers  of  the  range 
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(0,  cT)  and  there  is  respectively  as  many  different  inverse 
reprasa ntations  of  numbers  and  so  many  the  systems  of  orthogonal 
bases. 

Lat  us  agree  that  to  negative  digits  —  Pi  in  the  expanded 

representation  correspond  negative  digits  U  —  pi  in  the  inverse 
representation. 

Aaong  the  gates  of  inverse  representation  is  a  gate  of  the  fora 

K  =  (l.  1 . I). 

This  follows  from  (3.  12)  when  aj  =  V 

Page  86. 

The  value  of  gate  is  determined  by  the  expression 

n 

K  =  2  Bi-rk&,  (3.15) 

i—  1 

where  rk  -  rati*  of  gate  or  respectively 

n 

K  =  S  Si  (mod  cT). 

Thus,  in  the  system  of  residual  classes  are  possible  the  various 
forms  of  the  representation  of  nuabers,  differing  by  greater  or 
smaller  simplicity. 


The  given  hara  expanded  and  inversa  rapr esentations  carry  aora 
complicated  character,  but  Make  it  possible  to  ainimize  the  maxiaua 
value  of  true  rank  lumbers,  which  in  a  nuaber  of  cases  can  prova  to 
be  useful,  taking  into  account  ncnmodularity  of  rank. 

§3.3.  Numerical  sequences  and  the  ranks  of  their  elements/ceils. 

Lat  us  considar  some  questions  of  distribution  in  interval 
[0,  cP)  0f  the  aembers  of  the  sequence 

=  (®i,  ^2.  •••iCtj.j,  S,  otj+1,  . . . ,  an), 

s  =  0,  I,  ..  ..  Pi—  1.  (316) 

A 3  can  be  seen  from  (3,16)  the  aeabers  of  this  sequence  differ  from 
each  other  only  in  terms  of  their  digit  in  base  Pi- 


Lamma  3.1.  In  the  system  with  bases/bases  pu  p.,  ....  pn,  by 
orthogonal  bases  Bit  Bz,  .  .  Bn,  of  weight  of  which  respectively 

n 

mu  m2,  .  .  rrtn,  and  range  £P=  [IPi  in  each  of  the  intervals 

i~t 


/=  1,  2,  ....  p(. 


(3.17) 


of  range  is  contained  according  to  one  nuaber  of  sequence  a,,. 
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Proof.  Is  actual/real,  since 

whera  mi<p ,,  that  the  difference  between  two  neuters  of  sequence  an, 
and  aut,  ranks  of  which  are  respectively  equal  to  rt  and  r2  will  be 
defined  as 

fliaj  fliii  =  (5;  St)  171  j  — (f2  —  aP.  (3. I  8) 

Pi 

So  that  an,  and  axtt  would  lie/rest  at  one  interval,  it  is 
necessary  that  there  would  be  such  integer  k,  for  which  occurs  the 
equality 

(S2  —  Si)  nii^-  —  {rt  —  rx)  S'  =  kfr,  (3.19) 

Pi 

i.e.  so  that  the  value 

/  =  h^rtii 
Pi 

would  be  integer. 

Since  pi  -  prime  number,  and  mt  <  p,  and  s2  —  S,  <  p,,  the  1  cannot 
be  integer.  Consequently,  equality  (3.19)  is  inpossible.  This  neans 
that  any  two  nuabers  of  sequence  (3.16)  are  located  in  different 
intervals  (3.17).  Since  in  all  terns  in  sequence  p,’  and  as  nany 
different  intervals,  then  in  each  of  these  intervals  it  is  contained 
on  one  nenber  of  sequence. 
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Corollary.  fcaong  numbers  ait  of  sequence  (3.16)  is  contained  only 
one  naabet  a.»*  such,  which  Piait  lies/rests  at  interval  10,  S). 

In  reality,  froa  determination  a,,  in  interval  (3.17)  follows 
determination  pta it  in  interval'  ((;  —  1)  S,  j  S). 

In  particular,  assuaing/setting  j=1 ,  we  come  to  formulated  in 
the  corollary  assertion. 

Lemma  3.2.  If  one  of  the  numbers  at.,  with  rant  r t  of  the 
numerical  sequence 

4i«  =  (&i,  a*,  . . o,-i,  S,  a,.,,  . . . ,  a„), 

where  S=0,  1,  ....  p,— 1,  is  located  in  the  interval 


the  number  with  rant  where  t>0,  is  located  in  the  interval 

,3.20) 
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Proof.  In  accordance  with  (3.18)  wa  can  write 

u««i +/)  **  Ufn  +  tint  -—-—(rt  —  r^S. 


DOC  =  81023904 


Since  t>0,  then  the  border  of  the  interval  in  which  is  located  a««i+o» 
they  are  obtained  by  addition  tc  the  borders  of  the  interval  in  which 
is  located  a ^  value 

tmi~ 

p  i 

and  by  the  exception/elimination  of  a  possible  number  of  full  waves 
(depending  on  values  mi),  that  also  is  reflected  in  (3.20)  . 


Corollary.  If  member  at.  of  sequence  (3.16)  is  situated  in  the 
interval 


then  in  the  following  interval 

is  located  number  av  where 

St  =  S  +  %±!.  (3.21) 

m  t 

Here  through  1?,  is  designated  the  integer  part  of  the  expression 


I  A- (mi  —  ! 
Pi 


]• 


Actually/really,  assuming/setting  in  (3.  20) 


we  will  obtain  that 


7  +  1  =  /  +  trrii  —  X(,P( , 


XjjPi  +  1 


(3.22) 
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that  also  proves  tha  assertion  of  corollary. 

from  (3.22)  it  is  evident  that  mst  be  the 
divider/denoainator  of  value  k'tlpt  +  l.  ra  a  number  of  cases  this  can 
occur  only  at  the  unique  value  of  value  kfj.  In  particular,  when 
mi=l  must  be  1^  =  0  and  then  t- 1.  In  other  words  if  then 

aj(  and  a^+i)  are  located  in  the  adjacent  intervals. 

Page  89. 

Lemma  3.3.  The  members  of  numerical  sequence  aiai  and  aiM  of  the 
identical  rant  rt=r2=r  satisfy  inequality  if  is  satisfied 

the  condition  St<S2. 

Proof.  In  accordance  with  the  conditions  of  lemma  expression 

(3. 18)  can  be  rewritten  in  the  form 

®ut  =  (Sj  —  Si)  Bt, 

i.a.  with  S2>S1  we  will  obtain  a<„>ai.t,  that  also  is  the  assertion  of 

lemma. 


Lamaa  3.4.  if  the  members  of  numerical  sequence  oUl  and  a <..«  with 
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ranks  rt  and  r2  respectively  satisfy  the  inequality 

I  Ui*i» 

then  their  ranks  they  satisfy  the  inequality 

r.  <  t  —  1  •  (3.23) 

Proof.  Proa  the  condition  of  lenaa  it  follows  that 

(S2  —  Si)  Sj  —  (r2  —  r,)cf“  >0 

or 

(S2-Si)Bl>(r,-r,)&.  (3.24) 

Let  us  assune  that  Inequality  (3.23)  does  not  occur,  i.  e. , 


or 


—  —  I 

w 


^2  ^  ^  i  • 

But  than  froa  (3.24)  it  follows  that 

S;-S,>Pn 

which  is  iapcssible.  It  reeains  to  take  the  assertion  of  leaaa. 


Corollary  1.  If  Ou,>aiM.  then  with  single  weight  m(  =  I  of 
orthogonal  base  Bi  lesser  nuabers  have  not  saaller  ranks:  rz^rt. 

In  this  case  the  greatest  rank  has  the  smallest  nueber,  1. e. ,  a 
nuaber,  which  i3  located  in  interval  [o,  ~J  . 

Corollary  2.  A  difference  in  the  ranks  of  any  two  nuabers  of  the 


exaained  nuaerical  sequence  in  the  absolute  value  is  less  than  the 
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weight  m,  of  the  corresponding  orthogonal  base. 
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Theorem  3.4.  If  are  preset  the  members 

^iOi  ®il>  •  •  •  i  £»(**—  l)t  Oit*>  l)t  •  •  •  t  U<( p  — 1) 

of  the  numerical  sequence  of  the  fora 

=  i-  S,  oi+i . “«). 

where 

S  =  0,  1,2 . Pi-1. 

and  if  when  mi-  1  a  minimum  number  of  sequence  is  with  rank  r*  , 
then  terms  ai0,  an,...  ai(„. n  have  ranks,  equal  to  r*-1,  and  terns 
a, — gup,-d  have  early  hours  they  are  equal  to  r*. 

Proof.  Actually/really,  since  m,  =  1,  that  any  numbers  au  and 
at(«+D  are  located  in  the  adjacent  intervals,  in  other  words  number 
a«r+n  obtained  from  a‘*  by  the  addition  of  the  number 

Bi  =  (0,  0 . 0,  1 ,  0,  ....  0), 

of  that  having  zero  rank. 

If  au •  is  a  minimum  number  of  sequence  with  rank  r*,  then  it  is 
located  in  interval  [o,  ~'j  and,  therefore,  an,»Ti>  is  located  in 
interval  [ £. ,  2 £.) ,  ai(,.+2)  -  in  interval  [2^,3^.)  a°d  so  forth, 

until  S*-p<ph  all  numbers 


uw*.  ....  flm*+p) 
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to  p  =  p(  —  S*  —  1  ira  have  a  rank  r*  since  they  are  formed  by  addition 
with  number  B,  of  zero  rank,  wo  re  ever  nowhere  occurs  transition 
through  Pi,  which  it  could  change  rank.  It  is  a  different  Batter  when 
p  =  Pi  —  S*.  number  a, =  ai0  will  already  have  a  rank  r*-1,  since 
during  the  addition  with  B;  will  occur  the  transition  through  Pi. 
which  will  determine  decrease  per  unit  of  the  rank  of  sui.  Rank  r*-1 
they  will  have  all  numbers  from  ai0  to  au.*-n- 

Corollary  1.  If  s*=0,  then  in  the  numerical  sequence  all  numbers 
have  iientical  ranks.  Actually/really,  in  this  case  with  the 
f oriation/education  of  the  next  members  of  sequence  by  additions  B, 
there  is  nowhere  transition  through  pit  in  other  words  there  is  no 
derating  that  it  could  change  rank  to  that  or  other  side. 

Page  91. 

Further  continuation  of  sequence  with  addition  Bt  to  a. <p,— n  leads  to 
ato  and  it  is  con jugated/combined,  on  one  hand,  with  derating,  what 
increases  true  rank  in  comparison  with  the  calculated  per  unit,  and 
on  the  other  hand  *  with  the  transition  through  p*.  which  reduces  th9 
rank  per  unit.  The  combined  action  of  these  two  factors  leaves  the 
rank  of  number  ai0  without  the  changes. 
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Corollary  2.  Let  indicate  the  sui  of  all  aeabers  of  sequence 
(3.16).  Than  during  calculation  they  take  place  of  derating 

[0,  &). 


In  reality,  we  have 


let  us  compute  I, 


s  —  ai(s«-p)  —  Oil*  +  P  ■ 


Pi~  *  P.-t  Pi- 1 

Si  =  ^  =  2  a>**  T  ~T~  y  p—  P.0,,1 

*  '  n  Pi 

*=0  a— 0  p«u 


Since  p.au.  lies/rasts  in  the  range  (0.  ^).  then  in  all  during 
calculation  Xt  they  take  place  SlzlL  of  derating. 


Determination.  Systea  with  bases/bases  p„  p2 . p,„  by  range  B,, 

n 

*  *  IJ  *.  by  orthogonal  bases  Bt,  ....  B»,  of  weight  of  which  is 
respectively  equal  to  at,  m*.  — «».  we  will  call 

standardized/noraalized  on  basis/base  Pi,  if  occurs  condition 

mi  —  1  (i  =  1,  2,  . . n). 


If  systea  is  calibrated  on  largest  basis/base,  then  this  systea 
of  bases/bases  we  will  call  the  siaply  stands rdized/noraalized 
systea. 


Theorem  3.5.  If  in  the  standardized/noraalized  on  basis/base  P. 
system  of  bases/bases  is  known  rack  r-  of  sua  2,  of  all  aeabers  of 
numerical  sequaice,  then  ainiaao  aenber  a**»  of  this  sequence  and  rank 
his  r*  are  defined  as  the  integral  solutions  of  the  indeteraiaate 
equation 

Pit*  —  S*  =  rs  -r  fi  —  [  ]  .  (3.25) 

where  6  is  determined  through  the  total  nuaber  of  transitions  on  all 
bases/bases,  which  occur  during  calculation  2*.  i.e. 


n 
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Proof.  Sinca  in  the  sequence  in  question  there  are  by  S*  of 
nuabers  of  rank  r*-1  and  p,  —  S*  numbers  of  rank  r*  ,  about  according 
to  corollary  of  2  3.H  to  the  theorem  about  the  rank  of  sub  ve  haws 

rs  =  S*(r*-l)  +  (p,-S*)r*-6+[^]  , 

which  after  siaplif ication  brings  to  (3.25). 

Observation.  Since  S*  <  p(,  the  equation  (3.25)  has  the  unique 
integral  solution,  which  is  determining  unknown  S*  and  r*. 
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Let  us  consider  sob*  exaaples  for  the  systea  of  the  bases/bases: 
p ,  =  3,  p2=S,  p337,  tha  illustrating  properties  of  naaerical  sequences 
presented. 

Exaaple.  Lat  sequence  av  take  forn  (2,  3,  0),  (2.  3,  1)  ,  (2,  3. 

2),  (2,  3,  3),  (2.  3,  «),  (2 .  3.  5),  (2,  3,  6).  i.e.,  its  teras  in 

th9  value  are  equal  to: 

Qjo  —  98;  —  8,  qj2=23,  £33  =*  38,  —  53,  qy,  =  68,  a-m  — 83, 

and  tha  ranks  of  thea  respectively: 

r30  =*  1 .  rn  =2,  'a  =  2.  rjj  =  2,  =  2,  ra  =  2,  r*  =  2. 

Since  hera  S*=i  that  the  rank  of  nuabers  froa  (2,  3,  ?)  and  d 

(2,  3,  6)  is  equal  to  2,  and  the  rank  of  nuaber  (2,  3,  0)  is  equal  to 

1. 


Exaaple.  Let  sequence  “*•  take  the  fora 

(2,  4,  0),  (2,  4,  1),  (2,  4,  2),  (2,  4,  3),  (2,  4,  4),  (2,  4.  5),  (2.  4.  6). 
ajo=«14,  an  **29,  aj*«=44,  aB  — 59,  a* 4=  74,  a»  =  89.  <J— =104. 

Here  S**0  and  all  aeabers  of  sequence  have  one  and  the  sane 
rank,  equal  to  2. 


Exaaple.  Is  known  rank  rz  cf  nuaber  (1,  3,  0).  nuaber  (1,  3,  0) 
can  be  obtained  as  sua  s,  of  the  aeabers  bf  sequence  (1,  4,  0),  , 
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4 ,  1),  (1,  4,  2),  (1,  4,  3),  (1,  4,  4),  (1,  4,  5),  (1,  4,  6)  than 

aquation  (3.25)  of  signs  the  fore 

.7r*  — S*=  10, 

•hence  we  obtain  r**2,  S**4. 

Actually/raally  (1,  4,  4)=4  there  is  a  snail  nuaber  of  this 
sequence  and  its  rank  is  equal  to  2. 

Ttiaoraa  3.6.  If  in  the  standardizes  on  basis/base  Pi  systea  with 
the  odd  basas/bases  tvo  aeabers  u<<7-n  and  a of  the  nuaerical 
sequence 

=  «n.  S.  a,., . a*), 

S  =  0,  1 . p,  —  I 

have  identical  parity,  then  tere  aq  is  the  ainieua  aeaber  of 
sequence,  i.  e. ,  q  =  S*. 

Page  93. 

Proof.  Siaoa  all  basis  of  systee  are  odd,  then  is  odd  value 


If  ve  the  rank  of  nuaber  a<(?_n  designate  through  rt,  and  the  rank  of 
nuaber  a'<  -  through  r,. 


then  according  to  (3.13)  ve  have 
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If  one  assumes  that  r2=r,  then  it  will  seem  that  a  difference  in  two 
numbers  of  identical  parity  is  odd,  which  is  impossible.  Hence  c  x 
which  is  possible  only  when  q=S*  i.e.  term  aiq  is  the  minimum  term  of 
numerical  sequeac9  in  question. 

§3.4.  Orthogonal  and  pseudo-orthogonal  numbers. 

Numbers,  ia  which  all  digits  zero,  with  exception  of  digit  on 

basis/base  Pi.  i.e.  numbers  of  form 

4  =  (0,  0 . 0,  on,  0 . 0),  (3.26) 

w 9  will  call  orthogonal  on  basis/base  pt  numbers.  During  the 
calculation  of  the  true  rank  cf  a  number  it  is  most  logical  it  would 

be  logical  considec  number  A  —  (a,,  a2 . a,,)  as  the  sum  of  its 

orthogonal  components,  and  the  rank  of  number  A  to  compose  as  the  sum 
of  the  ranks  of  these  components.  However,  this  path  does  not  reach 
target,  since  with  the  addition  of  orthogonal  components  can  take 
place  beyond  the  limits  of  range  (0,  #),  the  not  catched  in  the  process 
additions.  Specifically,  these  possible  outputs/yields  for  the  range 
substantially  will  influence  the  value  of  rank.  Therefore  it  is 
considered  by  advisable  to  find  such  standard  components  whose  ranks 
would  be  previously  known  so  that  the  number  A  would  be  represented 
by  the  sum  of  these  components  and  so  that  with  the  addition  it  would 
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not  be  outputs/yields  beyond  the  limits  of  range  10,  sP).  it  is 

i 

obvious,  these* components  must  be  sufficiently  small. 

Such  standard  components  subsequently  we  will  call 
pseudo-orthogonal  numbers. 

Page  94. 

Determination.  Pseudo-orthogonal  number  A,  on  basis/base  P>  is 
called  such  number  which  is  obtained  from  orthogonal  number  -4..  if  we 
in  it  break  orthogonality  on  any  basis/base  (for  example,  on  p„),  i.a. 
a  number  of  fora 

=  0 . o,  at,  0 . 0.  S,  )  =  3C,«,  -SaiBn.  (3.27) 

It  is  possible  to  examine  the  pseuio-orthogonal  numbers,  in 
which  the  orthogonality  is  broken  on  any  of  the  bases/bases;  however, 
we  subsequently  for  the  certainty  will  always  examine 
pseudo-orthogonal  numbers  of  form  (3.27).  This  not  at  all  breaks  tha 
generality  of  examination,  since  by  p»  can  be  implied  any  of  the 
basis  of  system. 

Extending  property  of  numerical  sequences  to  pseudo-orthogonal 
numbers,  let  us  find  the  number 

.If*,  —  (0.  0 . a . 0.  SS),  (3.28). 

lying  at  interval  £g, 
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Sach  numbers  subsequently  we  will  sail  minima  pseudo-orthogonal 
numbers. 

Digit  Si,  on  basis/base  pn,  with  which  a  pseudo-orthogonal 
numbar  has  minimum  value,  i.e.,  it  falls  into  interval  [o,  y),  we 
will  call  the  trace  of  pseudo- orthogonal  number  Ar  Let  us  generalize 
the  concept  of  the  trace  of  a  number. 

Let  to  us  be  is  preset  number  A  —  (a,,  a2(  ....  a„).  Digit  S\  on 
basis/base  Pn  such,  with  which  the  number 

A *  =  («».  a* . a*_„  S\) 

is  locited  in  interval  ^0,  .  will  call  minimam  of  the  traces  of 

number  A. 

Number  A*  whose  digits  in  bases/bases  pt ,  p2,  ...,  p^_,  coincide 
with  the  digits  of  number  A,  and  digit  on  basis/base  Pn  is  minimal 
trace  of  number  A,  we  will  call  the  minimum  fora  of  number  A. 

Let  us  establish/install  some  properties  of  minimum  forms. 


Page  95 
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Theoraa  3.7.  If  in  the  standardized/normalized  system  are 
represented  two  numbers: 


J  —  ,,(l) 

■r*l  —  (^1  >  a2  . 

minimum  forms  of  which  are 

j*  /«•'>  „<<> 
.H(  =  (oct  ,  a  2  . 

/l*--=(alr\  aV’’, 


Ctn_  j .  Gtji  ) , 

„<2l  ~<2>\ 

^n—  1 »  )• 


-<2)  C»  \ 


but  the  minimum  form  of  sum  —  takes  the  fora 

-M*)*  =  (Yt.  Ys-  S*) 

then  the  minimum  trace  S*  of  the  sum  of  the  minimum  forms  of  numbers 
A i  and  A2  satisfies  the  relationship/ratio 

S*„  -S\t- I  (mod  pn) <; S*  < S* ,  -  S*A,  (mo J  (3.29) 

Proof.  Since  according  to  the  condition  of  theorem  m.,  -i.  then 

value  —  can  be  represented  as 

£-=qpn-  1, 

Pn 

where  g  -  positive  integer  number. 


Let  us  present  numbers  A*»  and  A*2  in  the  fora 

A*  =  <?,/?„  4- S*,, 

Al  =  qzpn  —  S*t, 

where  qt  and  q2  -  whole  non-negative  numbers. 


Then  on  the  strength  of  the  fact  that  A* t  and  A*2  are  minimum 
forms,  occur  tha  inequalities 

<7<<<7, 
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indicating  tha  determination  of  cuabers  A and  A*2  in  interval 


Sub  A*t  and  A*2  can  b®  presented  in  tha  form 

A\  +  A\  =  (g,  +  qt  +  [  ])/».  +  (Si,  +  Si.)  (mod  pn). 

let  us  consider  the  possible  relationships/ratios  between  sum  of 
3ifcfe  and  value  q. 


Case  1. 


At  this  case  sua  A*t*A*2  lies/rests  at  interval  [°<  j~]  <  i*e.  it 
is  ainiaua  and,  therefore, 

(51,  +  Si,)  (mod  pn)  =  S\ 

Page  96, 

Case  of  2.  +  <7zH-  [ Sa‘p~ ~ J  ^ 

At  this  casa  sua  a*.*A*2  lies/rest3  at  intarval  ["  —  ,2—1,  i.e. 

*  L  Pn  Pn  J 

the  ainiaua  fora  of  sum  A*t*A*2  differs  from  value  A*t*A«>2  by  value 
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=  (».  +  «!+[ 

-r(Si,  +  Si,—  1 )  (mod  />„)• 

u  he nee 

(Si ,  +  Si,  —  1 )  (mod  p„)  =  S\ 

Both  the  cases  examined  are  reflected  In  relationship/ratio 
(3.29)  . 

The  obtained  result  can  be  spread  to  any  nunber  of 
components/teras/addends,  for  which  let  us  formulate  more 
general/more  comaon/more  total  theorem. 

Theorem  3.3.  If  in  the  standardized /normalized  system  are 
represented  numbers  Au .  ..,Am,  minimum  forms  of  which  are 

'  ir  =  «\  a- . a^ii,  Si,), 

<4J  =  (a;*\  a“‘ . Onit,  Si,), 

A*m=(<Am\  ®im> . «S?i.  «J. 

m 

and  if  the  minimum  fora  of  sub  takes  the  form 

i-t 

m  \* 

2  )  =  (Yi»  Yj*  Yn-i*  Si), 


the  miniaua  trace  of  the  sua  of  ainimua  forms  satisfies  the 
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relationship/ratio 


y  S*  —  m-f- 1  (mod  p„)<S!<  2  SV  (modp„).  (3.30) 

i _ 4  *  i _ 4  * 


Theorem  is  proven  (a-l)by  the  --fold  use/appl icat ion  of  previous 
theorem  3.7. 


Let  us  consider  some  theorems  about  traces  and  ranks  of  einimun 
pseudo-orthogonal  numbers. 
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Theorem  3.9.  If  in  the  standardized/normalized  system  is  preset  the 
minimum  pseudo-orthogonal  number 

Mat  —  (0,  0 . a, . 0 ,s;,) 

with  rank  '’a,,  then  its  trace  is  defined  as 


r(ra.Pi~ «<mi)  P*  1 

- ]  +  '• 


(3.31) 


Proof.  Th9  value  of  minimum  pseudo-orthogonal  number  Alai  can  be 


registered  in  the  form 


AfS|  = 


In  accordance  with  the  determination  of  a  minimum 
pseudo-orthogonal  number,  is  located'  in  interval  [o,  -~) .  i.e. 


0<Af„  <  ~ 

‘  Pn 
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or 


raj^<aJm1~-rSSj  +  "Pn  • 


whence 


(rn,Pi  —  *imi)Pn  Ir  pt— a, m{)  pn 

-<s:  <  -i- 


pi 


pi 


Since  SJ(  -  numerical  nuaber,  then  it  can  satisfy  the  obtained 
inequality  only  at  the  value 

«  _  r  (v,-*'m,)p-i  , 

S'L - 7i - Jt1> 


that  also  is  the  assertion  of  theorea. 


Theoree  3.10.  If  in  the  standardized/nor aalized  systee  is  preset 

the  ainiauu  pseudo-orthogonal  nuaber 

Af*(  =  (0,  0 . a . 0.  S5.), 

then  its  rant  r0(  I  deteraines  by  the  expression 
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(3.32) 


Proof.  Froa  expression  (3.31)  for  Sit  it  follows,  on  one  hand. 


that 


r^Pi  —  a,m,>  0, 


i « e . 


r 


ai 


> 


Pi 


(3.33) 
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0 

and  on  the  other  hand,  since  Slt<pn, 

r<xlPi—oamt<pl, 

i.e. 

'a.C-^+l.  (3.34) 

Sines  rai  -  whole,  then  the  only  possibility  to  satisfy 
simultaneously  ralationships/ratios  (3.33)  and  (3.,34)  is  execution 
(3. 32)  . 

Corollary.  A  mini  sub  pseudo-orthogonal  nuaber  with  digit  *i>  to 
equal  unity,  has  single  rank. 

Actually/really ,  since  [^]:=0>  that  ''«,=  ••  Theoren  3.11.  If 

in  the  standardized/noraalized  systea  is  preset  the  niniaua 
pseudo-orthogonal  nuaber 

Afa(.=  (0,  0 . a„....0,SJI) 

with  rank  'a,  and  the  ainiaua  pseudo- orthogonal  nuaber 

Mpj-ct,  =  (0,  0, Pi  o„  . . . ,  0,  5p(_a()  ^ 

with  rank  rprar  then  the  ranks  of  these  ainiaua  pseudo-orthogonal 
nuabers  are  connected  with  the  relationship/ratio 

r<*t  +rpl-ai  =ffl|  -f-  1,  (3.35) 

and  their  traces  satisfy  the  relationshipAatio 

SSI  +  SJj_0|  =  pI,-f  I.  (3.36) 

Proof.  Let  us  count  the  sub  of  the  ranks  of  nuabers  Wa,  and 
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r  <*■"»/  ] 

■a-  —  1  — “ 

|  + 1  +  [ 

(Pi— 

1  L  Pi  - 

Pi  1 

■m+i 

ai/ni 

Pi 

J  +  mi  ■+■  2. 

In  accordance  with  the  fact  that  the  integer  part  [  *  ]  of  the 
fractional  number  x  satisfies  the  relationship/ratio 


we  will  obtain 
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rat  +  rPl-al  =  /Ttj  -f-  J . 


,  r  Sai-tSai „1  ^  a 

Lat  us  count  now  the  sub  of  the  traces  of  77" J 

pseudo-orthogonal  numbers  in  accordance  with  (3.31): 

('"a ,Pi— «'mi)  Pn 


SS(  +  S;|_aj-[ 


Pi 


+  [ 


('■pj_a|Pt ~ (Pi~ ai)  m»)  Pi 


Pi 


]->  + 

J  *r  1  —  Pn  4*  1  ■ 


Corollary.  If  a,  =  1.  the  alnieuB  pseudo-orthogonal  nuaber  Mp_, 
for  the  further  digit  on  basis/base  p i  has  a  rank,  equal  to  mi¬ 


ls  actual/real,  on  (3.35) 


Example.  Lst  us  consider  the  systee  of  the  bases/bases: 


_  J 


p(« i  2,  pj  —  5,  Pj-7,  Pt-23.  ^  =  1610, 
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let  as  count  orthogonal  bases  and  their  weights 


B1  =  l^  =  805; 

m,  ■=  1, 

B2  =  ^l°  =  966; 

=  3, 

53  =  ^^  =  1380; 

m3  =  6. 

_  1610  „ 

B4  =  _=70: 

»;  =  1- 

Por  the  aioptad  system  let  us  give  t ha  values  of  ainiaua 
pseudo-orthogonal  numbers  and  their  ranfcs: 


on  basis/base  pt=2 

(1,0,0,  Sij)  =  (1.0,0,  12)  =  35,  r,  =  1; 

on  basis/base  p2=5 

(0,  1,0,  5S,)  =  (0,  1,0,  10)  =  56,  r,=  I, 
(0,  2,  0,  S^^O,  2,  0,  19)  =  42,  r2  =  2, 
(0,  3,  0,  Si*)=  (0,  3,  0,  5)  =28,  r,  =  2, 
(0,  4,  0,  S5|)  =  (0,  4,  0,  14)  =  14,  rt  =  2; 

on  basis/base  p3=7 

(0,0,  1 ,  Sai)  =*  (0,  0,  1 ,  4)  =  50,  r(  =  1 , 
(0,  0,  2,  Sjj=  ( 0,  0,  2,  7)  =30,  rz  =  2, 
(0,  0,  3,  S^  =  (0,  0,  3,  10)  =  10,  r3  =  3, 

(0,  0,  4,  S«,)  =  (0,  0,  4,  14)  =  60,  rt  =  4, 

(0,  0,  5,  SSj  =  (0,  0,  5,  17)  =  40,  r,  =  5, 

(0,  0,  6,  Sjj  =  (0,  0,  6,  20)  =  20,  r%  =  6. 
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Here  values  Sat  and  ra  were  calculated  respectively  accorii- 
fcraulas  (3.31)  ar.d  (3.32).  Values  of  minimum  psoudo-ort hcgcnal 
numbers  as  this  is  clearly  evident,  they  lie/rest  into  th=  range 

[o.£).  |0.  70). 

§3.5.  Composition  of  a  number  of  the  minimum  pseudo-ort hogor.a  1 
components. 


Let  us  consider  in  that  calibrated  in  the 
standar  dized/r.or  maliz  ed  syster  certain  number 

A  =  (a„  a,,  . . a„_„  an). 

Summarizing  the  minimum  pseudo-orthogonal  numbers 

Afap  Afai»  •  *  - , 

we  form  number  Ma: 

Ma  —  Mai  +  Mat  +  •  •  •  + 

or 

Mji  ~  •  •  •  •  $a)  » 

SA  =  (S5l+SS1+---+SS^t)(fnod^)-  (3>37) 


w  he  r= 
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Value  subsequently  we  will  call  the  trace  cf  a  number  A. 

As  is  evident  number  MA ,  differs  from  number  A  only  in  ‘•ens  c 
digit  in  the  latter/last  fcasis/base. 

Since  each  of  the  ccsrponents/terms/addends  lies/rests, 
regarding,  in  the  r  an  ge  [o,  -j-  j ,  i  .e  . 

then  after  ( n  —  1 )  addition  we  obtain 

**«»- » (£- ')■ 

Under  condition  /?»>«— 1  we  obtain  MA<&‘,  i.e.  with 
f crmaticn/education  MA  is  ensured  nor.appearan ce  for  range 

[o;  &). 

The  true  rank  cf  obtained  number  MA  to  us  it  is  always 
accurately  known,  since  the  true  rank  coincides  with  the  calculate 

\Q  i(r<x^£  i'a  -tKe  ooua^e. 

Page  101. 

However,  calculated  rank,  as  is  known,  is  defined  according  t 
the  thecr*m  about  the  addition  cf  ranks  as  the  sum  cf  the  ranks  of 
operands  minus  the  sum  of  the  allowed  transitions  through  the  valu 
of  basis/base  taking  into  account  their  weights. 


r 


DC  C  =  -i  1  0  2  i  5 


tsi' 


Si  nee  on  all  digits,  excep*  digit  on  the  lattttr/last  fcuriiticr. 
for,  transitions  with  the  addition  of  minimum  ps?udo-or thcgonal 
numbers  bairg  it  cannot,  but  the  weight  of  orthogonal  Das?  cn  :h? 
latter/last  basis/base  was  accepted  equal  to  unity,  this  ci  rc  urns  t » r.  n  a 
su  nst  an  t  i  all  y  simplifies  *he  calculation  of  the  rar.<  of  a  nuroer. 


Let  us  designate  through  K.A  the  sun  of  the  ranxs  of  the  minimum 
pseud o- crthcgcnal  numbers 


n—  1 
t-i 


(3.38) 


and  we  will  subsequently  cf  number  KA  call  the  Kernel  cf  the  rank  cf 
number  A. 


Let  us  designate  through  **a  a  number  of  transitions  or.  th? 
latter/last  basis/base,  which  occurred  with  the  performed  addition 


s*  +S*  j-  . . .  -t-S? 

J»IT  »«  1  an-| 


(3.39) 


and  we  will  subsequently  number  nA  call  the  correction  of  the  ran*.  cf 
number  A, 


Then  the  true  rank  of  number  Af*  is  defined  as 


rM  =  KA~nA. 


(3.40) 


Thus,  minimum  ns?  ude  -ert  he  acna  1  numbers  serva  as  the  ccnverift 
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staniacd  cor  cone  n  ts  by  summarizing  which  it  is  possible  to  obtain  t 
number,  which  coincides  with  ary  initial  number  in  all  digits,  except 
digit  by  the  latter/last  fcasis/fcass.  In  this  case  tc  us  is  known  th^ 
rank  of  the  obtained  number. 

According  ::  (3.30)  the  minimum  trace  of  sum  SA  is  ccr.r  ct-i 

with  th-  trace  of  number  A  with  the  relationship/ratio 

SA-n  +  2<S**<SA.  (3.4!) 

The  inequality  can  be  refined  by  considering  the  number  cf  zeros  among 
the  digits  of  the  number  A:  a,,  a. . a„_t. 

After  designating  a  quantity  cf  zero  digits  through  it  is 

possible  to  rewrite  (3.41)  in  the  form 

SA-n  +  2  +  o»A<S!i<SH.  (3.42) 

Page  1 C2 . 

From  (3.a0)  we  know  the  true  rank  of  number  MA,  meanwhile  is  if 
interests  the  true  rank  cf  number  A. 

In  a  number  of  cases  it  can  be  determined  immeaiately,  depending 
on  tne  relationship/r  at  ic  between  a„  and  SA.  Let  us  formulate  th  = 
theorem,  which  is  determining,  when  the  rank  cf  number  A  can  be 
determined  immediately  according  tc  the  rank  cf  numoer  MA. 

Theorem  3.12.  If  in  the  standardized/normalized  system  of  kr.» 


r.umb°  r 


A{ax,  a.,  a„) 
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a?.i  by  *h?  addition  of  the  mini  sum  ps«ui  o-ort  no  jc  nai  numbers 


Afaj,  Majt  ...»  \ia 


obtain sd  is  nuioar  iMA=^ot„  5A)  with  ran*  rwA,  then  ran* 

number  A  is  preset  determined  by  the  expression 

Oi  =  r  \/a —  A*.  (3.43) 

wb°ra  AH  can  have  a  value  A/l  =  0,  ),  — 


PrcOt.  rrom  the  properties  of  numerical  sequences  it  is  *now 
that  th'*  members  of  th  ?  sequence  cf  the  form 

(^i»  ^2i  •  •  •  t  S), 

-hesa  value  s  are  equal  to  Si,  Si 4-1 . pn~  1,  they  nave  a  ran*,  per 

larger  than  the  terms  which  have  S  =  0.l,  2,  ...Si-i,  hence,  it  now  i 
the  rank  of  number  MA  and  examining  different  mutual  locations  oc 
zero  or.  basic/base  Pn,  an,  S\  and  sA,  will  obtain  values  rA>  ,,.Ja 
gr  =  at  er  r ma  per  unit  and  smaller  *ifA  per  unit. 


Let  us  consider  different  possible  cases; 


Case  1.  if  zero  through  basis/base  pn  are  located  out  cf 
interval  (SA~n-  2-<d,  Sa),  which  is  equivalent  tc  the  condition 


then 


£»  — n  +  2-f  ©>0, 

V ) 

^ a  npw  ccn  ^  SA 

U’ 

=  rMA -  1  npH  On<SA  — fi  +  2  +  (0. 
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Key:  (1).  with. 

Case  of  2.  If  zero  cn  basis/base  pn  are  arr  ar.ge d/1  o cat •:  i  within 
segment  (SA  —  n  -f  2  +  oj,  Sa)  but  is  sere  left  i>*,  that  to  condition  S*>0, 
then  equivalent  occurs  the  same  relationship 

rA  =  r M  n^H  an  S.<, 
rA  =  0/A  —  I  ^P1!  «n<5^- 

Key:  ( 1 ) .  with. 

Page  103. 

Case  of  3.  If  Sa  =  0,  then  iron  the  properties  of  numerical 

sequences  tc  us  it  is  known  that  rA  —  rMA  for  any  a'» 

Case  of  4.  if  zero  on  basis/base  P»  are  arr anged/Iocate d  within 
segment  (Sa.  Sa)  or  it  coincides  with  its  right  border  SA  =  0.  th«n, 

rA=r\ i  —1  JOH  Sa  >  S.a 

and  ’  A  » 

®  C* 

=  r.v/A  JwiH  &n  ^ 

that  also  proves  the  assertion  cf  theorem.  Key:  (1).  for. 

Thus,  if  is  known  rank  r.u  cf  number  3I.W  then  for  determining  t h - 
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rank  of  tne  arbitrary  number  A  it  is  necessary  to  know  the  autua 
ralatior.ship/ratio  cf  values  a„.  5*.  SA  ard  zero  on  basis/base  pn .  i 
the  rank  of  numosr  A  coincides  with  the  rank  cf  number  M.;,  if 

and  0Ln>S\  H  SA >  S* 

an  <  S\  Q  SA  <  S\. 

Kay:  (1).  and. 


The  rank  cf  nutoar  A  prr  unit  is  roora  than  the  rank  cr  number 

rA  =  r  s,  -f  I , 
if 

«n  >s*  «S,<SV 

Key  :  (1 )  .  and. 

The  rank  cf  number  A  per  unit  is  l3ss  than  th®  rank  of  numb 

rA  =  I’m.  —  1 , 

if  ft, 

On<Sl  H  SA>SA. 

Key  :  (1 )  .  and. 

On  the  basis  cf  that  presented  expedient  Aa  tc  introduce  as  the 


further  characteristic  cf  a  number 
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Determination.  The  character  cf  number  A  we  will  call  valif/S^j 
satisfying  the  condition 

/  0,  e&jH  a«>S^  h  SA>SJ  h#h  ccn<SA  h  Sa<Sa, 

Aa  =  |  1,  ecTiH  an<SA  h  SA  >  SA, 

[  —  I ,  ecJiH  an>S*A  h  SA  < SJ. 

(3.44) 

Key:  (1 )  .  if.  (2)  .  cr. 
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The  character  cf  a  number  is  very  convenient  and  ccmpact 
characteristic.  In  particular,  it  proves  to  be,  for  the  fixation  of 
the  fact  of  overflow  during  tne  addition  it  suffices  to  know  only  th 
character  cf  operands  and  sum. 

§3.6.  Criterion  cf  overflew  during  the  addition. 

Let  be  preset  two  minimum  pseudo-orthogonal  numbers -'^Oj  and 
with  digits  a*  and  on  cue  and  the  same  basis/base  Pi  with  the 
minimum  traces,  respectively  equal  to  S 5/  and  S£.. 

We  form  their  sum 

M  ~  A1a.  -f  Afp, 

0  r  .W  =  (0,  0 . 0,  (<xf  +  pi)  (mod  pt),  . . . 

• .  ■ ,  (S5t  +  S$t)  (mod  pn)). 
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The  minimum  trace  of  Mach  number  la t  as  designate  through 
As  is  known,  minimum  trace  can  take  either  the  value  S;(+8,  . 

Soj+p, =  (S«i  +  5Jt)  (inod  Pn)i 

or  ,  , 

Sli+fil  =  (SS,  +  S;1-1)  (mod  pn). 

D? ta rmination.  The  pair  of  digits  <*!  and  fi  we  will  call  correc 
pair,  if  for  tha  sum  of  two  minimum  pseudo-crtaogor.al  numbers  M0(  ar  ± 
Mfi;  occurs  the  raTaticnship/ratic 

=  {Sat  4-  S8|)  (mod  pn),  (3.45) 

and  the  pair  of  digits  atl  we  will  call  incorrect  pair  if 
SJj-rfi,  —  («Saj  -f  <S8j  —  I )  (mod  pn).  (3.46) 

on  the  basis  cf  this  determination  can  be  formulated  the  following 
t  heor em . 

Page  105. 
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ar.d  if  the  sums  of  the  minimum  pseudo -orthogonal  com  per.  ^n  ts  of  t  *  s  ■ 

numbers  ara  MAl,  MAt,  Mai+ai: 

Ma,  =  K1>.  <> . a»lv  SAl), 

M.4,  =  K!’,  al*' . <2:r  SA.). 

MAl+Al  =  -j-  a[-‘)  (mod  Pl).  (*'"  8-  a"’)  (mod  p«).  ... 

•  •  ■  -  «-i  4-  <*’,)  (mod  S.4,-4,), 

then  the  tracs  of  sum  occurs  the  expression 
Sa1+a,  =  (S.v,  -f  SM  -  5AlAi)  (mod  pn),  (3.47) 

wher*  &AlAi  is  i  ausfc»r  of  incorrect  pairs,  which  are  contained  ir. 


the  sequence 


(a*11,  a'*'),  (a',1’,  O . <*:,). 


(3. -IS) 


Proof.  According  to  the  determination 
Sa*  =  (S-aa>  +  S*a>  +  .  •  .  +  s;«0  (mod  *.). 

Sa, = (s;* + s;<*>  +  •  •  • + s;<»)  p*>. 

s.4i+a« = + s*a,+,..»  +  •  •  •  +  ^ (mod 


Let  us  compute 

(S.4i  -f  SAt)  (mod  pn)  =  ((S*a.  -f  S*a,s>) 

. .  •  +  S*u)  ))(modPn). 

“n-l  n-1 

For  each  value  ^oP’-h*-5’  possibly  either  (3.45),  when  (a'”,  a'*’)  -  correct 
pair,  or  (3,46),  wh9n«l>,  O  “  incorrect  pair,  Henca  it  follows  that 
Sa,-ta,  will  diffsr  frem  SAl  +  S.4,  oy  a  number  of  incorrect  pairs  in 
(3.43),  that  also  comprises  the  assertion  of  theorem. 


The  theorem  examined  makes  it  possible  tc  determine  trace  Sa»-m 
of  sue  in  the  valuas  of  traces  SA,  and  SA»  composed  without  formic;  c: 
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sum  from  the  rir.imun  pseudo-ort hcgcnal  co mpon er.ts . 
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Lat  us  consider  now  how  it  is  possible  tc  iat-ir’ii:- 
of  transitions  trirough  pn  with  fc  rmaticn  /ed  uc  at  ion 
numbers  of  transitions  through  Pn  with  layout  -l1.Al  and  Maj 

For  this  1  at  us  introduce  the  following  deteramat  ion. 

Deterairation.  the  pair  cf  digits  (a'"',  a,”)  w*  will  call  star,  iard 
pair,  if  with  tne  addition  of  two  minimum  pseuio-ort hogonal  numbers 
occurs  inequality 

S*u>  +  5*(ji  <  pn,,  (3.49) 

i  i 

and  by  nonstandard  pair,  if 

5*>u  -f-  ^  Pn-  (3.50) 

Theoram  3.14.  If  in  the  standardized/nor malized  syst°m  are 

preset  numbers  Alf  a2  and  their  sun  Ai+Az 

=  *?' . <"), 

A2  =  (a?>,  a® 

A,  -i-  A2  =  ((a;"  ■+■  a[!’)  (mod  /?,), 

«’  -f  ai”)  (mod  p2),  .... «'  +  <*)  (mod p„)), 

to  the  correction  of  ranks  of  which  is  respectively  equal  tr  n',;’ 
;,ai+a,.  then  occurs  the  followirg  equality: 

n.Ai+Ai  =  i*ai  -f  a  At  ~  eAiAi  +  {  —  y,  (3.5! ) 


4-  c.  p/  l  ri  Z.  ^ 

*  -  -  v,* 
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wherr  .4,  a:?  a  r.  umb*r  cf  nonstandard  pairs  in  the  sequence 


(*il 


O-  a?’) . (<*«!„  <■!,), 


but  values  €  and  y  are  determined  from  the  conditions: 


.f  '•  ecsJH  SAl  +  SAt>pn, 
s  I  0,  ^ecnn  S*,  -  SM  <  pn, 

,  I  1  ’  ec{?,H  SM-rAt  ~r  6.4,.  4,  >  Pn, 

i  0,  ec.iH  Sa,4-4i -r  6xt,  a,  <  Pj>. 


(3.52) 

(3.33) 


Key :  ( 1 )  .  if  . 


Proof.  Regarding  the  trace  cf  number  Ai+A2  we  have 
•Sa,+a,  =  (•Sa<D+a<*)  +  •  •  •  -i-  S%n  )  (mod  Pn)- 

1  1  rt—l  JV—  1 

In  the  right  side  of  this  expression  value  +  where  i=  1,  2, 

. n-1,  will  enter  either  ccaiplet-ly,  as  S*.».  .»>,  if  (o'1’,  a'*’)- 
standard  pair  cr  as  Pn  +  S*<n+a<»>  otherwise. 
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Cons®guentl y ,  the  right  side  of  this  expression  will  be  to  va 
pneAlAt  more  than  Sa,+a,,  i«  e.  with  f crmation/education  Sa,+a»  will  be 

perfect  on  eA,At  — - — _ _ _ ^  it  is  less  transitions 

through  Pn,  than  the  sum  of  a  number  of  transitions,  obtained  with 
formation/education  and  Sa,  individually. 

Furthermore  with  the  addition  of  traces  S.t,  and  S>,  car.  occur 
transition  or.  Pn,  if  SA,  tSa*>  Pn,  w  hich  was  not  considered  during 
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calculation  6'a,-a,.  con s^quentl y,  th«  sum  of  the  corrections  cf  ranks 
must  be  additionally  increased  tc  a  number  5. 

On  the  sum  of  traces  Sa,  and  •$■*,  it  can  be  represented  in  the  form 
•Sa,  *r  Sa,  =  \pn  -j-  s,  (3.54) 

where  s  -  whole  non -negative  number. 

Taking  into  account  that  >s<pn,  we  on  the  basis  (3.47)  and  (3.54) 
will  obtain 

Sa,+a,  =  (s  -  6a,  a,)  (mod  pn ) . 
when  occurs  the  rslaticnship/ratic 

S  ^  6a, Af 

the  refinement  of  the  sum  of  the  corrections  cf  ranks  is  not 
required.  In  this  case 

Sa,+a,  =  s  — 6^,^, 

or 

^A,4*A,  4"  6 A, Af  =  S  <C  Pm 

i.e.  equality  (3.51)  occurs. 

In  the  case  when 

s<6a,a„ 

the  trace  of  sua  is  defined  as 

w  h  e  nc  e  ^A,+At  Pn  t  s  — 


■^Ai+At  +  6a, At  =  Pn  +  S  >  pn. 
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and  tha  sum  of  taa  corrections  of  ranks  must  be  reduced  per  unit, 
that  also  is  reflected  ir  equality  (3.51),  which  composes  the 
assertion  of  theorem. 
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Thsorem  3.15.  If  in  the  star dardizad/nor malize,d  system  are 

•  - r. 3? t  numbers  Al#  A2  and  their  sum  A,+Aj  J 

At  =  (a'",  a"' . a"’), 

.4,  =  (a«>.  ai11 . ai"). 

At  +  A2  =  ((a;11  +  a{”)  (mod  p,),  . . . ,  -f  a),5’)  (mod  pn)) 


rM'  rM<  rAi+A%  Kav  Ka%,  KAi+At 

with  ranks  a  ar.d  kernels  A  of  these  ranks,  respectively  then 
the  kernel  of  the  rank  of  the  sun  A1*A2  is  determined  by  the  expression 

K A\  ”T~  K .4,  (3.55) 


«oAen<L 


ClodL 


Key  :  ( 1 )  .  il 


n-1 

mAi+.*t  =  2 
j=i 

f  I.  ec^t  al''Toi 
*“l  0,  ec jtn  a.?'  +  a?'<Pi, 
i=l,  2 . n. 


(3.56) 


(3.57) 


Proof.  Let  us  consider  minimum  pseudo-orthogonal  numbers  ^aj11  a  r.  d 
on  basis/tasa  Pi  with  ranks  rajI)  and  ra{*'  ras pecti valy . 


Sine?  with  th£  addition  of  two  minimum  pseudo-crthogcral  vim  bars 


f  'A— IT.  * 
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it  cannot  be  derating  10>  ^)>then  true  rar.ic  ra}1)+a|1>  cf  the  sum  of  rh.es  ■ 
numbers  coincides  with  the  calculated  rank  cf  sum  r<4,>+oi*>’  whicr.  is 
defined  as 


l .  e. 


r<41,+o|,‘  =  ra\v  +  '’a}1’  —  T1'm<  —  Tl»> 
ra["+*?)  =  =  ra(1>  +  ra|*>  ~  ^  ~  T>"' 


Summarizing  both  parts  cf  this  equality  on  i  from  i=1  to  i=n-1,  we 
will  obtain 

Kai+Aj  =  Kai  T  ^Aj —  mAi-rAj  eAi.  Ait 

that  also  composes  the-  assertion  cf  theorem. 


Theorem  3.16.  If  in  the  standardized/nor malized  system  are 
preset  numbers  A  x  and  A2  and  their  sum  Al+A2  with  ranks  /"a,,  ^a,,  rM_Kv 
by  the  kernels  of  ranks  Kn*  Ka».  Ka!+a,.  by  the  corrections  cf  ran  .<s 
*Al'  fl-<r  n'A*+'4«  and  characteristics  ^a,.  -Va,,  Aa,+a,  respectively,  then 
true  rank  fAj+A*  of  sura  Ai+A2  is  ecual  to 

T A i -r-A j  =  /Ca,  +  Kai  ^A| +Aj  «A!  "*Ai  “Iai+Aj  5  "h  Y* 

(3.58) 

Page  109. 

Proof.  Sinca  the  true  rank  of  sum  is  determined  by  the 
expression 

r Ai  +  A*  =  ^Aj+ Aj  ^.Ai  -A*  ^.t|r  Ajt 

then,  aftar  placing  in  the  right  side  of  this  equality  valu-->  Ka,-a, 
from  (3.55)  and  value  -Tai-ai  trcm  (3.51)  ,  we  will  obtain 

'!  — 


—  K Ai  ~r  ^*Ait-Ai  ®Ai.  Aj  •”l 

—  «.A*  +  6Ai,  A,  ~  5  Y  ~  -Va,  *-A»- 
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Ttiis  expression  after  decrease  e  w.  <i  passes  in  (3.58). 

Let  us  formulate  now  the  theorem  aoout  the  criterion  of  overflow 
with  addition  of  two  numbers. 

Theorem  3.17.  (i)bout  the  criterion  cf  overflow  during  addition). 
If  in  the  star.dar iizec/ncrniaiized  system  are  preset  two  positive 
numbers:  Ax/  k2,  their  sum  with  characters  &Al ,  A^,,  A*l+i4i 

respectively,  then  the  single  value  of  value  G 
Q  —  +  A.a,+  it„  —  s  —  Y  (3.59) 

indicates  that  with  the  addition  occurred  the  overflow,  and  zero 
value  Q  testifies  about  the  absence  cf  overflew. 


Proof,  in  accordance  with  the  theorem  about  calculated  ran* 
r*i+*t  of  sum  we  car.  write 

W—l 

=  rAi  +  r  At —  S  —  ’In  =  rM  "h  r*\  mA\~*t  hn- 

t—  1 

After  expressing  values  rM  and  r.A)  through  the  kernels  of  ranks, 

the  ccrr°cticr.  of  ranks  and  characters,  we  will  obtain 

=  ^At  —  Ai  —  -r  Ka,  -"La,  A  a,  rri  \ , .  t.  r)n. 

13.60) 

Let  us  designate  through  Q  the  difference  betwo&n  the  true  and 
calculated  rank  of  the  sum 

A 

fl=Oi+i4»  —  l"Ai+Ar 
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After  substituting  here  value  rAl+At  frcm  (3.58)  and  value 
’’ai+ai  frcn  (3.o0),  we  will  obtain 

Q  ~  A  A,  t  A  ij  T)n  —  A  Aj-rA*  5tY' 

It  is  known  that  in  the  absence  of  overflow  the  true  rank 
coincides  with  the  calculated,  i.e.,  Q=0 ,  and  in  the  presence  of 
overflow  calculated  rank  is  less  than  the  real  rank  by  one,  i.e., 
2=1,  that  also  composes  the  assertion  of  theorem. 

The  ^xaminad  criterion  of  overflow  during  the  addition  of  two 
numbers  can  be  generalized  ic  an  arbitrary  number  of 
compote  r.  ts/te  rm s/add  end  s. 

Generalized  theorem  3.18  (about  the  criterion  of  overflow  dun 
the  addition).  If  ir.  the  standardized/normalized  system  are  preset 
positive  numbers  Ax,  A2,  ...,  Am  their  their  sum 

A  =  At  -f-  Ai  -j- . . .  -j-  Am 

with  th°  characters  respectively  AAl,  A*,,  A^m,  Aa,  the  z«ro  value  - 

Qa  =  2  A j  +  2  — Aa  —  2  h  +  2  Yfi  (3-61) 

i=i  1  t-:  i-2  (-2 


val  ue 


From  the  first  expression  cf  condition  (3.  t>5)  wr  will  obtain 


DOC 


81023905 


page  m 


whence 


Let  us  assume  now 


"A:2>  AAl  .  A.i z  P'i*2  V^i-l2  H  12”0, 
A.4;  -,4j  —  ^.4i  T  -^.-12  T  P/I.  2  s2  ~  V2- 

that  is  satisfied  the  condition 

Qa«*.=*0 


and  for  it  it  is  correct 


i  i 


,i,  =  2  Aa  +  2  Tin,  J  -  2  h  -  s  V;-  (3.66) 

4=1  •'1=2  ;=2  j  =2 


/=t  '  1=2 

Let  us  compute  now  value  QA<i+n: 

^A(i+l)  =  A.j<i)  d“  A  .4,^  "t  T)n,  i+t  A  A(i*D  Si -*-l  ~T  Yi  +  1  • 

After  substituting  her?  value  Av»,  from  (3.66),  we  will  obtain 


i-rl  i-M  i  +  1  i-H 

QA(i+l>  =  2  Aa  "t*  2  'In./'M  A,(i+1>  X  T  2  Y j- 

>=  t  ;  >*=2  ;=»2  ;=2 


Thus  showed  that  if  expression  (3.51)  occurs  with  the  a d  li 
t  cf  the  r. umbers 

A'1*  =  .2  .9;, 

tn=n  it  is  correct  with  addition  i+1  of  the  numbers 

i-H 

A'U1'=  2  A,. 

j=t 

Applying  tn  =  method  cf  induction,  we  prove  validity  (3.6  1) 
any  i,  ir.  the  final  analysis  for  i=  m,  that  also  composes  the 
assertion  of  tha  generalized  theorem. 
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§3.7.  ?  e  press  r.ta  tic  n  cf  numbers.  Introduction  of  the  sign  cf  a 
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numbsr,  .Rule  of  si g r. s. 

Th°  system  of  residual  classes  is  very  efficient  with  the 
fulfillment  of  rational  operations,  noticeably  it  is  complicated  wi 
the  fulfillment  of  such  operations  in  tne  arithmetic  unit,  during 
vr h •» ch  is  required  the  knowledge  cf  =ntire  r.umter,  i.e.,  its 
posit io n.al  value. 

The  introduced  concept  cf  the  rank  cf  a  number,  which  makes  if 
possible  tc  in  principle  solve  the  problems,  which  relate  to  th- 
a valuation,  cf  Satire  number  as  a  whole,  nevertheless  possesses  the 
leficiar.cy/lack,  connected,  cn  cne  hand,  with  the  fact  that  the  vel 
of  the  rank  of  a  number  is  not  modular,  but  on  the  other  hand,  by  t 
position  of  the  determination  cf  the  rank  of  a  number  into  the 
positional  system  of  courting. 

By  introduction  cf  rank  we  introduce  tc  the  representation  cf 
number  element/cell  of  position.  Very  representation  of  a  number 
becomes  nete  reganaous  and,  naturally,  in  this  case  hinder  th° 
aonpositicnal  operations  cn  a  number.  3/  tne  possible  method  of 
overcoming  this  difficulty  is  the  replacement  of  rank  the  character 
cf  a  number.  In  certain  cases  is  considered  by  advisable  the 
enlistment  of  the  trace  cf  a  number  -  modular  value. 
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Both  the  character  and  trace  numbers,  being  modular  values,  at 
the  same  tin-  carry  information  about  its  positional  representation 
in  other  words  about  the  location  of  a  number  relative  to  the  first 
interval  of  numerical  range. 


To  us  sterns  by  sufficiently  successful  very 
enlistment  of  nodular  values,  which  dc  not  brea.< 
the  representation  of  a  number,  but  which  at  the 
information  about  its  positional  value. 


fact  of  th - 

the  uniformity  of 

same  ti ir=  carry 


Thus,  speaking  about  a  number  in  the  system  of  residual  class? 
we  will  consider  that  tc  us  are  known  its  remainaers/rssiduss  on 
bases/oasss  pl,  p2,  .  .  .  ,  pn,  trace  SA  or.  basis/base  pn  and  character 
Aa- 


Theorem  3.19.  If  ir.  the  st  andardiza d/ncr  malized  system  ar^ 

preset  the  minimum  pseudc-orthogc ral  numbers 

Ma,  =  (0.  0,...,0,  a„  0 . SSt). 

-»[  =  (Oi  0,  0,  Pi  — ah  0,  . . . ,  SP(_a() 

and  it  a^O,  than  pair  (otj.Pi  —  a,)  is  incorrect. 

Proof.  As  Ls  known,  under  the  conditions  of  the  the-cr«-m 

So,  "h  Sp(— <x(  =  Pn  4~  1 1 

of  the  sum  cf  numbers  Ma  and  ‘VJPj_ai  is  iefir. rd 


and  the  minimum 


race- 
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•^Sj+tPj-o,)  =  Spt  =  0  (mod  pn). 

H?r.cs 

SSj+cp,-^)  =  (SS,  -r  S£(-a(  —  1 )  (mod  pn), 

that  ir  accordance  with  the  determination  confirms  inaccuracy  of  r 
(au  P i  — «i). 

Theorem  3.20.  (£bout  the  sum  cf  traces).  In  the 
standardized /normalized  system  trace  St  of  number  A ,  which  has  Pa 
different  from  zero  ones  digits  ir  bases/bases  pt,  p2,  ...»  Pn- 1-  an 
trace  S^_a  further  to  A  number  ®~A  are  connected  with  the 
relation shi p/ratio 

(Sa  +  $$>-a)  (mod  p„)  =  (3.67) 

Proof.  As  can  easily  be  seen,  the  trace  cf  the  sum  of  a  numb  = 
with  its  addition  to  S'  exists 

Oa+(^>_a)  =  s  0  (mod  Pn)- 

On  the  other  hand,  the  sum  cf  the  traces  of  a  number  and  its 
addition  tc  S'  satisfies  the  relaticnship/rat  io 

•Sa  +  S^>_A  —  &A,  &>-A  ~  Sa+(&-A)  (mod  pn), 

where  8a,^>-a—  number  of  incorrect  pairs  among  («*•  Pi—  at)<  i=,\,  2,  . 
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According  to  the  previous  theorem  a  number  of  incorrect  rains 
coincides  with  ^a  i.e.  with  a  number  of  nonzero  digits  in  a  numh- 
A.  Hence 

(SA  +  S#>_A)  (mod  pn)  =  Ha, 

that  also  composes  the  assertion  cf  theorem. 


Corollary.  If  number  A  with  trace  SA  and  number  of  nonzero 
digits  ha.  then  rhe  trace  of  a  further  number  is  preset  is  determine 
by  the  r elationship/ratic 


a; 

Ha-Sa,  ^.ih  (ia>5a, 
Pa  +  Ha  —  5a,  ecJiH  Ha<Sa- 


(3.68) 


Key:  (1 )  .  if. 
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Theorem  3.21.  (£bout  the  character  of  a  further  number).  In  th 
numbered  system  character  \A  cf  number  A  is  connected  with  characte 
A?>_a  further  number  S'  — A  with  the  r elatienship/ratio 


<V-A  — 


(xS  (2)  ' 

^A»  ctn^O  j^  Ha>5a, 

I,  e%  o„  =  0^  ha<Sa, 

I  —  Aa,  ec)m  a„  =  0  h  Ha  >  SA 
{]\  hah  a„  #  0  H  Ha  <  Sa, 


(3.69) 


Key:  (1).  if.  (2).  and.  (3).  cr. 


whore  Ha—  number  of  rcnzerc  digits  cf  number  A  cn  bases/bast.s  u  x , 
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Proof.  Lst  us  consider  the  sum  of  number  A  with  its  addition  t 
9 


A  +  {5>-A)  =  3>. 


With  no  addition  occurs  the  overflow,  i.e.,  G=  1  ,  furthermore, 
character  and  the  trace,  cf  sum  equal  to  zero 


whence 


ax+(^>-a)  =  0;  5a+(^>_a)  =  0, 

O) 

Sa+(&>-A)  +  &a.&>-A  =  &A,$>-a<-  Pn  H  Y  =  0. 


Key :  (1 ) .  and. 


The  criterion  cf  overflow  during  the  addition  accepts  the  form 

=  &A  +  &&-A  +  TJn  —  l 

or 

^^>-a—  I  ~  &a  —  'll*  +  5-  (3.70) 

we  analyze  the  possible  cases  when  o„  =  0.  Transition  through  pn 
with  addition  and  Pn  —  a„  will  net  occur  and,  there  fore ,  n»  =  0,  i.e. 
(3.70)  it  passes  in 

Ajo.x  =  1  —  Aa  +  6* 

Are  here  possible  two  cases. 


Case  1.  If  Ha>5a,  then  S&>-A  =  Ha  —  SA  and  with  addition  SA-tS^>_A  the 
will  not  be  transition  through  pn-  Consequently,  £=G  ar.d  A^o.*  =  1  —  Aa, 
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which  corresponds  (3.69). 

Case  2.  If  Ha<Sa.  then  S^>_A  =  nA  t Pn  —  SA,  in  sum  SA-1-S*>-A  will 
occur  transition  through  Pn>  i.e.  6=1  and 

&&>-a  —  2  —  Aa.  (3.71) 

Page  115. 

However,  since  Aa  and  A^o_a  can  take  only  values  of  0.  1  and  -1,  th? 
equality  (3.71)  is  possible  only  with 

A^_a  =  Aa  =  ! , 

which  coincides  with  (3.65).  Then  that  in  this  case  Aa=],  it 
completely  understandable.  Here  Aa  is  greater  than  quantity  nA  of 
nonzero  digits  in  A,  and  it  is  possible  to  claim  that  occurs  the 
sit  uation 

a*  =0<S*  <S,,, 


which  determines  Aa=1. 
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Now  let  a*  =5^0. 

Then  there  must  take  place  transition  through  pn  wi*h 

addition  a, -i-p„  —  ocn,  i«  e.  =  1  and  (3.70)  passes  in 

=  £  —  Aa.  (3.72) 

Here  are  alsc  possible  two  cases. 

Cass  1.  If  \Ha>Sa,  *her.  5=0  and  \^_A— —iSA,  which  coincides  wit 
(3.69)  . 

Case  2.  If  PaCS*.  then  5=1  and  (3.72)  passes  into  the 
ex  ore  ssior. 

=  I  —  Aa, 

which  also  coincides  with  (3.69). 

Thus,  the  theorems  examined  allow  for  us  on  the  trace  and 
character  of  an  initial  number  tc  unambiguously  determine  trace  and 
character  of  a  further  number.  let  us  now  move  on  to  the  stuiy  of  t 
problem  about  tne  introductions  the  signs  of  a  number. 

Earlier  was  examined  the  version  of  the  introduction  of  thw¬ 
art  if ic ia 1  form  of  numbers  to  which  both  negative  and  positive 
numbers  they  were  represented  as  positive  numbers,  moreover 
established/installed  such  rules  cf  the  execution  of  the  operations 
which  ensured  the  correctness  of  result  both  in  the  value  and  on  th 
sign.  In  this  version  the  positive  numbers  are  represented  by  numb? 
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in  interval  [P,  cP),  and  negative  [0,  P). 

If  we  among  the  basis  of  system  eat  the  basis/base,  equal  to 
two,  for  example  pt  =  2,  then  it  is  possible  to  consider  that  the 
numb3rs,  which  lie  ir.  the  range  [0,  #V2),  are  negative,  and  xn  the  rang 
liP/2,  &)  -  positive,  .'lumber  itself  «P/2  can  be  accepted  as  computer  zero 
Thus,  a  question  of  the  determination  of  tha  sign  of  a  number  is 
equivalent  to  the  determination  of  the  interval  in  which  this  tu inter 
is  located. 

Page  116. 

For  the  case  wh°n  cne  cf  the  bases/bases  is  equal  to  two  ( p  i  =  2 ) 
it  is  possible  to  claim  that  the  number 

it) 

Aq  “  (0,  0&2»  ....  0>n)  H  At  =e  (  1 ,  Otj,  •  •  . ,  CLfi) 

Key:  (1) .  and. 

have  different  signs,  since  they  lie/rest  at  the  different  intervals 
relative  to  3V2. 

Lat  us  focaulate  the  theorem,  which  makes  it  pcssiole  in  a 
number  of  cases  to  immediately  determine  sign  of  a  number. 

Theorem  3.2  2.  (/Jbcut  the  sign  of  a  number)  .  If  in  th=> 
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standardized/normalized  system  with  bases/bases  pt  =  2,  p2,,  .  ..,  pn 
are  preset  numbers  A  of  form  A(alf  cr2,  .  .  . ,  «*)  Kith  minimum  fracas 
S*,  than  all  numbers,  for  which  is  fulfilled  the  inequality 

an-S*x+l<^fi  ,  (3.73) 

they  are  negative,  and  all  numbers,  for  which  is  fulfilled  the 
ir.equal  it  y 

a (3.74) 

they  are  positive.  <^”"proof.  Number  A  enclosed  in  the  limits 

(a„  —  S\)^<A<(an  —  S1+  In¬ 
consequent  l  y ,  if 

(oB-SJ+l)-£<4-*  .  (3-75) 

then  A <«P/2  is  negative.  However,  since 

jp  *  £» 

2  Pn  2  ’ 

that  (3.75)  it  is  possible  tc  rewrite  in  the  form 

an-S*  +  l  <*$-■ 

Taking  into  account  that  basis/base  pn —  odd,  we,  passing  fre- pn/2 
"t,o  {Pn— 1)/2,  we  car.  write  negativity  rendition  of  number  A  in  the  form 
(3.73)  . 

Analogously  from  the  condition 

wa  will  obtain  the  condition  of  the  pcsitivar.ess  of  number  A  (1.  7U)  , 
after  replacing  pJ2  bv  {Pn  1)''2. 
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The  the  ora  m  examined  about  the  sign  of  a  number  with  the  known 
minimum  trace  of  number  5J  allows  cn  inequalities  (3.73)  and  (3.  7U) 
to  determine  the  sign  of  a  number,  leaving  not  defined  only  the  cas 
when  r.uitb^r  A  is  such ,  that 


an_S»A<Pn  +  i 
an  —  t  1  > 


2 

Pi-  I 


2 


In  ether  words  not  cefined  is  the  case  of  a  small  in  the  absolute 

value  number  A,  when  A  is  included 

|~  Pn —  1  &  Pi~  l  P\ 

L  2  pn  '  2  pi  ) 

i.e.  it  is  located  in  the  interval  cf  length  eP/p,,,  containing  point 
3V2  is  the  center  cf  symmetry.  It  is  obvious,  at  this  interval  they 
lie/rest  both  positive  ar.c  negative  numbers  and  therefore  one  fact 
alone  of  determination  A  in  this  interval  it  is  still  insufficient 
for  determining  the  sign  A. 

For  explaining  the  sign  A  in  this  indefinite  cas6,  it  is 
possible  to  enter  as  fellows.  Let  us  consider  the  number 

A’  =  A  +  £.  =  A  +  0,  ° . 0). 

According  to  the  determination  of  the  sign  cf  number  sign  A' 
=-sign  A.  At  the  same  time  number  A'  does  not  lie/rest  at  the 
interval  of  uncer taint y/inaeter rinancy  and  if  is  known  minimum  tram 
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S*-,  then  sign.  A*  will  bo  deter  mined  in  accordance  with  m  aqua  1  iti®s 
(3.73),  (3.74),  but  or.  sign  A'  will  be  determined  sign  A.  Thus,  wi 

known  minimum  traces  S*  and  S*«  a  Question  about  the  sign  of  a  numb 
is  solved  by  the  simple  analysis  cf  difference  a„— SJ  and  a L*7 
formulate  the  analogous  theorem  about  the  determination  of  th*  rig 
cf  a  number  through  SA,  taking  into  account  that 

On  —  SA<a„  —  S*A. 
a„  —  SA  >  an  —  Sa  —  n  —  2  —  w. 


Theorem  3.23.  If  in  the  s+.andardized/nor  malized  system  with 
bases/bases  cl=2.,  p2,  .  ..,  pn  are  preset  numbers  A  cf  form  A=(jc1, 

. ..,  On)  wi th  trace  SAl  then  all  numbers,  for  which  occurs  the 
inequality 

an-SA  +  1  (3.76) 

they  are  negative,  and  all  numbers,  for  which  occurs  the  inequalir 


they  ar°  positive. 


(3.77) 
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Here  also  we  have  a  region  of  uncer  tai  nt  y/znde  term  in  ar.  o  y  wi 
already  considerably  wider  is  characterized  oy  the  insaualitits 

_  c  Pn4- 1 

A  2  1 
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In  other  words  and  here  the  region  of  u nc?r taint y/rndet  srni n ar.  cy 
is  located  near  3V 2,  on  both  sides  from  it,  but  m  view  of  the 
dissymmetry  of  evaluation  S*  through  S*  this  region  is  unsyram etr ic?  1 
relatively  #72.  Furthermore ,  during  use  S*  for  the  definition  of  th» 
interval  of  cetermination  A  we  take  a„  — S*  when  a n>S*  and  Pn-^ctn  — Sa 
when  while  during  use  SA,  it  cannot  be  in  all  cases  when 

ancSA  taxer.  pn-r^n  —  SA  without  the  analysis  of  the  character  of 
number 

Let  us  consider  the  rrethcd  cf  determining  the  sign  of  a  number 
based  on  specific  example. 

L3t  be  preset  the  system  cf  the  bases/bases 

Pl  =  2,  pj  =  5.  Pi  — 7,  p4  =  23. 

Let  us  give  minimum  pse  ude  -orthogonal  numbers  for  the  select'd 

system  cf  the  bases/bases 

M„  =  (l,  0,  0.  12)  M2;  =  <0.  4.  0,  14)  Mn=( 0,  0,  4,  14) 

Ma  =  (0,  1.  0,  10)  Ma  =  (0,  0,  l,  4)  Af„  =  (0,  0,  5,  17) 

M22  =  (0.  2.  0.  19)  =  (0,  0.  2.  7)  Mm  =  (0,  0,  6,  20) 

Mm  -  (0,  3  0,  5)  Mm  —  (0,  0,  3.  10) 

Examnle.  To  determine  the  sign  of  number  (1,  1,  6,  2  2)  . 

Let  us  compute  the  trace  cf  numbar  A 


Aet  us  compute 


SA  -  (12  !  0  20)  (mod  23)  =  19. 
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*  n-SA  —  22  —  19  =  3; 
Pn  —  1 


Pn—  1 


=  11; 

£. 

n  —  2  —  u  =2; 

-(n  —  2-co)  =  H_2  =  9. 


Here  is  satisfied  the  condition  (3.76)  , 
numb-, r  A  is  negative. 


J-1-P  ; 
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When  is  known  the  character  cf  number  Aai  then  the  sign.  cf  a 
number  can  be  determined  cn  tne  basis  cf  the  criterion  of  overflow. 
Let  be  kncvn  trace  SA  and  character  Aa  of  number  A.  W'e  form  the  sum 

A‘  =  A  +  £-  =  A-r(\,  0.  0 . 0) 

and  let  us  compute  the  criterion  cf  overflow  C.  it  is  onvious,  if 
tf=1,  overrlcw  occurred  and/9>  — .  which  determines  tne  positive  si;n 
of  number  A.  When  0  =  0,  we  obtain  i  .  e.  A  negative. 

JO 

Let  us  consider  expression  for  Q.  Number  —.as  is  known,  has 

trace  S$,  =  pt^ll  and  character  A^=l.  Then 

Q  =  Aat-1— A  -f  5  — Y- 
A_rT 

Value  is  here  egual  tc  zerc  and  therefore  it  is  omitted  in  th=> 
expression  fcr  D. 
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Th  ■»  method  of  using  the  criterion  of  overflew  :c:  d?i'rri 

the  sign  of  a  number  is  very  single;  however,  he  assumes  the 

knowledge  of  cnaractsrs  Aa  and  A  #> ,  in  connection  with  which 

a+T 

interesting  tc  note  the  close  interconnection  between  the  sig 
numoer  and  its  character  -  knowledge  of  one  of  these  values  i 
contributes  to  the  determination  of  another. 

In  the  case  when  character  Aa  it  is  directly  difficult  t 
define,  and  is  possible  tc  define  A. A,  where  2A  it  is  understco 
result  of  addition  A*.\,  tc  the  target  leads  the  following  m  =>t 
us  suppose  number  A=(al,  a2,  . .  .  ,  ct.l  negative. 

1.  Is  computed  2 A=  (0,  {J2.  . (JJ,  and  A:a. 

2.  Is  detrrmined  digit  n  of  quotient  2 A/2  on  basis/bas - 
the  basis  of  the  fact  that  digit  p  according  to  our  condition 
always  digit  of  negative  number. 

3.  Is  checked  agreement  of  digits  dj  and  p. 

If  x,  =  p,  then  correctly  our  assumption  about  thc  fact  t  h 
negative  number. 

Bun  if  or  t  =1-p,  A  -  posit  iv=  number. 
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Let  as  examine  an  example  in  the  system  with  bases/bases  p,  =  2,. 

P2  =  S,  P3 P*=23. 

Example.  To  determine  the  sign  of  number  A={1#  1,  1,  2)  by  the 
method  cf  doubling. 

Me  compute  2A~  (0 ,  2,  2,  U)  •  Sju=»(l9+7)(mod23)=3.  He  compute 
|yy|=»(U,i,2).  Hare  ai*Pi=1,  i.e.,  an  initial  number  negative  a<0. 

Let  us  examine  now  hew  can  be  introduced  in  an  explicit  form  the 
sign  of  a  number. 

He  will  accompany  each  number  A  by  its  sign  sing  A.  Let  us  agree 
that  the  digit  of  this  bit  is  6gual  to  zero,  if  A >0,  and  to  unity,  if 
A<0. 

Let  us  examine  different  cases  of  the  establishment  of  the  sign 
of  result  with  the  eperat ion/prccess  of  addition. 


! 
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Case  1.  A1=+|a A2=*|a^. 

Sum  A4+A2  is  here  positive  and  it  should  be  ascribed  plus  sign. 
It  is  necessary  by  the  use/application  of  a  criterion  of  overflow  to 
establish  fact  of  output/yield  or  nor  appearance  of  result  frc-r  rang*' 
10,  S'). 


Case  of  2.  A1=-jA1|#  A2=-Ja2|. 

This  case  is  symmetrical  previous.  Sum  is  calculated  normally, 
by  it  is  assigned  minus  sign.  It  is  necessary  to  explain  by  means  of 
tha  criterion  of  overflow,  did  take  place  from  range  [q,  $). 

Case  of  3.  A  t= +|a A2=-Ja2J, 

Is  calculated  the  sum 

Here  overflows  be  cannot  and  the  criterion  of  overflow  must  be 
used  for  the  purpose  of  the  determination  of  sign.  Actually/really, 
if  |i j| jjA 2 j,  then  difference  |a iJ— |a2|  i  s  positive  and  the  sign  of  result  is 
positive.  But  than 
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will  contain  excess  here  must  cccur  overflow.  Thus,  here  plus  sign 
■ust  accompany  sua  of  S,  if  0=1,  where 

2  *  A|  Al  1 4-  d*>_,  At,  +  i\n — A,  Al  1+^_Ut, — l +  Y, 
moreover  tj,  indicates  transition  on  basis/base  pn  during  the 
addition  of  the  digits 

oS»  +  (p»— <). 

where  <*“»  and  <*<»>.  -  digit  of  numbers  |a,|  and  | A z|  respectively  cn 
basis/bas®  pn. 

Page  121. 

Value  «  reflects  transition  on  basis  pn  during  the  addition  of 
the  traces 

Let  us  examine  now  the  situation  when  |y*,|<|i4t|. 

Hare  difference  l*4-M  is  negative  and  the  sign  of  result  is 
negative.  Then  the  sue 

S-*  +  (M,|-|'4«l)  =  *-<M*  I  — M, IX-^ 

will  not  contain  excess  &,  overflow  will  not  occur  and  Q=0.  In  this 
case  the  result  will  be  represented  in  the  fori  of  object  to  S  and 
for  the  subsequent  use  vust  be  undertaken  a  supplemental  to  it 


nusber 


DOC  =  81023906  PAGE 

Cass  Of  4.  A  !  =  -Ja  ij,  AjS+jAjj, 

Is  calculated  sua  S  =  S'  —  |  Ai  |  +  |  A2  |.  This  case  is  symmetrical 
previous  with  the  change  by  the  rcles  of  components/terms/addends. 

Thus,  for  the  operatior./prccess  of  addition  with  numbers  of 
different  signs,  the  sign  of  result  can  be  determined  according  to 
the  criterion  of  overflew. 

In  this  case  there  can  be  formulated  following  rule  of  the 
determination  of  the  sign  of  sum. 

Rule  of  signs  during  the  addition.  During  the  addition  of 
numbers  with  tha  different  signs,  negative  component/term/addend  is 
replaced  by  its  object  tc 

In  this  case  the  sign  of  the  obtained  sum  is  positive  and  result 
is  obtained  in  the  natural  form,  if  occurred  overflow  Q»1. 

If  overflow  did  not  take  place  (Q=0)  ,  then  the  sign  of  sum  was 
negative  and  result  was  obtained  in  the  fora  of  object  to  0*. 


§3.8.  Formal  division 
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let  us  examine  the  simplest  case  when  dividend  completely  is 
divided  into  the  di vider/denominatcr. 


Let  be  given  two  numbers  in  the  system  vith  bases/bases 

Pu  Pt,  ....  At,  namely:  A  *  (alf  a2 . a„),  3=  (  ,  0*,  . .  . ,  0,,)  and 

let  number  C=  (  y  t ,  y2,  . . . ,  yn)  be  quotient  of  the  division  of  A  into 

B  f  i  •  e  ■ 


A=*BC. 


Per  product  BC  we  will  obtain  the  expression 

BC  =  (YiPi ~ kiPx, 

where  kt  -  whole  non-negative  number,  which  satisfies  the  condition 

ki<CPh  *=*1.2, 

Equalizing  BC  to  A,  we  will  ottain 

Ti_a+5m  (3,?8| 

Expression  (3.78)  uniquely  determines  the  digits  of  quotient.  Thus, 
division  in  the  case  when  it  is  accurately  feasible  (i.e.  when  A 
multiply  B)  ,  can  be  realized  by  a  step-by-step  division  of  digits 
a,  on  p(,  here  stap-by-step  division  is  understood  in  the  sense  that 
if  a,  is  not  directly  divided  completely  into  0,,  then  to  o,  it  is 
added  so  many  once  ptl  so  that  a,  +  k,  pt  would  be  divided  completely 
into  0,  (1=1,  2,  ...,  n). 
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Under  condition  A,  <  p,  this  division  in  a  single  Banner  will 
determine  digit  yj.  Let  us  note  that  this  division  is  possible  under 
supplemental  condition  p,  0. 

Very  important  role  clays  division  into  2  and  generally  on 
degree  2*. 


Essential  is  here  the  absence  cr  the  presence  among  the 
bases/bases  even  numbers,  and  in  particular  number  2.  We  begin 
examination  from  the  case  when  among  the  bases/bases  even  numbers  it 
is  not  contained. 


u 


A  -  even  dividend. 


Let  us  designate  through 
of  number  A/2. 


fcr  which  are  known  SA,  Aa.  Let  it  be 
■j" 31  (Pi*  Pa*  •  •  • »  ?»)• 

Sa  and  Aa  respectively  trace  and 
2  ? 


further 


characte 


Determination.  Let  us  name/call  digit  a<  of  correct,  if 
fO|/2,  a</2)  is  correct  pair,  and  incorrect  otherwise. 


Let  us  demonstrate  the  following  theorem. 


Theorem  3.24.  If  in  the  system  with  the  odd  bases/bases  is  given 
even  number  A  of  form  A-  (^,  a2,  ...»  <**)  with  trace  SA,  character 
bA  and  quantity  of  incorrect  digits  X,  then  the  number,  which  is 
obtained  as  a  result  of  division  A  into  two 


it  has  a  trace 


T'(P«-^ . f*.). 

Sa  =»  -.r-  (mod  p„) 


(3.79) 


and  a  character 

(3-80) 

2 

where  value  5  and  T)n  they  can  te  defined  as 


I  1 

"  ,'k" 

{  o!aec 


1  Sa  +  X  HeveTHoe.CjA 

0,°ec.iH  Sa  +  X  MerHoe,Vj\ 

{i5$cjih  a,  HewraoeCP 
0,  ecjiH  an  vetHoe.  6) 


Key:  (1).  if.  (2).  odd.  (3).  even. 


(3.81) 

(3.82) 


I 

V 


Proof.  Since  in  view  of  the  condition  of  theorem  A  -  even 
number,  then  has  the  place 

A  =  -y-  +  -y  .  (3.83) 

Regarding  the  trace  of  sum  we  have 

Sa  =  (<Sa.  +  Sa  ~ ®)  (m°d pn), 

2  ~ 

where  5  -  number  of  incorrect  pairs  in  the  components/ter  ms/adder.ds 
A/2  and  A/2,  i.a.,  6=\;  hence  and  it  follows  (3.79). 

For  determining  the  character  let  us  use-  the  criterion  of 

2 


I 
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overflow  for  (3.33).  In  this  case,  naturally,  the  overflow  cannot 
take  the  place 

Aa_+  +  tin  —  Aa  —  5  +  v  =  0, 

2  2 

whence  it  ensues/escapes/ flows  out  (3.80)  . 


If  SA  +  X  -  odd  number,  then  during  division  s±~/.  into  •►wo  for 

obtaining  Sa_  it  is  necessary  tc  add  basis/base  pn,  which  is 
2 

equivalent  to  tne  presence  of  transition  through  pn  during  additior 

\*. 

5x+5Alf5=1. 

7  7 

Page  124. 


But  if  SA  +  X  -  aven,  then  during  determination  Sa  it  completely  is 

2 

divided  by  two  and,  therefore,  during  addition  SA+SA  cannot  be 

2  2 

transition  through  pn,  i.*^=0.  Thus  is  confirmed  validity  (3.81). 


Concerning  then  it  also  is  determined  on  the  parity  or 
oddness  a„.  Actually/really,  if  a„  odd,  then  for  formation/education 
p„  we  add  to  a*  basis/base  pn  and  then  with  addition  p„~-f  pn  will 
occur  transition  through  tasis/base  pn.  Thus  is  proven  the  validity 
of  relationship/ratio  (3.82). 


The  absence  in  the  system  of  even  bases/tases  creates 
convenience  during  the  division  into  2,  but  impedes  the  determination 


aam 
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of  parity  or  oddness  of  a  number. 

Lat  us  examine  the  situation  when  among  the  foundations  for  of 
system  eating  an  even  basis/base.  Let  for  certainty  pt=2.  then  by 
form  of  number  A(at,  a2,  ... ,  a* )  it  is  possible  to  judge  about  its 

parity,  namely:  with  <*1  =  1,  number  A  odd,  with  aft=0,  number  A  even. 

Let  us  examine  even  number  A=(0,  a2  ,  •  . .  ,  oj  trace  and 

character  &A  of  which  they  are  known.  During  division  of  A  into  2  we 
will  obtain  number  A/2=  {  pt,  j=2,  ...,  pii)>  all  digits  of  which  are 
determined  unambiguously,  except  digit  ^  according  to  base  pt.  For 
the  digit  0t  wa  obtain  an  uncertainty/indeterminancy  of  the  type  0/0. 
Generally  speaking  digit  can  have  either  a  value  of  0  or  1.  Let  us 
designate  through  (A/2)  0  and  (A/2)t,  the  numbers 

(t)o  =  (0,  P*>  ••••(*»)  c&’Vneaoiw  S* , 

2 

(■J*),  “(1»  ?2»  •  •  Pn)  C^CfleflOM  S_A  . 

2 

Key:  (1).  with  the  trace. 

Digit  «,*0  can  oe  obtained  from  the  sum  both  with  0t  =  O  and  with 

0i*1,  i.e.,  from  the  addition  both  2(A/2)0  and  2(A/2)l.  With  addition 
2(A/2)0  the  obtained  in  A  digit  at-Q  is  correct,  since  it  is  correct 
pair  (0,  0),  while  with  addition  2  (A/2)  j  ,  this  digit  incorrect,  since 
pair  (1,  1)  is  incorrect. 


I _ 

* 
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The  account  of  this  circumstance  is  reflected  in  the  traces  fcr 
( A/2)  o  and  (A/2)  lt  which  can  he  defined  as 

(mod pn),  (3.84) 

2 

Sl±  -  5a~^°+1  (mod  pn),  (3.85) 

2 

where  \0  -  quantity  of  incorrect  digits  in  the  series/row  a2, 

•  •  • »  -  1. 

In  order  to  establish/install,  which  of  the  versions  cf  number 
A/2  is  unknown,  let  us  apply  the  criterion  of  overflow,  moreover  let 
us  assume  Q=0,  since  with  multiplication  A/2  by  2  only  true  A/2  will 
not  derive  result  from  range  [0,  cT*). 

We  investigate  the  occurring  here  possibilities.  Let  us  extract 
the  criterion  of  the  overflow 

2Aa+tj,-Aa-5  +  y  =  0.  (3.86) 

7 

During  the  analysis  of  the  criterion  of  overflow  we  have  available 
the  values  of  values  Aa,  Sa,  Ao,  ard  therefore,  to  us  was  known  value  y. 
Let  us  present  SA  +  i«  and  Sa  +  Aj+I  in  the  fora 


Sa  +  V)  =  yPn  +  Pi. 

SA  ~f  Afl  -f-  I  =  Y  Pn  +  p2, 
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whera  p t<pn  -  waola  non-negative  number. 


Lst  us  examine  the  possible  cases,  after  introducing  for  the 


convenience  the  designation 

Mj-'kyiH  Aa  =  1, 
l  0vb  ocTa^hHhix  cjiyvaax. 

Key:  (1),  if.  (2).  in  remaining  cases. 


Case  1.  aa=1 


Version  1.1.  a„  ever,  y-l. 


If  a*  even,  then  qn=e(j.  la  this  version  the  criterion  of  overflew 


accepts  the  fora 


whence  5  =  Aa  =  0. 


2Aa  — 1  =  0, 
2 


But  this  naans  that  the  unknown  quantity  has  that  value  SA-fX« 

+  1 1 

either  *  which  is  even,  or  the  value  pt  or  p2,  which  is  odd. 
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The  selection  of  corresponding  value  SA-i-i0  or  SA-f-X0+  j  uniquely 
determines  by  (3.84)  and  (3.35)  value  ^ ,  namely: 


Pt  =  di  A  *(On  -  I )  A  Y  A  *  (Pz) . 
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Here  is  a  function  of  the  parity  of  number  x,  defined  as 

f  lii'W.™  x  —  HeweTHoe  hhcjio,0-\ 

\  0@ec.in  x  —  ueTHoe  hhcjio^ 

Key:  (1).  if.  (2).  cdd  number.  (3).  even  number. 

Version  1.2.  an  °ven,  y-0. 

2A1- l-g  =  o, 

2 

The  criterion  of  overflow  in  this  version  takes  the  form 


whence  possible  the  unique  value  6  and  Aa: 

2 

£  =  Aa  =  1. 

2 

Therefore,  unknown  is  the  ru*ber  which  has  SA  +  X„  either 
Sa4-X0+1  -  odd  value,  or  p,  or  p2  odd.  Hence 

p,  =  AiA^(o»-i)  AyA'Kp*). 

Value  &lt  in  versions  1.1  and  1.2  can  be  determined  by  the  general 
f  or mula 

P^A’aAI’K-OAI’IP*)-  (3-87) 

Version  1.3.  ^  odd,  y=  1. 

In  this  version  rjw=l.  condition  (3.86)  can  be  rewritten  in  the 

form 

2Aa-5+1=0, 

T 


whence  5=1,  Aa  =0. 
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Then  unknown  quantity  is  that  which  has  SA  +  Ji0 
and  pt  or  p2  even,  i.e. 

Pi  =  AiA'f(«»)AYA't(Ps— 1). 

Version  1.4  an  odd,  .7=0. 

Page  127. 

Condition  (3.86)  accepts  the  form 

2A1-2  =  0, 

2 

whence  l  =  A^  =  0  and  in  unknown  quantity  value  px  or 
2 

therefore,  value  can  te  defined  as 

Pi  =  Aa  A  ♦(•»)  A  y  A  M3 (pa  —  l ) • 

Value  9i  in  versions  1.3  and  1.4  can  be  deter nined 
f  ormula 

Pi  =  A\A^(«f.)A,KP2  — 1)-  (3.88) 

Case  of  2.  Aa  =  0. 

\ 

Varsion  2.1.  a„  even,  7*1. 

The  criterion  of  overflow  will  be  written  as 

2Ad-5+l=o, 

2 

whence  5=1,  A*  =0 


0  ^  S  A  T  ^0  +  I 


p2  even,  an  i 


y  the  general 


and 


Pi  =  Ai  A  ^  - 1 )  A  Y  A  ^  (Pi  -  1  )• 
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Version  2.2  a,  even,  7=0. 

The  criterion  of  overflow  acquires  the  form 

2Aa  —  5  =  0, 

T 

whence  £  =  Aa—Q. 

r 

Unknown  quantity  is  that  which  has  px  or  p2  -  even  numter, 
whe  nee 

Pt  =  A'AA*<*»—  1)AyA^(p»—  U- 

General  formula  for  in  versions  2.1  and  2.2  takes  the  form 

Pt  =  AiAl>(«»— l)A*(ps— 1)-  (3.89) 

Version  2.3  ^  odd,  7*1. 

Condition  (3.86)  can  be  written  in  the  form 

2Aa +2— g  =  0, 

2 

hence  5  =  0,  Aa  =  — 1. 

2 

Therefore,  value  0!  can  te  defined  as 

Pi  =  A*  A*  («»)  Ay  A*  (Pi¬ 
page  12  8. 
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Version  2.4.  odd,  y=0. 


Condition  (3.86)  acquires  the  fora 

2Aa+  1-5  =  0, 

2 

whence  5=1,  Aa=0.  Then 
2 

Pi  =  A  ^  (®n)  A  Y  A  ♦  (P2)* 

General  formula  fcr  versions  2.3  and  2.4  takes  the  form 

P1  =  'A°xA'l>(a,)A*(p2)-  (3.90) 

Case  of  3.  Aa  =  —  1. 


Version  3.1.  an  even  7*1. 


In  this  version  the  criterion  of  overflow  acquires  the  form 

2A  a  +  2  —  5  =  0, 

2 

l^oTKyaa  5  =  0.  A  a  =  —  1  • 

2 

Key:  (1) .  whence. 


Then 


P,  =  A,aA*(«»-1)AyA'I’(P2). 
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Version  3.2  a*  ever,  7  =  d. 

The  criterion  of  overflow  in  this  version  can  be  written 

2Ax  +  I-$  =  0. 

2 

Hare  $  =  1,  Ad  =  0. 

2 

Hence 

P,  =  A*a  A  ^  (a- -  1 )  A  Y  A  1>  (P2)  • 

General  formula  for  in  versions  3.1  and  3.2  acquires  the  fcrm 

A«A1A1>(«»-I)A1><P*).  (3.91) 

Version  3.3.  a*  -  odd,  7=  1. 

Let  us  write  the  form  of  the  criterion  of  the  overflew 

2Ad  +  3  — 5  =  0, 

2 

whence  |,  A  a  =  —  1 . 
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To  unknown  quantity  corresponds  that  of  the  values  pt  cr  p2 
which  is  even.  Hence 

p,  =  A'a  A 'f  (a*)  A  Y  A (Pt  -  i )  • 

Varsion  3.4  odd,  7=0. 

For  the  criterion  of  overflew  we  obtain  the  expression 

2Aa  +  2  —  5  =  0, 
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whence  6-0,  Ax  =»  —  I.  Then 
T 

Pi  =  AiA^(o,)AYAt(P»-  !)• 

In  versions  3.3  and  3.u  general  fcreula  for  3*  will  take  the  fora 

fc»A*A*(«.)A*(Ps-l)-  (3.92) 

The  cases  examined  car.  fc«  generalized  into  the  following  theotea.. 


Theorea  3.25.  If  ir.  the  systei  of  oases/bases  pl*2,  p2 ,  p3 ,  . 

Pn  is  preset  even  nueber  y4»(0,  atj,  a, . a,),  then  in  the  quotient  of 

the  division  of  number  A  into  2:  .y  •  (p,.  p,,  ...{$,,) ,  digits  p, . p„  ere 

defined  by  the  step-by-step  division  cf  the  corresponding  digits  c 

dividend  into  2,  and  digit  pt  is  defined  by  the  relationship/ratio 

fc  -  A*  A*(««  +  Pi)  V  A*a  A  *  (®» -r*P»  —  I).  (3.93) 

where  ^  is  defined  as 

t  (  iV^ecjiH  A  xLpaaHO  -f  1  I '$H  —  I, 

=  l  O^ecnH  Aa  ^bho  Hy.no. 

Key:  (1).  if.  (2).  it  is  equal.  (3).  or  (4).  it  is  equal  to  zero. 


The  character  of  quotient  Ax  is  ieterained 

2 


Ax 

7 


Ax=»l.  tl®*)3*0'  Y~°. 

—  l^ecnn  Ax  =  0,  *(a»)=l.  Y-*. 

Mhjih  Aa  =—  1.  ♦(*»)*  U  (3.94) 

(9  hjih  Aa  =  —  1.  $  (®»)  —  0-  Y  *  I  • 

[  0  b  ocTanbHUX  cnynajix. 
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Key:  (1).  if.  (2).  or.  (5V  "ttve  rv^  CasW- 

and  its  trace 


Page  130. 

Proof.  Proof  is  based  on  obtained  previously  expressions 
(  3. 87)  -  (  3. 92)  .  In  this  case  it  is  ccnsiderad  that  expressions  (3.87), 
(3.88),  (3.91),  (  3.92)  are  dedicated  to  the  cases  when  ^  and  p2  - 

value  of  different  parity,  and  in  expressions  (3.  89),  (3.90)  th^ss 
values  of  identical  parity,  that  also  is  reflected  in  (3.93). 

Let  us  exaiine  the  aethods  of  deternining  the  parity  of  a  number 
when  among  the  bases/fcases  there  are  no  even  cnes.  Let  us  introduce 
the  preliminarily  following  determination. 

Deteraication.  By  the  formal  division  of  number  A  into  numaer  3 
we  will  understand  such  process,  during  which  the  digits  of  quotient 
are  obtained  as  the  result  of  the  step-by-step  division  of  the  digits 
of  divisible/fissionable  into  the  appropriate  digits 
divider/denoainator. 

Theorea  3.26.  If  in  the  system  with  the  odd  bases/bases 


SA 

2 


■Sa  +  Ao  +  Pi 
2 


P[<  Pl<  •  •  • «  Pn 
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is  preset  number  A  =  (au  oj,  with  trace  $A,  character  and 

nueber  cf  incorrect  digits  X  and  if  quotient  from  the  fcraal  division 
of  A  into  2 

(4)#=<fc-  p* . &•) 

with  trace  an,j  character  then  parity  or  oddness  of  number  A 

7  2 

is  preset  defined  by  the  fallowing  relaticnship/ratic: 

^(/4)  =  if(n»-AA-6  +  Y),  (3.95) 

where  values  r|B  and  e  can  he  defined  as 

=  *(<*«). 

l  =  *(SA  +  k).  (3>96) 

Proof.  Since  A/2  is  obtained  by  the  formal  division  of  numoer  A 

into  2,  then  in  the  case  when  A  odd,  quotient  of  the  division  exist 

A  -r& 

2  » 

therefore  with  the  addition  of  particular,  obtained  during  the  formal 
division  of  A  into  2,  with  themselves  overflow  itself  it  will  not  be, 
if  the  initial  number  A  was  even,  and  overflow  will  occur,  if  number 
A  is  od d . 

Page  131. 

In  other  words 

or 

♦  M)  *  2Aa  +  tu  —  Aa  —  $  -t  Y- 

7 

Hence 

*  (/l)  -  n™  +  A*  +  5  -  y  =  2i.v 


w 


4*M 
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The  left  side  of  the  obtained  expression  is  even,  that  can  be  written 
as 

MM)  -  T]„  +  _  Y)  =  0, 

whence  and  follows  the  assertion  cf  the  theoree 

♦  -s-rv). 

In  a  number  of  cases  when  it  is  necessary  to  determine  value 

A/2,  is  admissible  the  use/applicaticn  of  the  following  method:  if 

the  preset  number  A  is  even,  then  searches  for  value  A/2,  but  if 

number  A  is  odd,  then  value  (A-1)/2.  In  this  case  the  determination 

cf  value  A-1/2  can  be  organized  in  such  a  way  that  the  actual 

subtraction  would  not  be  carried  cut,  but  only  it  was  implied.  Let  us 

examine  the  methods  of  calculation  an(j  when  they  ere  Known 

2  2 

Sa,Aa,Aa.  Let  us  introduce  the  fcllowing  determination. 

Determination.  Digit  a,  we  will  call  incorrect  first-order 
digit,  if  pair  (a,,  p,  —  1)  is  incorrect  pair,  and  by  correct  first-order 
digit  otherwise.  A  quantity  of  incorrect  first-order  digits  in  number 
A  we  will  indicate  through  \t.  Digit  o,  —  1  we  will  call  incorrect 
second-order  digit,  if  pair  is  incorrect  pair,  and  by 

correct  second-order  digit  otherwise.  A  guantity  of  incorrect 
second-order  digits  in  a  number  we  will  indicate  through  x2. 
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Let  be  preset  odd  number  A.  Then  we  can  write 

i4—  1  =  -f-  (aT*  —  1 ) 


and 


Sa- t'-**-.  — A; 
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Here  s3 „  (  with  the  selected  fcases/bases  is  a  constant  value. 
Then  for  SA-i  is  correct  the  expression 


•S.4-1  = 
2 


5a  +  S^_(— l^  +  ij 


(3.97) 


Concerning  dA-i,  let  us  ccepute  first  Aa_,.  Taking  into  account  that 
2 

Ajd_,  =  0  and  that  with  additicn  ^ _p. _ ])  has  the  place  overflew,  w 

will  obtain 

AA  +  ’Ll  ~  Aa-i  —  £  +  Y  =  1 . 


whe  nc* 


Aa-i  =  Aa  -j-  —  £  +  y—  1, 


or,  by  taking  into  account  (3.80)  and  (3.%),  we  will  obtain 

Aa-«  - 
2 

♦(Sa+S^  ( —  A|+A*)+AA+iW-l+Y~l-f((«n+P»  —  Ddnodpn)) 

- - = - 5 - 

If  a»^b0,  fhen  tfc,*l  «nd 

♦  (Sa  +  S^_,  —  Aj  +  1*)  +  Aa  —  5+T— ♦(«»  —  1) 

Ax-l  * - >2 - -  . 


But  if  a*«0,  then 


Aa-« 


♦  ($a+S^_(-> -ii  +  i*)  +aa— 6+y~i 
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Thus,  is  examined  a  question  about  the  division  of  number  \  into 
2,  which  corresponds  to  the  shift/shear  of  a  binary  positional  number 
to  one  digit  to  the  right. 

Let  us  examine  now  a  question  about  the  division  into  4,  which 
corresponds  to  the  shift/shear  of  a  positional  number  to  two  digits 
to  the  right.  Let  in  the  system  with  the  odd  bases/bases  be  is  preset 
the  multiple  4  number  A  with  trace  SA  and  character  Aa.  Let  it  be 
further  by  step-by-step  division  it  is  obtained 

4  =  (Yl>  Yz.  •  •  •.  Yn)- 

Since  among  the  bases/bases  there  are  no  even  ones,  it  is  possible  to 
say  that  via  of  A/4  indicated  it  is  unambiguously  determined. 

Page  133. 

If  we  designate  through  A*  value 


where  6  -  number  of  incorrect  pairs  of  digits  in  the  appropriate 
operands  of  sum,  then  we  can  write  for  the  expression 

(3.98) 

Concerning  Aa,  then  it  is  determined  from  the  condition  so  thah 
T 

A/4,  multiplied  by  4,  would  net  leave  range  (0,^),  namely: 


4Aa  +  Tin  (Yn.  Y»)  -f  (2Yn.  Yn)  +  *ln  (3^  Yn)  —  A  A - 
4 
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whence 

=  T  {  —  (’I*  (Y».  Y»)  +  Hn  (2y».  Y*)  +  (3y«.  Yn))  + 

4  v 

+5(t’4)+5(2T'4)+s(3T'4)-(v  (t'4)  + 

+  1'(24'4)+v(34'4))}  •  (3.99) 

From  (3.99)  it  is  evident  that  character  Ad  can  be  equal  to  unity  in 
one  case  whan  all  €  are  equal  tc  unity,  and  all  tjb  and  y  are  aqual 
to  zero  and  AA=ri.  That  as  £  is  quotient  fit  then 

qn(Yn.  Yr»)  =0,  TlB(2Yn.  Ya)  =  0,  !)„  (3yn,  Y»)  “  0 

will  occur  only  whan  an  is  multiple  four.  All  £  will  be  equal  to 
unity  only  if  value  S.A  +  X'  +  3p„  is  multiple  four. 


Lat  us  introduce  the  function  *.  ( x ),  determined  by  the  conditions 


0,  earn  x  xpaTHO  verapeM.Ol 
1 1 .  etflH  x  HeKpaTHO  veThipeM^ 


Key:  (1).  if  x  is  multiple  four.  (2).  if  x  it  is  nonmultipl?  four. 


Page  134. 
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Then  can  be  formulated  the  following  theorem. 

Theorem  3.27.  if  in  the  system  with  odd  tases/bases  pit  p2,  pn 

is  preset  number  A  =  (atl,  oj . <*„)  >»ith  trace  SA  and  character  aa, 

that  separates  completely  into  four,  and  if  quotient  of  the  division 

of  A  into  four  -r  =  (Yi.  >'-><  •  •  ••  Yn)  with  trace  and  character  Aa.  then 

*  7  4 

for  Pn  =  4£+l,  where  k  -  whole  non-negative  number; 
value  &a  is  determined  from  the  expression 

4 

A  A  =  ilK)  a  H  <Sa  +  v  +  3)  a  Aa,  (3.100) 

4 

but  for  p„  =  4£—  1  -  from  the  expression 

Aa  -  rfa)  V  +  ! )  A  Aa.  (3.101* 

4 

Proof.  Let  us  first  of  all  focus  attention  on  the  fact  that  any 
odd  basis/base  can  be  expressed  in  the  form 

Pi  =  9  (mod  4), 

where  9  can  have  a  value  of  1  or  3.  But  then  odd  basis/base  can  take 
either  form  p,  =  4*+l,  or  form  pf  =  4£— 1.  Let  us  further  note  that  the 
condition 

ctn  ss  0  (mod  4)  (3.102) 

is  necessary  and  sufficient  so  that  would  have  rhe  place 
r\n  (Y»<  Yn)  =  In  (2y».  Y»)  =  %  (3V»>  Y»)  =  0-  (3-1 03) 

Actually/really,  let  (3.103)  have  the  place.  This  means  that 
with  addition  with  itself  four  times  itself  it  was  not  transition 
through  basis/base  Pn.  Ir  ether  words, 

—  4y* 
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or 


a n  sb  0(mod4). 

let  it  be  now  correct  (3.102).  let  us  assume  that  (3.103)  it  does  not 
have  place,  i.  e.  ,  with  the  addition  of  vary  with  themselves  yn 
occurred  transitions  through  the  basis/base,  i.s. 

—  4y„— lpn. 

where  Z  -  number  of  transitions  through  basis/base  p„. 


Page  135. 

Since  p„  =  4*±l,  then  on  =  4fn  —  4lk±l,  whence 

=  l  (mod  4) 
or 

an  s=  (4—/)  (mod  4). 

But  this  contradicts  our  assumption  (3.102).  Further,  the  exprassion 

|i  (SA  +  X'  3 pn)  ~  0 

for  basis/base  Pn  =  4A+1  is  converted  into  the  expression 

P  (SA  ■+■  X’  +  3)  =  0, 

and  for  pn  =  4k  —  1  -  tc  the  fora 

H (Sx  +  X' 1)  =  0. 

Thus  is  established/installed  the  validity  of  relationships 
(3.100)  and  (3.101),  that  constitute  the  assertion  of  theorem. 
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Let  as  examine  now  the  situation  when  one  of  the  basis  of  system 
is  equal  to  four.  Let  Pi=4.  Then  the  multiplicity  of  number  A  four 
leads  to  the  value  at=0.  Let  us  designate  quotient  of  the  division  of 
A  into  u 

4  =  (Yi.  Yz.  •••.  Y»)- 

For  the  digit  y t  we  will  obtain  an  uncertainty/indeterminancy  of  the 
type  0/0.  Are  possible  four  value  cf  digit  r i :0 ,  1,  2,  3.  Let  us 
designate  through  (4)S'  (4)*'  (t)*’  (tT  the  quc-i®11'*13  of  the  division 
of  A  into  4  witn  the  appropriate  value  of  digit  7i»  la  this  case  our 
task  it  is  to  correct  carry  out  a  selection  of  the  corresponding 
digit  7 1  • 

Let  us  demonstrate  the  preliminarily  following  theorem. 

Page  136. 

Theorem  3.28.  If  in  the  system  with  bases/bases  pt=4,  ft . pn 

is  preset  on  basis/base  Pi  the  Fair  of  digits  (y,,  y[).  t^ien  “ith  base 
Pn,  equal  to 

pn  =  4k  -f  1. 

besides  the  incorrect  pairs,  determined  in  general,  will  be  incorrect 
also  following  pairs: 
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U^npH  rrti  —  l^apa  (2,  3)  h  (3,  3),  (3.104) 

Onpn  m^S^apbi  (1,  1)  h  (1,2),  (3.105) 

(i^npH  0CH0B3HHH  p„,  paBHOM 

pn  =  4*  —  I, 

0)npH  m,=  l^apu  (1,  1)  h  (1,2),  (3.106) 

Q  npw  m,  =  3  napu  (2,3)  h  (3,3).  (3.107) 

Key:  (1).  with.  (2).  pair.  (3).  w  it  fc  bas  is/ba  se  J  equal . 


Proof,  with  ai=1  the  ranks  cf  minimum  pseudo-orthogonal  numbers 
for  any  are  equal  to  unity.  Then  the  minimum  trace  of  a  number  (1 
0 ,  ...#  0,  )  is  defined  as 

^-[nr^  +  ^tK !  +  '• 

For  a  number  (2,  0,  ...»  0,  S2*  )  we  will  obtain 

S;  =  [~P.]+l  =  [yPn]  +  l- 

For  number  (3,  0,  ...»  0,  S3*  )  we  will  have 

SJ-P^Pb]  +  l-[T*]  +  I* 

Let  us  evaluate  correctness  of  pair  (2,  3)  for  basis/base  pn  of  the 
form 

p»  =  4A+l. 

Here 

S?-3*+I,  5J  =  2A+I,  SJ  =  *  +  I, 

then 

s;+s;*3*+2 


or 


s:+s;-sj+i. 
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i.e.  pair  (2,  3)  is  incorrect. 

For  the  same  basis/base  let  us  examine  pair  (3,  3) 

SJ  +  SJ  =  2A  +  2 
or 

SJ  +  SJ  =  SJ  +  I , 

i.a.  (3.3)  it  is  incorrect  pair,  we  demonstrated  (3.104). 

Lat  us  now  move  on  to  proof  (3.106).  pn  =  4ft  —  I .  Then  sx*=3!c, 
S 2*  =2  k,  S3*  =  k. 

Page  137. 

Let  us  examine  pair  (1,  1) 

and 

s;+s:=s;+ 1, 

i.e.  (1,  1)  -  incorrect  pair. 

For  pair  (1,2)  we  will  have 

sr+sj-A+i 

and 

s;+s;=s;+ 1, 


i.e.  pair  (1,  2)  also  incorrect.  To  these  we  demonstrated  (3.106) 
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Lat  us  switch  over  tc  value  cf  In  this  case  for  a  number 

(1,  0,  ....  0,  St*)  we  have  a  rank  r=  1  and 

SJ  =  pn ]  +  1  =  [-J  P»]  +  1  • 

For  a  number  (2,  0,  ...»  0,  S2*)  we  will  obtain  rank  r  =  2  and 

For  a  numbar  (3,  0,  ...,  0,  S3)  rank  r=3  and 

L«tp»=4*+1.  Then  S,*  =  k*1,  Sz*=2k*1,  S3*=3k+1. 

Let  us  examine  pair  (1,  1).  Fcr  it 

ST  +  SJ  =  2A  +  2 

and 

sr+sr-sr+i. 

i.e.  (1,  1)  -  incorrect  pair. 

Lat  us  take  pair  (1,  2).  Fcr  it 

sr+s;=3*+2 

and 

S?  +  SJ-SJ.+  I. 

i.e.  (1,  2)  -  also  incorrect  pair.  Thereby  is  proved  validity 
(3.  105)  . 
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Let  us  take  now  pn  =  \k—\.  Then  Sl*=k,  S2*=2k,  S3*=3k.  Let  us 
examine  pair  (2,  3)  .  For  it 

SJ  -f-  SJ  —  5k  =  k  -4*  1 . 

pair  (2,  3)  is  incorrect,  since 

sj+sj-sr+i. 
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Page  138. 

For  pair  (3,  3)  we  have 

s;h-s;=6*«2*+i. 

This  pair  also  is  incorrect,  since 

S*  +  S*-SJ+I. 

By  this  is  proved  assertion  (3.107)  of  theorem. 

Corollary  1.  If  number  A  is  divided  completely  by  u,  then  luring 
the  calculation  of  value  X( 

*<=s(4-4)+M24’4)+8(34'4)- 

i  =  0,  1,2,  3, 

for  each  of  the  alternative  expressions  (-3-)* ,  (-7)*’  (t)*  a30r-3  Ko> 

\i,  "ijf  ~3  there  are  r.c  identical  ones  with  respect  to  value,  and 
maximum  value  ace  $0ma»  =  3. 

Proof.  According  tc  theorem  3.19  any  pair  of  digits,  which  gives 
in  sum  of  Pi=4,  is  incorrect,  i.e.,  always  incorrect  are  pairs  (1, 
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Th«n 


a  r.d  i 


Paqe 


Prom 


Let  us  consider  now  each  c£  Xf  (i  =  0,  1,2,3).  Let  us  nets  that  V0=f1* 
values  ars  defined  as 

*t  =  6(l.  l)  +  «(2.  l)  +  6(3,  1), 

X*  =  «(2,  2) +  5(0.  2) +  6  (2,  2), 

I,  =  6(3,  3)  +  6(2,3)  +  6(l,3) 

t  :s  pessiole  to  mak*  tads  values 


For  mt=1  we  will  obtain 


and  for  m x  =  3  we  will  obtain 


139. 


th«  comparison  of  the  obtained  values  for  x0»  \lt  \2,  x3 
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ascape/ensuo  ch 3  formulated  in  ccrcliarv  1  assertions, 


Corollary  2.  If  number  A  is  divided  completely  by  4,  then  among 


the  traces 


s  i  =  ~  ^0  __£d. 


of  alternative  expressions  (7-)*,  *hcre  ar? 

identical  ones  with  respect  to  value,  and  maximum  difference  Sjf  — Sjf 
is  equal  to  three. 


Proof.  This  corollary  directly  asca pe/ensu es  frem  previous, 
since  the  absence  of  equal  values  among  h  does  not  allow/assume 
equal  values  among  S'A.  but  limitedness  (X)>~x  by  digit  3  determines 
and 

max  (SA  —  Sa*)  =  max  (Ait  — Xi,)  =  3. 


Prom  this  corollary  it  fellows  that  each  digit  7*i  answers  its  value 
S.4  moreover  it  is  possible  to  place  digits  Ti  in  such  sequence  that 
SA  for  tha  adjacent  digits  would  differ  from  each  other  by  unit. 
Concrete/specific/actual  location  in  different  cases  car.  be 
determined  by  the  following  table. 


p„  =  4A-l 

Pn  =  4*+1 

II 

o 

o 

» 

Yi=3 

Yi  = 1 

Yi  —2 

tN 

1! 

Yi  =  ‘ 

Y.  =  3 

paga  i40.vicw  it  is  possible  tc  already  indicate  patn  -cr  t,.? 
selection  of  necessary  digit  Ti*  True  digit  will  be  that  _or  wh__ 

the  s“  (4)*+(4),+(4}‘+(4)*—(4)’-^ 

it  is  found  in  tbs  range  \Q,  &)■  /  Consequently,  it  is  possible  to  use 
the  condition  of  notappea ranee  from  the  range  JO,  &)  cf  the  sum  cf 
componants/terms/addends,  which  let  us  register  in  the  form 
4 \±  +  (Yn,  Yn)  +  Tin  (2y»,  Y»)  +  Tin  (3Yn,  Yn)  - 

-*.-s((4M4)V*((4)' (4»- 
-«{(4t)‘.  (4)') +,'((4)‘  (4)V 
+v((4)‘.  (4)')+v((4)'.  (4)‘)-°- 

| a«-  in  the  systsa  with  bases/bases  Pi* 2,  p*  Pn  number 
A  -r  (o„  <**,  .  •  be  dividsd  completely  by  four. 


Then  for  rasult  “ ™  (Yi«  Yj>  •  •  •  >  Yn)«  in  w h ic h  di  J  i  ta  Ys>  •  ■  ■  •  Y«  -»■ 
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obtained  by  the  step-hy-stcp  divisicr.  of  digits  a-<  a* . a’>  into  f? 

car.  seen  two  possibi li ties:  Ti  =  0  cr  7is,«  If  7i  =  0»  then  a  number  A 
the  total  quantity  of  incorrect  pa<rs,  which  appear  during 
calculation  A  as  the  suns 

{(4+4)+4}-4- 

will  be  calculated  cr.  the  basis  cf  digits  \ ,  where  zero  in  digit  r. 
will  be  considered  as  the  correct  digit,  since  it  will  supplement 
changes  in  value  A0  ,  calculated  or  the  renaming  digits. 

Page  14  1. 

But  if  nsl»  then,  obvicusly,  A*  Bust  be  calculated  on  the  digits 
remaining  bases/bases  (besides  pj  )  with  addition  2,  since  (1,  1)  i 
is  incorrect  pair  and  its  participation  in  the 

components/t “rms/addend s  gives  2  incorrect  pairs.  Thus,  ir.  the  cas 
Of  Pj  =2 

s\  =  ■s*-^ 

T  4 

c«.  _  54  +  A<)-f-2 
- - - 

* 

§3.9.  Division  into  the  f ixed/r eccrded  number. 

Ontil  now,  ws  examined  the  simplest  case  of  division,  namely 
when  dividend  completely  was  divided  into  the  di vider/denemi nator. 
However,  in  the  general  case  the  division  represents  cne  of  th»  me 
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labsr-ccnsuming  arithmetic  operations. 

Even  in  the  digital  computers,  which  work  in  the  positional 
system  of  calculation  (for  example,  in  the  binary),  tne  operation  cf 
division  will  stand  apart  and  the  time  of  its  execution 
approximateiy/oxemplarily  by  an  ord-'r  higher  than  time  cf  th*» 
execution  of  t.is  majority  of  elementary  operations. 

In  the  system  cf  residual  classes  the  difficulties  of  divisior 
are  aggravated  Dy  the  fact  that  this  operation  in  general  is  not 
"residual",  i.e.,  the  digit  of  quotient  on  th a  independent  foundation 
is  no  longer  determined  only  by  the  digits  of  dividend  and 
dividec/denommator  on  this  fcasis/base,  but  it  requires  in  one  or  th= 
other  form  cf  inf crmaticn  about  the  values  of  dividend  and 
div ider /denominator  as  a  whole. 

In  general  tha  division  cf  cumber  A  into  constant  d  should  bf 
distinguished  two  possibilities: 

-  when  d  it  is  not  the  basis  cf  system  and 

-  when  d  it  enters  into  the  system  of  bases/bases. 

Of  the  first  case  the  difficulty  consists  of  the  establishment 
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of  the  vary  face  of  f iss: cnabilit y  A  or.  d  or,  which  is  :ht  Sana 
thing,  in  the  reduction  cf  a  number  tc  the  nearest  to  it  number  A', 
which  separates  completely  into  d.  Division  itself  can  be  produced 
ste  p-by-sttp. 

In  the  second  case  easily  is  determined,  does  share  A  or.  i,  also 
easily  is  determined  the  near  tc  A  number  A',  which  separates 
completely  into  d,  but  the  determination  of  the  digit  of  quotient 
from  basis/base  Pi  = d  requires  the  disolosure/s xpansicn  of 
uncerta inty/indet erminancy,  for  which  appears  toe  need  for  the 
enlistment  of  information  abcut  entire  number. 

Page  142. 

Let  us  consider  in  mere  detail  the  case,  when  d  is  net  radix, 

i.  e. ,  d  =  (6t,  62 . 6„).  The  formal  quotient,  which  is  obtained  during 

the  division  cf  number  A  into  d, 

*  (®1*  •••» 

can  be  registered  in  the  following  form: 


(  A\  __  1  a,  — *tpt  -k*pi 

knPn  \ 

\  d  U  \  ’  62 

) 

where  =  0,  1,  2,  .  p,  —  1  (i  =1,2 . n )  ~  non-ne  gative  integer  ,  such , 

which  ai  ~  pt  completely  is  divided  into  Si- 


-  - - ... 
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If  w 9  through  1  designate  unknown  particular,  then  number  A  car. 
be  represented  in  the  for®  A  =  Md+t(t<d),  then  formal  quotient  is  equal 

vhera  k  -  whcle  non-negative  number. 


Hence 

iM4)»—!drL-  I3'108) 

In  the  case  small  d  (tentatively**  <  pn)t  hi  s  method  can  be 
considered  as  the  algorithm  of  division  into  d.  In  this  case  must  bs 
withstood  the  following  sequence  cf  operations: 

1.  Is  determined  value 

<M4)*=<a(.*>-  w . «{?») 

by  the  st-'p-by-steo  division  of  A  into  d. 

2.  Is  determined  minimum  trace  Sq  of  number  Q  and  it  is 
com  pu  ted 

m„(a<*>  — S£)  (mod pn). 

3.  On  a1*'  — Sq  is  determined  number  /?  =  (r„r2,  which  is 

subtracted  from  Q,  forming  (1. 

let  us  give  the  examples,  which  illustrate  the  realization  of 


the  algorithm  of  division  examined 
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Let  us  select  for  this  purpose  the  standardized/normalized 
system  with  the  basss/bases:  Pi-2,  p2=5,  p3  =  7,  p*  =  2 3,  by  range  P  =  1 6 10 
and  by  the  orthogonal  bases:  B!=8C5,  B2=966,  E3  =  1380,  B4=70. 

Page  14  3. 

Let  us  compute  the  table  of  constants  3  for  the  division  into 
d  =  1 1 .  Constants  3  are  found  from  the  following  consider at  lets :  is 
examined  near  integer  to  value  ~  146.36 ....  i.e., 

R  j  = 1 4  7=  ( 1  ,  2,  0,  9).  Here  value  -  is  rounded  off  to  the  large  side, 
since  in  (3.108)  will  cost  minus  sign.  Further,  we  find  near  integer 
to  —  =  292,73,..,  i.e.,  92=  29  3  (1,  3,  6,  17)  and  so  forth  if  is 

known  value  (a*  —  Sq)  (modp„),  then  this  it  means  that  is  known  the  interval 
in  which  is  located  number  Q.  Ir  this  case  the  remainder/residue  from 
subtraction  *—  from  0  cannot  exceed  —  and  in  a  number  of  cases 
it  is  possible  to  obtain  ambiguity,  since  both  the  diff^renc“ 
and  difference  <?—(*+!)—  car.  give  remainders/residues  less  than  £- 
in  the  dependence  or  the  value  cf  number  A.  let  us  designate  the 
second  possible  constant  through  P’,  and  the  remainder/resid  ue,  which 
is  obtained  in  this  case,  through  t'.  Then  for  determining  the 
constants  from  values  a<„l*',-'s9  there  can  be  suggested  the  following 
Table. 
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R 

R’ 

t 

r 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

2 

0 

(1,2,  0,  9) 

0 

7 

3 

(1.2,0,91 

0 

7 

0 

4 

(1,2,  0,9) 

ll.  3,  6,  17) 

1 

3 

5 

(1,3,  6,  17) 

0 

3 

0 

6 

(0,  0,  6,  3) 

0 

10 

0 

7 

(0,  0,  6,  3) 

0 

10 

0 

8 

(0,  0,  6,  3) 

(0,  1,  5,  11) 

10 

6 

9 

(0,  1,5,  11) 

o 

6 

0 

10 

(0,  1.5,  11) 

(0,  2,  4,  19) 

6 

o 

11 

(0,  2,  4,  19) 

o 

2 

0 

12 

(0,  2,  4,  19) 

(1,  4,  4,  5) 

o 

9 

13 

(1,  4,  4,  5) 

0 

9 

o  ; 

14 

(1.  4,  4,  5) 

(1.  0,  3,  13) 

9 

0  i 

15 

(1,  0,  3,  13) 

0 

5 

o  1 

16 

(I,  0,  3,  13) 

(1,  1.  2,  21) 

5 

i  ! 

17 

tl,  1,  2,  21) 

0 

i 

o  1 

18 

(I.  1,2,  21) 

(0,  3.  2.  7) 

i 

8  i 

19 

(0.  3.  2,  7) 

o 

3 

u  I 

20 

(0,  i,  2,  7) 

0 

6 

21 

(0,  4,  1,  15) 

0 

4 

U  I 

22 

(0,  4,  1,  15) 

0 

4 

0 

- 

Page  luu. 


If  A  is  such,  that 
than  division  undergoes 
«<*>— s%  gives  either  t=0 
unambiguously  determine 


aj*’— Sq  it  dees  not  brinj  to  singls-valu- 3 
A-t’,  from  it  is  computed  Q'  =  ar.i  t 

cr  t=4,  which  already  nakes  it  possible  to 
B  and,  therefore,  M. 


Example.  To  divide  A=(0,  4,  2,  10)  into  d=  (  1 , 


11). 


1.  It  is  computed 


<?  = 


I  A  \  (0,  4,  2,  10) 

\  d  I,  4,  11) 


=  (0,  4,  4,  31. 


2.  It  is  compute. i 


<*»>-  Sq  =  3-  4  (mod  23)  =  22. 
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3. 

Exa  mpla 

1. 


3. 

An 

1. 

2. 

3. 

t »  =2. 

rl3 

Ts 


In  Taola  through  “n”- 5<J  we  find  R=(0,  4,  1,  15),  th«r. 


M  =  (0.  4,  4,  3) - (0,  4,  I,  15)  =  (0,  0,  3,  1 1). 

To  divide  A=(1,  1,  5,  7)  into  d=(1,  1,  4,  11). 


It  is  COnDUted 


t  -4  \  (1,  I,  5,  7) _ .  » 


=  (l,  i,  3,  9). 


It  is  computed 


aj** — Sp  =  9— 8=  I. 

In  table  wa  find  F=(0,  0,  0,  0),  whence  rt={1,  1,  3,  3). 


axarapls.  To  divide  A=  ( 1 ,  2,  4,  1)  into  d=(l,  1,  4,  n) 


If  is  com ou ted 


It  is  computed 

a»W— $5  =  21  — 11  =  10. 

In  Table  we  find  F=(0,  1,  5,  11),  3’  =  (0,  2,  4,  19),  t=b. 


re  ircss  alternative,  we  form 

.  A-t'  =  (l,  0,  2,  22)CTn4Q,=j]7^4  0,  4,  2). 

compute  1  a<*>-SQ=2-2=o.  Significant  digit  t'=2  and  then  r=  (1  , 


....  . 


o,  a,  2)  . 


Note.  In  a  latter/last  example  was  computed  Q'  as  the  formal 
quotient  A-t'/d.  In  reality  the  same  result  will  be  obtained  simply 
by  subtraction  Q-F*. 

Page  145. 

Let  us  consider  the  now  more  gQneral  case  of  dividing  the  numh*r 
A  into  the  product  of  the  whole  ncn-negative  cumbers  D 

D  —  didi  . . .  d*, 

where  everything  d ,  (i  —  1,  2,  .  .  k)  -  mutually  prime  numbers.  Division 
into  D  is  produced  on  the  basis  of  the  following  theorem. 

Th-orom  3.29.  (about  the  division  into  the  product  cf  numbers)  . 
If  in  the  systsm  with  range  31  is  preset  number  A  and  is  preset  K  c: 
mutually  nrime  whole  ncn-negative  numbers  dlr  d  2 ,  .  . . ,  dh,  th*n 
always  it  is  possible  tc  select  the  independent  of  A  integers 

p«»  & . m, 

such,  that  occurs  the  relatiocship/ratio 

=  +  M*4 -f*  •  •  •  +  (3.109) 

where  A  are  the  single  quotient: 

lt  =  -j~  (i  =  1,  2 . k) 

or,  that  the  saae 

1  _  to  ,  M2  .  , 

dk  dt  ~  dj  '  1  d), 


(3.1)0) 
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Proof.  L?. t  us  consider  case  cf  k=2,  when  there  ar?  two  ccfacto 
dj  and  d/2.  Then  (3.110)  is  registered  as 

__L_  _  jh. ^  Ji2.  cr  (3.111) 

dldi  dt  dx 

But  since  6X  and  J2  -  mutually  prime  whole  non-r.egative  numoer 
then  always  can  be  found  integers  and  p2  ,  independent  of  A,  such 
which  takes  place  (3.111). 

Lst  us  further  use  the  method  of  induction.  Let  the  theorem  he 
accurate  fcr  s  cofactcrs.  Let  us  show  that  it  is  accurate  for  so 
cofactors.  In  fact,  let  us  shew  that 

V _ _  1 

. . .  da  dj+ 1  d\d ....  dg^i 

where  v  -  integer. 

For  this  must  occur  the  equality 

vdt+t  +  M»+i  {djd.  ...  d,)  —  1 , 

or,  which  is  the  same  thing, 

vd,+t-h fi,+,  (d,d2  ...  d,)~  l  (mod  &P). 
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For  reasons,  presented  above,  latter/last  equality  always 
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occurs,  that  also  proves  theorem. 

* 

Observation.  The  accuracy  cf  exprossion  (3.109)  is  determined  by 
the  accuracy  of  the  entering  it  sirgle  quotients.  If  single  quotients 
are  comnufed  approximately,  then  final  result  is  approximate. 

/  I 

Example.  la  the  system  with  the  basfcs/bases:  pt=2,  p2=5, 
p4=23,  as  the  single  di viders/dencminator s  let  us  take  dt  =  11=(1,  1, 

4 ,  11),  d2=13=(1,  3,  6,  13).  In  this  case  div  id  er/de  nominator  D  will 

be  D=d1d2=143,  and  equality  (3.  1 1 C )  will  ta.<e  the  form 

1  _  .  Ms 

143  11  13  ■ 

whence  m t  =-5 ,  ^z  =  6. 

Let  us  divide  number  a=884=(0,  4,  2,  10)  into  D=143=(1,  3,  3, 

5).  Let  us  find  tha  preliminarily  single  quotients 

-ji.  =  (0,  0,3,  11),  -|i  =  (0,  3,  5,  22). 

Then 

TT3=  — 5  (  1t)x6('Tt)  = 

=  -(0,  0,  1,  9)  +  (0,  3,  2,  17)  =  (0,  3,  1,  8)  =  8. 

Results  it  was  obtained  inaccurate,  since  the  single  quotients  wera 

calculated  approximately.  Considerably  oetter  it  would  be  to  tak » 

p,=  1/2,  h2=-1/2,  i.e.,  proceed  frcm  the  identity 

j _ l _ l_ 

2-11  2-13  II • 13  ' 

Then 

A  (0,  0,  3,  1 1 )  —  (0,  3,  5,  22) 

143  —  (0,2,  2,  2) 


(0,  1,  6,  6)«6. 
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Tais  result  more  exactly  approaches  number  A/143  and  differs 
frctn  previous  by  two  units,  but  in  this  case  p,  and  jj2  they  are 
fractional  numbers. 

§3.10.  Divisicr.  into  the  basis  of  system. 

Lat  us  now  move  cn  tc  the  examination  of  the  division  of  number 
A  into  cnc  of  the  basis  p-t  ot  system  with  bases/basas  p1#  p2,  .  ..,P 
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Assume  ws  should  divide  number  A  =  (atl  a2,  .  .  a,,)  on  pt  (one  cf 

the  basis  of  system),  without  the  less  of  generality  it  is  possible 
to  assume  that  number  A  is  divided  completely  into  Pit  i,e,  Oj  =  0,  since 
otherwise  we  could  examine  the  division  of  number  A'  **  A  —  a*,  which 
satisfies  this  condition.  Let  it  t@  further 

Pi  “  (**ii  ■  ■  'i  ti  0*  Pli  Pit  •  •  •  ■  Pi)- 

Pi  (Yit  Y2»  •  *  •»  Y/-tt  Yi»  Y<+i*  ••*«  Y»)  — 

(  at  _^2_  g|- 1  gf-i  3n  \ 

'  “n2  ’  ■  .-if.,  'O’  Pi  ’  "  ■’  Pi  ;  * 


Then 
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Here  all  digits  of  quotient  A  pt,  except  digit  y;,  are  determined  vs:y 
simply  -  by  the  formal  division  cf  digit  into  appropriate  digit  Pt- 
Therefore  the  goal  cf  obtaining  the  quotient  Alpt  in  this  case  is 
reduced  to  the  disclosure/expar.sicn  of  this 

uncertainty/indatarminanc y.  Let  us  consider  the  series/row  of  the 
methods  of  determining  the  digit  V,. 

Theorem  3.30.  Let  in  the  system  with  bases/aasas  plf  p2,  ...» 

Pn  and  range  gp  preset  number  A  =  (o,,  a2,  ...,a „)  with  minimum  trace 
Si,  that  separates  completely  intc  cne  of  the  basis  of  system  p;  sc 
that  the  obtained  quotient  they  are 

Ys . Y»). 

Then  as  digit  y<  or*  hasis/base  Pi  in  the  quotient  must  be  taxen 
this  digit,  that  the  minimum  trace  cf  quotient  S\  wculd  be  equal  to 

pT 

=  •  (3-112) 

Proof.  Since  5*a_  are  the  minimum  trace  of  quotient,  then  occurs 

Pi 

the  relationship/ratio 

f  (Y»-S**_)<£«Y»-«SA+i>£-  (3-113> 
n  Pi  p> 

Respectively  for  the  initial  number  A  we  have 

(an-S\)^<A  <(a,  -  SS  +  1)  .  (3.114) 

rn  Pn 

Dale  latter/last  inequality  on  P<-  we  will  obtain 

—  'Sj  &  ^  A _ #n  —  SJ-f-  *  & 

Pi  Pn  ^  Pt  ^  Pi  TIT  ’ 


(3.115) 
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Talcing  into  account  tha* 

_  p  *n  SJ 

and 


.  r  ar.-ix  -i 
Pi  >  L  Pi  J 

*n  —  r  Ctn —  •S4 


— f  — ^  ~j  -t-  | , 
pt  L  Pi  J 


inequality  (3.115)  car.  be  registered  in  the  form 

an~5J  &  A 


£_ 

Pn 


Comparing  the  obtained  inequality  with  (3.113),  we  will  obtain 

pi 


whence  it  fellows  (3.112). 

Corollary.  The  proved  theorem  determines  the  following  algorithm 
of  the  disclosure/expansicn  of  cncertaint y/indete rminanc y  in  th?  case 
in  question: 

1.  From  Sa,  a*  and  Pi  is  computed  value 
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2.  Are  confuted  digits  of  formal  quotient  A/pt,  besides  digit  y< 

3.  Is  computed  mininum  trace  of  quotient 

sw-Fi3-]- 

4.  Is  conputed  sum 

Q  ~  (S?t  +  5^-r  •  •  •  +  5*._t  -f  S*i+1 4- . . .  -r  S;nJ  (mod  pn). 

5.  Is  computed 

(S?,)*  =  (S%  -Q)(mod  pn) 

Pi 

and  from  ($*<)*>  is  determined  such  digit  V,.  for  which  difference 
SY|  — (^Yj)*  is  minimum. 

L?  t  us  illustrate  the  method  examined  by  an  example.  Let  he 
preset  the  system  of  the  tases/tases:  pj-3;  p2=5;  p3=7;  d*=13;  p5  =  3 
with  range  =  e2 31S. 

The  orthogonal  bases  of  this  system  are  equal  to: 

B,  =  2S 210,  fl2=i 6  926,  S5=  12  090,  B4  =  26  040,  Ss=l365. 

Page  149. 

Example.  To  divide  number  A=p»  0,  0,  1,  2S)  with  mininum  tree 
S\ *23  into  basis/base  pz  =  5=(2,  0.  5,  5,  5). 
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la  accordance  with  the  algorithm  given  abov«,  we  produce  the 
following  operations: 

1.  Me  comoute 

2.  Me  compute  digits  cf  formal  quotient 

V:-0'"' 51 

3.  Me  compute  minimus  trace  of  quotient 

s%_=5  — 0  =  5. 

pi 

4.  Me  compute  sum 

<?  =  21  -3  =  24. 

5.  M®  compute 

(S*i)<j>  =  (5  —  24)  (mod  31)  =  12. 

Prom  the  table  of  minimum  pseudo-orthogonal  numbers  on  basis/base 
p2  =  5: 

.M,2  =  (0,  1,  0,  0,  19),  .Vfa  =  (0,  2,  0,  0.  7).  AfB  =  (0.  3,  0.  0.  25). 

,M,2  =  (0.  4,  0,  0,  13), 

we  find  S*,=  !3.  Hence  r2  =  4.  Thus,  final  quotient  are  —  =  (2,  4,  o,  8,  5). 

Pi 

ALthough  this  method  consists  of  the  series/row  of  operation, 
enumerated  of  csrtain  sequence  however  almost  they  all  can  be 
accomplished  in  parallel  and  therefore  this  method  barely  is 
dilated/exter.ded  ir.  the  time. 
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Or.  the  basis  of  theorem  (J.3C)  it  is  possible  to  organize 
division  and  to  the  product  cf  several  bases/bases,  performing  in 
parallol  division  into  each  basis/base  individually. 

Let  us  ccnsidar  as  an  example  division  into  product  n=5»"7=33. 

Example.  To  divide  number  A=(1,  0,  0,  1,  25),  into  p  2?3  =  5  »7  =  (2  , 
0,  5,  5,  5)  (1,  2,  0,  7,  7)  =  (2,  0,  0,  5,  4). 

Division  into  the  product  can  te  carried  out  in  parallel  and 
simultaneously  determined  value  A/5  ana  A/7,  and  then  is  det°rminod 
A/35.  The  quotient  A/5  was  by  us  determined  in  previous  with  th a 
measuxe,  r.am«ly 

—  =  -i  =  (2.  4,  o.  8.  5). 

P;  5 
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Let  us  determine  the  quotient 

Pi  7  ' 

1,  Let  us  compute 

r  25  -  23 1  . 

L— s — J~L — t — J-°- 

2,  Let  us  compute  digits  of  formal  quotient 

(-£-)  -(1.0,  Yj.  2.8). 

V  Pi  /$ 
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3.  Let  io  !^t?rniir.'a  uinimuj  trace  z  f  jucti’nt 

S\_=  8-0^  8. 

pi 

4.  Let  us  co  input"1  su» 

<?  =  (II  -24)  (mod  31)  -4. 

5.  L rt  us  3  -»ts  r  mir  «■ 

(5*j)<t=  d  — 4  --4.  OTKvaa  Ya  -3. 

Thus,  w«  c b t £ i r. 

-^--(1.0,3,  2.8). 

New  juctirnt  of  the  divis.’  or.  oz  number  A  into  tna  product  of 


basas/bases  p2p3  car.  be  d  eter  iri  red  cr  the  oasis  of 


t  r.  s  c  r  =  m  i .  2  1  a 


the  division  in*o  the  product  of  nuitbers,  namely: 

A  A  .  A 

w  pt\ 

whera  mi  and  mz  *  integers. 


Lat  us  ccnsidar  r.ow  the  division  of  number  A  into  uhe  arbifr 
divider/denc  mir.ator  B.  Here  it  wculi  be  possible  to  construct 
process,  in  the  accuracy  reproducing  ordinary  algorithm  of  posi*i 
division,  realized  by  consecutive  subtractions  and  shifts/s  he  arc. 
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However,  it  is  considered  by  advisable  to  construct  division  in  such 
a  way  chat  ir.  it  is  possible  the  larger  measure  to  use  a  specific 
character  or  operations  in  the  residual  classes.  In  tais  plar./L  a  yn  J" 
as  ere  'lem^ntary  op°raticn  ct  division  it  is  possible  to  take  the 
division  or.  any  of  the  tases/tases  whose  execution  was  already 
described  above. 

Let  us  consider  the  following  process.  l_et  or.e  of  the  basis  of 
system  o t  =2 .  Let  us  take  2  as  the  elementary  divisor. 

The  1st  stag8':  is  di  video  =  to  2.  He  obtain  9,,  divide  9,  by  2, 
obtain  9*  and  sc  k  of  tries  where  Bk  =  !• 

Ir.  parallel  with  this  we  divide  A:Z-,  obtarn  A,,  iivii-  A,:  2, 
obtain  A?  and  so  to  -1*  Nuiiber  4*  is  the  first  intermediate 
quotient. 

T h*»  2nd  stag":  is  computed  1st  discrepancy  g  —  BAk  C‘ 

Tr. c  led  stag?: 


it  is  computed 
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"The  4th  stag?:  is  computed  2nd  discrepancy  C'l) B  = 

Th?s=  stag  as  are  repeated  tc  those  por as,  thus  far  discrepancy 
is  reduced  to  zero.  Then  the  quotient 

c=4='4*-aii+...+ci/\ 

where 

Ci,+I)  =  0. 

Observation,  wherever  is  examined  division  into  2  it  is  intends 
either  «■  xact  quotient,  when  dividend  is  multiple  2  or  is  near  snalle 
to  if. 

This  algorithm  of  division  car.  be  differently  modified  for  in-* 
purpose  of  the  acceleration  cr  its  convergence.  However,  we  will  not 
step  during  these  modifications,  tut  let  us  consider  the  development 
of  this  algorithm  with  the  use/applicaticn  of  several  Dases/las ;s. 
The  fact  is  that  the  use  cnly  of  a  one  oasis/fcase,  equal  to  2, 
requires  a  comparatively  large  number  of  divisions  within  the  stag? 
until  the  divided  divid er /denominator  becomes  equal  to  unity. 
Therefore  it  is  expedient  to  use  several  bases/bases  in  order,  on  or. 
hand,  to  decrease  the  capacity  cf  operations  within  the  stage,  anc  c 
th-e  cth»r  hand  -  to  reduce  the  number  of  stages. 
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Let  as  select  three  tases/tases  Pi  =  2,  ?2=3,  p3  =  5.  As  it  is 
above,  by  the-  elem^nt/cel 1 ,  which  are  determining  character  ani 
capacity  of  operations,  is  divider/denominator  'B  =  (0,,  p2.  ■  •  .  P„).. 

Pago  152. 


The  content  of  stages  in  this  case  is  such: 


4he  1st  stage.  Ar®  computed  th=  quotients 


Bk 


Bk-i  _  j 


where  Pit,  Pit.  ■  ■  pt<  ~  any  of  the  bases/bases  2,  3,  5. 


The  selection  of  basis/base,  into  which  it  is  necsssarv  to 
perform  division  in  each  case,  is  determined  as  fellows: 


a)  if  p3=0,  1  or  4,  then  division  is  performed  on  p3  =  5,  moreover 
with  03=1  divider/dencminatcr  B  is  reduced  by  1,  and  with  03  =  u 
iivider/denomin ator  B  increases  by  1.  3ut  if  03  =  2  or  3,  then  it  is 
examin'd  digit  on  basis/base  p2  ; 


b)  If  02=O,  then  division  it  is  performed  on  p2=3,  if  02  =  1  or  2 
and  3j=1,  then  also  is  performed  division  into  p2=3,  moreover  with 
02=1  di vi der/denominat or  is  reduced  by  1,  and  with  32 =2 


divider/dcncmir.ator  increases  by  1.  with  a2  =  1  or  2,  and  £j  =  0  th : 
division  is  produced  cn  pt  =  2. 

In  parallel  with  this  is  produced  division  A  into  the  same 
quotients  into  which  was  divided  B,  norsovar  rounding  to  th«  multi 
must  b=  produced  in  the  same  directions  (i.e.  by  suotractior.  or  bv 
addition)  ,  that  also  during  the  division  of  divider/danomir.ator .  I 
this  way  is  obtained  first  intermediate  quotient  Ak.. 

Tne  2nd  stage.  Is  ccmnutea  first  discrepancy  ca>  =  A  ~BAk 

The  3rd  stage.  Is  performed,  as  the  first  stage,  but  with 
dividend  C*’. 

In  this  case,  if  has  the  capability  to  memorize  appropriate 
di vidors/denominators  Pu>  Pi»<  ■  ■  plk  and  the  character  cf  the  rcur.di 
carried  out  for  obtaining  the  multiple  during  the  division  into  th 
di viders/denominators,  then  there  is  no  necessity  to  repeatedly 
produce  division  of  E  and  content  cf  stage  it  is  reduced  only  to 
division  Ca>,  to  obtaining  CJ*\  C,l> . CJ,1’. 

If  C*1’ =  o,  then  division  cn  this  is  finished,  but  if  CV’  =*=  0,  th 
is  computed  discrepancy  cv  =  C'v  —  SCY*  and  with  it  enter  ar.alcgousl 
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So  jr^  repeated  the  stages  cf  th<*  calculations  cf  intermedia 
quotients  and  discre pancies  up  to  obtaining  of  zero  intermediate 
quotient  C*°  =  0. 


Full/t otal/com plet®  quctirrt 

c=A=s/4ftT.cj,l,-i-c;i,+  ..i+ci1-". 
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Example.  Is  preset  system 
p3  =  5,  o , =  1 1 ,  p  s  = 1 3  f  with  range 

To  divide  number  A=(1,  0, 

1)  • 


with  the  bases/bases:  p,=2,  ?2=3, 

=  4290. 

1,  3,  1)  into  number  B=(0,  1,  3,  <3 


Tn»  1st  stage:  ‘■hey  are  computed: 

3,  =  (0'  ’’ j'-8— =  0,  2,  4,  4,7), 

=  ^ °--5'  8>  =  (0,  0,  2,  I,  12); 

O 


5 

(0,  0,  2,  1,  12) 


Ss  = 


=  (0,  1,  4,  4,  4), 


(0.  1.  4,  4,  4).  (1,  2.  0,  5,  5)  ,,  ,  ,  ,  ,, 

l= - - - -  5  '  ’ 


Parallel  ooerations  with  the  dividend: 


_(l,  0.  I,  3,  I)  (0,  2.  0,  2.  0) 
- 2 - ^ - 2 - - 

.  (0,  1,  0,  I.  0)  „  „ 

Aj  = - - - ;  =  ( 0,  2,  ),  9,  0), 


(0.  1,0,  1,  OK 


DOC 


31023907 


PAGE 


^.juujjuujo.  ,,  9, 

„ 2i|AJ»>  M0.  i.  3.  6.  2). 


First  ir. terrediate  quotient  A,=  (0,  1,  3,  f>,  2). 


*The  2nd  stage:  is  ccirputed  the  first  discrepancy 
C'»  =  (l,  0.  I,  3,  l)-(0,  1,  3.  8,  ]).(0,  1,  3,  6,  2)  =  <l,  2,  2,  10.  12V 
The  3rd  stage:  the  repetition  cf  the  1st  stage  for  c(»J=(lf  2, 


10,  12) 


C{1'  =  (l-~  2n  1°: .  ^  ^  ^  <o.  2.  3.  10.  12). 

q»> , 3 B * gLLP-JiJ) . (o.  2.  i.  9.  8). 

2.  4.  7.  3), 

o  o 

Ci»  =  ^ -  ,0.  0.  1 .  6.  6) . 

O  O 


Second  interm«diate  quotient  c;i,=  <o.  o.  i.  e,  6). 


The  4th  stage:  is  computed  the  second  discrepancy 


C(*>=»(l,  2,  2,  10,  12)  — (0,  I.  3,  8,  l)-(0,  0.  1,  6,  6)  =  (I.  2,  4.  6.  6). 
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The  5th  stage:  the  repetition  cf  the  1st  stage  for  C<*>  =  (|,  2, 4, 6. 
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cp  =  %  icu .  3._5J)  =  (0i  2i  4>  8>  9)i 

=  (0.2M  8.9)  %  (1.0.0.9.10)  ,  ,  f  0>  o,  4,  2), 

0  5 

c,„=(1.0.  0.  4.  2)  =  <1.  2i  0t  5t  5) 
c,t)  ^(1,  2-_0,  5;5)  =  (i.  ,  ,  ,,  i) 


Or.  *  his  the  division  can  be  finished,  since  the  fcllcwj.nj 
discrepancy  compulsorily  will  already  be  zero.  Let  us  compos®  th-* 
quotient 

itrxrn-10'  3- s'  a'(*'  “•  ’• 6- 6>~ 

+  (l.  1,  1.  1.  l)  =  (U  2.  0.  2,  9). 


Let  us  do  seme  observations  tc  the  described  algorithm: 


1.  The  selection  of  tases/fcases  PiV  P<i . for  tne 

concrate/specif ic/actual  system  of  bases/bases  can  be  realized 
differently,  but  it  is  compulsorily  linten  with  the  special 
features/peculiarities  cf  these  bases/bases. 

V 

2.  Set  cf  conditions,  on  which  in  each  individual  case  in  fi 
stage  is  realized  selection  of  concrete/specific/actual  basis/bas 

from  set  Pu,  Pit . fv  can  be  differently  formulated.  In  particula 

can  be  formulated  the  conditions,  which  one  way  or  another  consid 
also  the  digits  of  dividend.  Cf  this  type  the  more  refined  condit 
could  tc  a  considerable  extent  decrees®  a  quantity  of  iterations 
(stages)  and  a  capacity  cf  operations  in  each  stage.  In  this  case 


ir 
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can  seem  that  tne  playing  tne  leading  role  di  vid-sr/dsnomir.atcr  could 
in  different  stages  in  different  wa  ys  determine  set  P***  P**’  •  •  •  •  /***• 

Determination  of  analytically  cf  the  necessary  sat  of  elementary 
divisors,  set  of  conditions  for  their  selection  and  evaluation  of 
convergence  is  difficult  and  hardly  appropriate.  The  basic  method  of 
the  study  of  these  questions  is  the  method  of  statistical  modeling 
with  the  help  of  which  it  is  shewn  that  an  average  number  of 
iterations  which  should  he  led  for  obtaining  the  quotient  in  the 
sufficiently  broad  band  (order  7 0 1 0 ) ,  does  not  exceed  three. 


tffiifi&iH&iSiitiriiiM 
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Chapter  4. 

SELP-CO ERECTING  CODES  IN  THE  SYSTEH  OF  RESIDUAL  CLASSES. 

§4.1.  On  the  coles  with  detection  and  correction  of  errors. 

The  multiple  research,  carried  out  in  the  latter/last  decade, 
convincingly  justified  the  possibility  of  the  construction  of  such 
infocaation-carrying  systems  in  which  due  to  the  special  coding  can 
be  created  the  immunity  against  the  most  diverse  distortions  of 
intelligence  signals.  Completely  clearly  was  formed  the  point  of 
view,  that  the  fight  for  the  high  reliability  of  the  transmission  of 
information,  i.e.,  for  the  authenticity  of  information  retrieval  at 
receiving  end  of  the  transmission  line,  must  be  conducted  not  so  much 
by  the  perfection  of  the  technical  transmission  media  of  the 
information  where  any  possible  increase  in  the  reliability  is 
achieved  by  high  price  and  now  and  then  requires  the  development  of 
complicated  protective  measures,  as  by  use/application  of  such 
methods  of  the  coding  of  information  which  would  be  stable  with 
respect  to  the  possible  random  distortions  of  information, 
understanding  by  this  the  ability  by  corresponding  processing  of  the 
information  accepted  to  exclude  the  introduced  into  it 


I 
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disturbances/parturbations,  to  clean  it  fron  the  errors  and  to 
achieve  complete  agreement  what  was  transmitted  from  the  transmitting 
end  of  the  line. 

Page  156. 


Hhile  the  increase  in  reliability  of  the  transmission  of 
information  by  technical  equipment,  even  if  we  are  not  considered  the 
economic  side  of  a  question,  is  limited  by  the  level  of  the 
development  of  technology  of  communications  and  any  considerable 
achievements  in  this  region  require  the  new  technical  solutions, 
use/application  for  the  same  target  of  special  code  systems  contains 
no  fundamental  limitations.  Boreover,  when  selecting 
adequate/approaching  code,  which  possesses  the  necessary  corrective 
ability,  it  is  possible  to  noticeably  reduce  requirements  for  the 
reliability  of  very  lines  of  transmission  of  information,  to  make 
them  simpler  and  cheaper. 

For  the  computational  means  the  usa/application  of  methods  of 
special  coding  is  dictated  by  most  vital  need  .  indeed  any  computer  is 
itself  the  transmission  system  and  information  processing.  In  the 
computer  occurs  constantly  the  circulation  of  information.  Although 
in  the  machine  there  are  no  long  transmission  lines,  but  along  the 
available  in  it  relatively  short  lines  information  circulates  with 
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the  enormous  velocity  also  in  large  quantities,  if  we  take  some 
arbitrary  unit,  for  example  passage  as  one  bit  of  one  centimeter  of 
path,  then  in  these  arbitrary  units  the  work  of  one  computer  of 
average  efficiency  in  the  fixed/recorded  time  interval  on  the 
transmission  of  information  will  be  commensurated  with  the  work  in 
the  same  interval  of  the  series/row  of  the  large  state  transmission 
lines. 


Therefore  even  from  the  point  of  view  only  of  the  transmission 
of  information  during  the  develcpeent  of  computational  means  appears 
the  important  task  of  guaranteeing  the  authenticity  of  entire 
colossal  information  flow.  But  indeed  in  the  computer,  furthermore, 
it  must  be  provided  even  and  the  authenticity  of  arithmetic  and 
logical  information  processing.  In  practice  without  the 
use/application  of  methods  of  special  coding  the  guarantee  of 
authenticity  in  tha  computer  is  achieved  by  double  error  for  the 
detection  of  correctness  or  inaccuracy  of  the  results  of  the  solution 
of  problems  and  by  triple  error  in  the  case  of  the  discovered 
disagreement  for  the  selection  of  correct  result  according  to 
coinciding  data.  This  way  of  guaranteeing  the  authenticity  reduces 
the  actual  productivity  of  machine  at  least  doubly.  It  is  hence  clear 
that  the  guarantee  of  authenticity  with  any  methods,  different  from 
the  repeated  errors  indicated,  directly  and  is  directly  connected 
with  an  increase  in  the  productivity  of  computers. 
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Por  each  special  code  of  which  it  is  required  so  that  it  would 
possess  the  capability  for  detection  and  correction  of  error,  is 
characteristic  the  presence  of  two  groups  of  digits  -  informational 
and  control  rooa.  Into  informational  group  9nter  the  digits,  which 
compose  the  numerical  value  of  the  coded  quantity,  while  into  the 
control  group  -  digits,  additionally  introduced  for  purposes  of 
detection  and  correction  of  possible  transmitter  distortions.  These 
further  digits  are  surplus  from  the  point  of  view  of  the  numerical 
value  of  quantity  and  lengthen  the  total  length  of  the  code,  that  it 
goes  without  saying  somewhat  reduces  as  the  final  result  the  channel 
capacity  during  sarial  transfer  and  increases  a  quantity  of  channels 
during  the  parallel  transmission.  However,  these  circumstances  must 
be  redeemed  by  those  possibilities  which  obtain  surplus  digits  for 
the  detection  and  corrections  of  errors. 

<s — J 

Let  us  designate  through  Ja#Ka  the  respectively  informational 
and  the  control  room  of  the  part  of  code  A.  control  part  K  is  the 
function  of  the  informational  part:  Ka-FiJa) 

The  form  of  the  function  F  and,  therefore,  the  character  of  the 
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introduced  into  the  code  check  digits  they  are  determined  by  the 
adopted  system  of  coding. 

Lat  in  this  transmission  system  and  information  processing  be  is 
accepted  the  n-bit  binary  positional  representation  of  numerical 
values,  i.e.,  all  operations  are  produced  on  numbers  (being 
distracted  from  tha  scales)  in  the  ranga  10,2").  After  introducing  into 
the  representation  still  a  of  control  binary  digits,  we  will  use  with 
numbers  in  the  range  [0,2"*"*).  However,  this  expansion  of  overall  range 
does  not  in  any  way  increase  the  range  in  which  can  be  represented 
and  be  treated  numerical  data,  since  tha  introduced  digits  do  not 
carry  informational  functions.  let  entire  code  A  be  written/rocordad 
by  the  set  of  binary  digits  e, 

Here 

3  A  —  ®2t  •  *  •  *  ®n}  t  Ka  ”  .  En~ni}  ■ 

The  basic  special  feature/peculiarity  of  all  known  up  to  now  special 
positional  codes  is  the  disparity  of  informational  and  control  room 
of  the  parts  of  tha  code  relative  to  arithmetic  operations. 

Page  158. 

Lat  J A<  KAj{Ja,KB  be  informational  and  with  respect  the  control 


parts  of  the  codes  of  numbers  A  and  B,  and  let  on  JaAJb 


be 
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performed  certain  arithmetic  operation  / A.  JB)-  3oth  parts  of  the  coda 
would  be  equal,  if  operation  f  was  accomplished  above  the 

f ull/total/coaplata  code,  i.e.,  would  be  coaputed  value 

C  =  f(A,B),  (4.1) 

moreover  jr  -  nj ...  jb). 

Then,  after  computing  Kl  —  F  <JC)  and  after  comparing  it  with  Kc  —  by 
actual  control  part  of  code  C,  it  is  possible  to  control  the 
correctness  of  the  execution  of  operation  f.  Even  more  the 
equitableness  of  both  parts  of  the  code  would  be  expressed,  if 

besides  (4,1)  had  place  also  equality 

Kc~f(KA,  Kb). 

Meanwhile  in  tha  known  positional  codes  operation  f  is  produced  not 
above  the  f ull/total/coaplete  cede  of  numbers  A  and  B,  but  above 
JaAOb’  is  obtained  Cl  —f  (J A,  JB),  while  Kc  is  computed  as  F(C‘),  after 
which  is  coaprised  the  fu  11/tot al/coaplete  code  C,  for  which  Jc  =  Cl. 
Here  KAj^Kb  in  the  arithmetic  operation  do  not  participate,  that 
it  gives  no  possibility  on  the  control  parts  of  the  components  of 
arithmatic  operation  to  compose  the  control  part  of  the  result,  i.e., 
is  excluded  the  possibility  of  the  check  of  the  correctness  of  the 
execution  of  arithmetic  operations. 

Specifically,  this  property  of  the  special  positional  codas 
(their  nonarithmeticity)  impedes  their  use/application  in  the 
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computers,  since  the  introduced  check  bits  do  not  make  it  possible  to 
aonitor  the  result  of  arithaetic  operation,  while  this  check  for  the 
coaputar  not  is  less  iaportant  than  the  control  of  the  transaission 
of  information. 

At  present  in  connection  with  the  development  of  aachine 
arithaetic  in  the  systen  of  residaal  classes  arose  the  possibility  of 
the  construction  of  the  nonpositicnal  codes,  which  discover  and  which 
correct  errors,  and  at  the  saae  tine  of  the  completely  arithaetic 
codes  where  informational  and  control  room  of  part  is  completely 
equal  relative  to  any  operation. 

Page  159, 

Lat  us  consider  systen  with  bases/bases  p(,  p2,  ...  pn  and  range 
J*  ^  P;  pz  .  p,  Subsequently  rang**  &  we  will  call  the  operating  range 
of  systea.  Let  us  introduce  basis/base  /V i  mutually  simple  with  any 
of  the  bases/bases  accepted  we  will  represent  numbers  in  the  systea 
froa  n+l  bases/bases.  This  aeans  that  we  will  transait  numbers  and 
perform  the  operations  on  the  numbers,  which  lie  in  the  range  10.  J-), 
in  the  broader  band  [0,  P  ],  where  P  —  &pn^i- 

Subsequently  range  p  we  will  call  the  fu  11/tot al/complete  range 


of  systea  with  one  control  basis/base 
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Since  we  agraad,  that  all  numbers,  with  which  it  uses  computer, 
they  must  lie/rest  in  the  range  [0,  &■),  then  it  is  obvious  that  if  as  a 
result  of  any  operation  or  during  the  transmission  of  a  number  it 
turned  out  that  is  obtained  number  \ ,  larger  then,  this  means, 
while  the  carrying  out  of  operation  it  was  peraitted  error. 

He  will  subsequently  of  the  number  smaller  than  call  correct, 
and  large  &  —  incorrect. 


Theorem  4.1.  Let  bases/bases  pt,  p2 ,  ...,  Pn,  pn.,  the  systems  of 

residual  classas  satisfy  the  condition 

Pi<Pn*i, 
i  —  1 ,  2,  . . . ,  n, 

and  let  A=(  at,  a2,  ...,  aii  •  •  *i  an*  an+1)  —  correct  number. 


Then  number  A  =  (a„  aj,  . . . ,  a(  a( . a*.  a,*.,),  where  i=1,  2,  n,  n»l 

is  incorrect. 


the  definition 

Proof.  The  correctness  of  number  k  regarding/neans  that 


however,  since 


Pn*  | 


P  _  P 


Pi  Pn* i 

t  =  1.2 . n  -  1 , 


.... 


•sw 
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&  _{  f  t  ^La_  v" 

18  of  old 


A<i-. 

Pi 


As  sooa  as  a,  =?=<*(,  nuaber  A  cannot  be  located  in  interval  £o, 


but  then  has  the  place 


*>$■ 


A> 


Pn-r  l 


i.e.  A  is  an  incorrect  nuaber. 


Page  160. 


Thus  estabLishad/installed  the  very  iaportant  fact,  which  is 
detecaining  the  possibility  of  the  construction  of  the  discovering 
and  corrective  codes  in  the  system  of  residual  classes,  namely:  any 
distortion  of  dLgit  of  any  one  digit  converts  this  number  into  the 
incorrect  and  thereby  it  permits  tc  discover  the  presence  of 
distortion,  dorsovar,  there  is  only  a  only  one  value  of  this  digit, 
which  can  convert  an  incorrect  number  into  the  correct. 

As  we  see,  thaorem  is  proved  on  tha  assumption  that  the 
additionally  introduced  basis/base  is  greater  than  any  of  the  basis 
of  system.  This  determines  the  rule  of  the  selection  of  control 
basis/base  Pr»+i  —  it  must  be  large  of  any  basis  of  system. 


It  is  necessary  to  note  that  by  the  same  path  can  be  proved 
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somewhat  more  strong  fact,  among  the  foundations  for  eating  such 
small  bases/basas  Pj,,  Pjt,  .  .  pjk,  that 

k  _ 

n  pit =p<  p*h- 

<=t  1 

Then  any  distortions  in  the  digits  on  several  ones  or  aven  on  all 
thesa  bases/basas  convert  a  correct  number  into  the  incorrect,  and 
therefore  in  all  these  cases  the  presence  of  distortions  can  be 
established/installed . 

For  tha  proof  it  is  possible  to  consider  the  product  of  these 
bases/bases  P  as  ona  basis/base,  and  since  is  observed  condition 
P  <  pn+i,  then  there  will  be  correctly  and  the  assertion  of  lattar/last 
theorem.  Any  distortion  of  digit  cn  basis/base  F  can  affect  digits  on 
several  ones  or  avan  on  all  entering  p  bases/bases.  Thus,  in  order  to 
discover  presence  or  absence  cf  the  error  in  number  A,  it  is 
necessary  to  compare  it  with  range  S.  In  this  case,  if  it  proved  to 
be  A>S,  occurred  the  error  at  least  in  one  digit.  But  if  A  <  S. 
then  either  there  is  no  error  or  it  carries  more  complicated 
character. 

Page  161. 

Lat  us  considar  some  examples.  Let  us  select  the  system  of 
bases/bases  pt=2,  p2=3,  p3=5,  p4=7,  for  which  the  ranga  of  correct 
values  (operating  range)  3°  =  2*  3» 5«  7=21 0.  Let  us  introduce  the  control 
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basis/base  p5=11.  Than  f ull/total/ccmplete  ranga  is  defined  as: 
p=210«1 1=2310. 


Lat  us  computa  the  orthogonal  bases  of  the  system: 

Bt  --(I,  0,  0,  0,  0)  —  1155;  b2  =  (0,  1.  0.  9.  0)  ^  1540: 

8,  -(0.  0.  1, 0.  0}  - 1366;  -(0,  0,  u.  i.  O)  =  3o0: 
fi5  =  ( 0.  0.  0.  0,  1 )  =  210. 

Example.  Is  transmitted  number  A= ( 1 ,  2,  2 ,  3,  6)=17.  Instead  of 
it  proved  to  be  taken  number  ^  =  {1,  2,  2,  5,  6).  Por  the  detection  of 
error  we  compute  value  a 

3- M 155  -  2. 1540  -  2- 1366-  5-330  -6-21'J- 
•=9917-9240  =  677  >210. 

Since  is  accepted  number  T  of  more  than  210,  it  is  incorrect.  Thereby 
is  discovered  the  presence  of  error  during  the  transmission  of  a 
number. 

Example.  Is  transmitted  the  same  number  17.  It  is  accepted  a  =(  1, 

2,  2,  3,  0)  -  is  distorted  digit  on  the  control  basis/base.  We 
compute  value  a-. 

T=  1  ■  1 155-1-2- 1540  -f-2- 1386  -  3-330  4-  0-210- r2310  = 

=  7997  -  6930  =  1 067  >  2 1 0 . 

Thus  r>210,  which  indicates  the  presence  of  error. 

Example.  Instead  of  number  A=17,  is  accepted  number  A=(0,  2,  3, 

3,  6)  .  Here  to  distortion  underwent  digits  on  bases/bases  2  and  5. 
Since  1T=2*5=  10<ps,  this  distortion  must  be  discovered. 
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A  ct  ua  11  y  /rea  lly : 

^■=0- U55--2- 1540-1-3- 1386 -f- 3  -  330  —  6  •  21 0  —  r2310  = 

=  9488  —  9240  =  248  >210. 

Thus,  a  —  incorract  naabcr. 

Let  us  giva  now  the  example  when  on  the  bases/bases  whose 
product  exceeds  11,  can  occur  the  undetactable  distortions. 

Example.  Instead  of  number  A=17  it  is  accepted  T=  ( 1 ,  2,  2,  0, 

0)  . 

A  =  1- 1155  -^-2- 1540  -  2- 1386  -  0-330-0. 210-r2310  = 

=  7007  —  6930  =  77  <  210, 

Thus,  A  was  obtained  as  a  correct  number.  The  fact  of  distortion  in 
two  digits  was  not  discovered. 

§4.2.  Corrective  properties  of  the  special  codes. 

For  the  research  of  the  corrective  possibilities  of  the  code 
examined  important  value  has  the  following  theorem. 

Page  162. 

Theorem  4.2.  Let  bases/bases  Pi,  p2 ,  ...,  pn,  pn  + 1  the  systems  of 
residual  classes  satisfy  the  condition 

Pi  Pn*u 

1  =  1,2 . n. 

and  let  A=(  at,  a2,  ...,  a,,  .  .  a„,  <*„+,)—  correct  number.  Then  value  A 
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is  oot  changed,  if  we  will  represent  it  in  the  system  of  bases/bases 
from  which  is  withdrawn  basis/base  A  (i.e.  if  we  in  representation  A 
delete  digit  a,). 

Proof.  Inequality  A<~-  to  the  absolute  inequality 

A<P\P'- . A-iA*i . Pn+i» 

and,  therefore,  number  A  can  be  in  a  only  manner  represented  by  its 
reaainders/resilues  on  these  bases/bases,  that  also  is  claimed  in  the 
theorem. 

Determination.  Let  us  name  number  At,  obtained  from  A  by  the 
crossing  out  of  digit  a,,  the  projection  of  number  A  on  basis/base  a. 

Determination.  The  system  of  bases/bases  pt,  p2,  ...,  pn.  Pn  + 1. 

that  satisfies  the  condition 

Pi<Pl<  •  •  ■  <  Pn<Pn 4i. 

we  will  call  the  regulated  system  of  ba3es/bases.  Let  us  formulate 
the  following  theorem. 

Theorem  4.3.  If  in  the  regulated  system  of  bases/bases  is  preset 

the  correct  number  A*(«t*  <x2,  ...,  A . A.,  0,,+,).  then  the  projections 

of  this  number  in  all  bases/bases  coincide,  i.e.. 


Proof.  For  a  correct  number  under  the  condition  the  theorems 
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take  the  place  of  the  inequality 

a  <  —  <~r<  ■  ■  ■  <-7-  <  ■•  ■  <-r ' 

Pi 1  +  1  Pn  Pi  P\ 

and  in  accordance  with  the  previous  theorem  value  A  will  preserve  its 
projection  on  each  of  the  bases/bases. 


Theorem  4.4  (reverse).  If  in  regulated  system  of  the  basis  of 

the  projection  of  number  A={at,  «2,  ....  a* . a„,  anJ-i)  in  all  bases 

coincide,  then  number  A  is  correct. 


Page  163. 

Proof.  Let  us  lead  proof  by  contradiction.  Let  A  an  incorrect 
number  and  in  it  be  inaccurate  digit  a,.  Let  us  replace  it  by  correct 
5,.  Me  will  obtain  the  number 

!=(<*„  . i,-.  .  . otn.,). 

which,  by  hypothesis,  is  correct,  consequently,  its  projections  are 
equal  to  each  other 

At  —  A2  =  •  •  ■  =  At  ~  .  .  .  =  An  +  t- 

But  in  view  of  the  fact  that  A,  identically  coincides  with  1  as 

those  composed  of  one  and  the  same  digits,  then  must  be 

■4)  —  A  —  =  .  .  .  —  .4„+l=  /lri  +  1' 

which  is  impossible,  since  projections  Aj  with  j/i  differ  from  Aj  in 
terms  of  digit  in  basis/base  p,  and  therefore  At  cannot  coincide  with 
Aj.  Thus,  is  rejacted  assumption  about  the  inaccuracy  of  number  A. 
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In  a  number  of  cases  in  the  values  of  projections  it  is  possible 
to  draw  conclusions  about  the  correctness  of  single  digits.  Thus*  for 
instance*  occurs  the  following  theorea. 


Thsoree  4.5.  if  in  the  regulated  syst3a  of  bases/bases 

projection  At  of  number  A=(at*  ...»  a, . a*,  a„ on  basis/base 

Pi  satisfy  the  condition 


A 


i> 


Pn*  i 


(4.2) 


then  digit  a,  is  correct,  if  is  possible  only  single  (in  the  digit  of 
any  one  basis/base)  error. 


Proof.  L9t  us  assuae  that  digit  a,  is  erroneous,  since  the  error 
can  be  only  one,  remaining  digits  correct.  Consequently,  projection 
<4,  as  coaposed  o f  the  correct  digits  aust  be  a  correct  nuaber,  and 
this  contradicts  theorea  condition.  Thereby  is  proved  the 
groundlessness  of  assumption  about  the  inaccuracy  of  digit  a,. 


Corollary.  If  (4.2)  occurs  for  all  i=l,  2,  ...,  n,  then  is 
erroneous  digit  «i'+i- 


Proof.  Let  us  first  of  all  note  that  projection  AnJ.i  is  always  a 
correct  nuaber  and,  therefore,  for  it  (4.2)  cannot  have  the  places. 
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Onder  conditions  of  corollary  is  set  consecutivaly/serially  tha 
correctness  of  digits  at,  a2,  . ..,  ou,,  and  since  the  error 
nevertheless  is,  it  unavoidably  is  contained  in  digit  an-i 
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Somewhat  another  character  carries  the  following  theorea,  which 
makes  it  possible  to  range  of  the  cases  tha  correctness  of  one  or  the 
other  group  of  digits. 

Theorea  4.6.  Let  in  the  regulated  system  of  bases/bases  the 
nuaber 

A  =  (a j.  a: . a„,  a„+t) 

p  p 

satisfy  the  condition 

then  digits  <xt,  <xt,  ...»  on  bases/bases  Pi,  p2,  . ..,  P:  correct, 
if  is  possible  only  isolated  error. 


Proof.  Let  us  first  of  all  set  the  correctness  of  digit  a,  under 

a, 

theorea  conditions.  Let  us  assuae  that- is  incorrect,  and  correct  is 


digit  c tj.  Let  us  designate  correct  nuaber  through  A.  Then  it  is 


possible  to  writa,  on  the  basis  of  the  disintegration  of  numbers  A 
and  T  in  ter as  of  the  orthogonal  bases,  that 

A  =  A  +  (Xj  —  a!)  Bj  =  —  . 
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A  eaxiaally  possible  value  for  value  (a,— cc ,)m}—  (throwing/re  jecting 

-l  Pj 

the  wholes  P)  exists  ~^~p' 

A<ir+PjT-p  =  p-  (4-3) 

pj  Pi 

/v  p 

Nuaber  A  could  be  correct,  i.e. ,  smaller  than  - — .  only  In  such  a 
case,  when  froa  the  introduction  of  correction  in  the  fora  of 
addition  (a,—  rtj)Bj  it  exceeded  P.  Meanwhile  inequality  (4.3)  shows 
that  by  any  possible  correction  of  digit  sc;  this  cannot  be  achieved. 
Therefore,  digit  n,  correct.  Hence  automatically  follows  the 
correctness  of  all  digits  in  bases/bases  less  pj.  since  inequality 

p 

A<  —  indicates  the  inequalities 

A  <  -p—  C 

Pj-:  Pj-2  Pi 

but  froe  each  of  these  inequalities  individually  follows  the 
correctness  of  the  corresponding  digit. 
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obvious  corollary  of  this  is  the  fact  that  with  j=n  erroneous  is 


digit  a„ 


Let  us  giva  soee  illustrating  established  facts  examples  in  the 
systee  of  the  bases/bases:  pt=2,  p*=3,  ps=5,  p*=7,  ps=11. 


Example.  Is  transaitted  nuaber  A=  ( 1 ,  2,  2,  3,  6)  =17,  it  is 
accepted  X=(1,  2,  2,  3,  7).  For  the  detection  of  error  let  us  coapute 
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value  A: 

?  =  1-  1155-f  2- 1540-2- 1386  -  3-330  --7-2I0— r23!0  = 

=  9467  -  9240  -  227. 

Inequality  227>210  it  establishes  that  T  is  incorrect. 

p 

Lat  us  coapute  — 

pj 

p  p  p  p 

—  -  1155,  —  =  770,  — —  =  462.  —  .-330. 

Pi  Pi  p  3  p  i 

Coeparing  these  values  with  X,  we  obtain,  that  X<P/p4#  therefore, 
erroneous  is  digit  7  on  basis/base  11. 

Bxaaple.  Instead  of  nuaber  &=(1,  2,  2,  3,  6)  it  is  accepted 
T=(1,  2,  2,  3,  4).  He  coapute  value  A 

M  =  1-1155  —  2- 1540  —  2*  1386  —  3-330  — 4-210  — r2310  - 
=  8837  —  6930=  1907. 

Hill  coapute  the  projections  of  nuaber  ?. 

Projection  on  the  first  basis/base  Tt=(2,  2,  3,  4). 
Orthogonal  bases  in  this  case  have  the  following  values: 

B[l'  =  3S 5,  B’,1’ =  231,  Si"  =  330.  S',1’ =  210. 

P,=3-5-7-ll  =  1155; 

Af  =  2-385  —  2-231  —3-330  —  4-210  —  r  1 1 55  —  752  >210. 

Projection  on  the  second  basis/basa  A2=(1,  2,  3,  4). 

In  this  case  orthogonal  bases  are  equal  to: 

Bi”  =  385,  8*’  =  616.  S',*’ =  330.  Si”  =  210. 

P,  =2-5-7-11  =7~0 

.J.  =  l-385  ■  2-616  -3-330 --J-210 -<-770  -=367  >21- 


DOC  =  81023908  PAGE 

Projection  on  the  third  basis/base  A3=(1,  2,  3,  4). 


Orthogonal  bases  have  the  following  values: 

B',"  =231.  Bi*’  —  154.  BV»  =  3.30.  8'-?'  =210. 

P3  =  2-3-711  =  462. 

A3=  1-231  -r2- 154-3- 330  -4-210-r462  =  59  <  210. 
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Projection  on  the  fourth  basis/base  A*=(1,  2,  2,  4). 


Orthogonal  bases  for  these  bases/bases  are  such: 

B\4,=rl65.  fl<*>  =  220,  Si4’  =  66,  B',*>^210. 

P4  =  2-3  3  1 1  ■=  330. 

/T4  =  M65  -  2-220-i-2-66-r4-210  — r330  =  257  >210. 

Projection  on  the  control  basis/base  T5=  (lr  2,  2,  3). 


He  coepute  the  orthogonal  bases: 

fl'i*’  =  105,  Bi*>=  70,  Bjs!  =  126.  B;‘>  =  120. 

P,=  2-3-5- 7  =  210. 

Ij  =  1-105 -j- 2'70  +  2-126  +  3-120-r210=  17 <  210. 

Thus,  among  five  projections  of  the  number  ~AV\  and  T* 
accepted  they  exceed  210,  and  T3  and  Ts  is  less  than  210. 
Consequently,  digits  on  bases/bases  pt=2,  p2  =  3,  p*-7  are  correct. 
Erroneous  can  be  digit  on  basis/base  p3=5,  or  on  basis/base  p5=ll. 


The  given  above  theorems  made  it  possible  under  the  appropriate 
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conditions  to  sat,  which  of  the  digits  was  erroneous.  Then  the 
correction  of  erroneoas  digit  is  realized  very  simply.  Let  in  the 
nuiber  A  accepted  be  erroneoas  digit  a,.  Designating  the  correct  digit 
through  a,,  let  us  write  the  inequality 

A  =  A~(rti  —at)  Bt—kP  . 

'  Pn±  \ 


whence 


or 


at  <af  -f 


Pi  (1  -i-kpn+t) 

Pn+imi 


A_ 

Bt 


Pl  (1  +  tPn.t) 


(4.4) 


According  to  formula  (4.4)  it  is  possible  to  compute  the  correct 
value  of  digit  on  basis/base  p„  as  soon  as  established/installed, 
that  the  error  occurs  precisely  in  this  digit. 


Let  us  use  this  formal  i  for  the  correction  of  erroneous  digit  in 
examples  examined  above,  let  us  find  correct  digit.  In  the  first 
example  is  accepted  number  T=(1,  2,  2,  3,  7)  with  the  error  on  the 
control  basis/base.  Let  us  determine  true  value  of  <x9 

.  f  11  (1-4-11)  227-1  „ 

*’=7-L — n - Tio  J  =6- 

In  the  second  example  let  us  find  the  true  value  of  erroneous  digit 
from  the  control  basis/base 

.  ,  r  11(1  —  11)  19071  , 

— n - ^oJ=6- 
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§4.3.  Codes  with  two  control  bases/bases 
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We  saw  that  the  introduction  only  one  control  basis/base  does 
not  make  it  possible  to  in  general  localize  erroneous  digit.  Let  us 
consider  now,  what  discovering  and  corrective  possibilities  possess 
the  codes  in  the  presence  o£  two  control  bases/bases. 


Thus,  in  addition  to  system  examined  earlier  of  the  bases/bases 

Pi'  Pi<  ■  ■  ■  •  Pn .  P’iti 

we  supplement  basis/base  p„*2>  p*-i  and  we  will  represent  the  numbers, 
which  lie  at  operating  range  io.  -/).  at  the  system,  which  has  range  [0, 


P)  ,  where 


P  —  Pn+iPn-riiP  ■ 


Subsequently  range  P  we  will  call  the  f ull/total/co»plete  range 
of  system  with  two  control  bases/bases.  Correct  we  will  consider,  as 
earlier,  the  numbers,  which  lie  in  the  range  [0,  fr). 


Theorem  4.7.  If  is  preset  the  system  of  bases/bases  pt,  p2,  . 

Pn,  Pn+i,  Pn+i  and  if  ?  from  these  bases/bases 

Pin  Piv  •  •  •<  Pi0  (4-3) 

are  such,  that  is  satisfied  the  condition 

0  _  _ 

I]  P)h  ~  Pl  <~  Pn+\Pn*i  =  Pn+i . 

ft- 1  * 

the  number  T',  in  which  are  erroneous  the  digits  on  all 
bases/bases  (4.5)  or  on  the  part  of  them,  it  is  incorrect. 
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Proof.  If  we  consider  Pi  as  one  basis  of  systea,  and  pn_,  as  one 
control  basis/base,  then  is  observed  condition  and  nuaber,  in 

which  is  erroneous  the  digit  cn  basis/base  p.,  it  is  incorrect. 
However,  the  error  in  the  digit  on  basis/base  Pi  can  affect  digits  on 

all  bases/bases  Pn<  Ph . P;„  cr  on  the  part  of  thea.  By  this  theorea 

is  proved. 
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Since  each  of  the  control  fcases/bases  is  chosen  large  any  of  the 
working  bases/bases,  then,  whatever  two  of  the  basis  of  systea  P-  and 
P>'  including  control  rooms,  will  always  take  the  place 

PiPj<Pn+\Pn *2-  (4-6) 

for  any  i,  j  =  1,  2,  ...,  n,  n*1,  n>2. 

Consequently,  a  nuaber  with  the  doable  error,  i.e.,  by  the  error 
in  the  digits  of  any  two  bases/bases,  will  be  always  incorrect  and 
thereby  the  preseace  of  error  it  can  be  established/installed. 

Let  us  consider  the  exaaples,  which  illustrate  the  detection  of 
the  arror  in  tha  systea  with  two  control  bases/bases.  Let  us  take  the 
systea  of  bases/bases  p,=  2,  p 3,  p3=5,  p4  =  7,  ps=11,  p*  =  13. 


•J 
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Bases/bases  p5  and  p6  we  will  consider  control  rooms.  The  operating 
range  of  system  will  be  defined  as  ^~2«3  »5«7=  210,  and 
f ull/total/complete  range  as  P=  2*  3* 5*7*  1  1  •  1  3  =3003  0. 

Let  us  compute  the  orthogonal  bases  of  this  system: 

B,  =  15015,  B2  =  00020.  B,  =  6006,  S4  =  25740, 

B5  =  16380,  B8  =  6930. 

Example.  Is  transmitted  number  A=(1,  2,  2,  3,  6,  4)  =  17.  is 

/“O' 

accepted  instead  of  it  number  A=(1,  0,  3,  5,  6,  U) .  we  compute  value 
A: 

A  =  1-15  015  -  2-20  020  ^3-6006- 5- 25  740  -6- 16  380-4-6930- 
-  rZO  030  =  28?  733  -  270  270  =  1 7  463 . 

Thu3,  A>2 1 0.  Inaccuracy  X  is  discovered,  although  the  error  affected 
digits  of  three  bases/bases:  3,  5,  7. 

Example.  Instead  of  A=17  it  is  accepted  A=(1,  2,  2,  3,  9,  7): 

1=  1- 15  015-r  2-20  020-^2-6006 -*-3-25  740 -f  9- 16  380  -  7-6930- 
-r30  030  =  340  217  —  330  330  =  9887. 

Here  error  affects  both  control  bases/bases,  the  presence  of  error  is 
established/installed  in  view  of  T>210. 

Let  us  now  move  on  for  the  examination  of  the  corrective 
possibilities  of  the  adopted  system. 

Determination.  Let  us  name  number  An.  obtained  from  A  by  the 
omission  of  digits  on  bases/bases  Pi  and  Pi-  by  the  projection  of 
number  A  on  basas/bases  P*-  Pi- 


•SOP 
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Can  be  foraulated  the  following  theorem. 
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Theorem  4.8.  If  in  the  system  of  bases/basas  plr  p*,  ....  pn. 
Pn+u  pn+ 2  two  bases/bases  p,* t  and  Pn-i  are  control  rooms  and  If  the 


nuaber 


A  (^t»  ^2*  •  •  -  i  Gtn*  ^71*2) 


is  correct,  than  all  projections  of  number  A  on  bases/bases  Pi  and 
Pi  are  equal  to  each  other  and  coincide  with  the  value  of  nueber  A, 

i  •  e  •  1  ^  is 

Aij  =  A<? 


(with  i,  j=1,  2,  ...»  n+2,  i/^j)  and  vice  versa,  if  all  projections 
An,  numbers  A  ara  aqual  to  each  other  and  coincide  in  the  value  with 
number  A,  then  nuaber  A  is  correct. 

1 

Proof.  Let  /4<£T‘.  ie  form  projection  on  bases/bases  p,  and  P-'1 
A,].  since 

1  <  p 

then  fipj 

At,  =  A,  =  A, 

however,  since  \  ^  p  -  p  c  p 

Pn-lPn-2  PPj  P,  ' 
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that/4i;  =  .4  for  my  values  of  i  and  j. 

Lat  us  show  now  that  also  vice  versa,  1.  e. ,  if  all  A ,  ace  equal 
to  each  other,  then  A  -  correct  number.  Let  us  first  of  all  show  that 

Aii<  Pn~[Pn~2  ' 

Since  all  projections  Aj  are  equal  to  each  other,  then,  in 
particular,  they  are  equal  to  projection  which  is  less 

— - —  .  Let  us  assume  that  A  -  an  incorrect  number  and  in  it  are 

Prn-iP«f2 

erroneous  digits  «,  and  *'•  Let  us  replace  these  digits  by  correct 
ones  a,  and  a 3.  Let  us  designate  that  corrected  by  digits  g"  and  aj 
number  A  through  A.  Since  A  -  correct  number,  than  all  its 
projections  are  equal  to  A,  including  projection  Atj.  But  ,4 ij  =  Aij  as 
composed  of  one  and  the  same  digits  on  the  corresponding  bases/bases, 
therefore,  has  place  and  equality 

•^p/  =  An  =  A  -  --  Av,.  1-I.7) 

where  p,  i,  j  take  values  of  0,  1,  2,  ...,  n*2,  moreover  pf  j,  i/]. 
Heanwhile  if  we  assume  that  i-  =^a,,  then  .%j  and  ^consist  of 
identical  digits  about  to  all  bases/bases,  except  basis/base  Pi.  digit 
on  which  in  them  different;  therefore  (4.7)  it  is  impossible.  Hence 
assumption  1  is  invalid. 
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Analogously  shows,  on  the  basis  of  equality  Aig  =  AiP,  the 
impossibility  of  assumption  a.j=£a).  Thus,  assuaption  about  inaccuracy  A 
is  refuted,  A  is  a  correct  nuaber. 


Subsequently  wa  will  assume  that  in  the  nuaber  A  accepted  can 
occur  only  isolated  error. 

Theorea  4.9.  if  in  system  p4 ,  p2,  ...»  pn,  P*~\- Pw  with  two 
control  bases/bases  is  preset  incorrect  nuaber 
A~( a o,  a* . *n,  an+l,  an+2),  then  the  necessary  and  sufficient 

condition  of  the  inaccuracy  of  digit  a,  in  T  is  the  correctness  of 

<& 

its  projection  on  basis/base  Pi •  Proof.  Let  in  the  incorrect  number 
A  be  erroneous  iigit  we  substitute  it  by  correct  *i.  As  a  result  of 
replacement  we  obtain  the  correct  number  Aj  whose  all  projections  are 
equal  to  each  othec  and  are  equal  to  A,  i.e.,  they  are  correct.  Among 
other  things  is  correct  pro jection  A,.  However,  since  Aj=Ai,  then  is 
correct;  thereby  is  shown  the  need  for  condition. 


Lat  us  demonstrate  now  sufficiency.  Let  A  -  incorrect  nuaber, 
but  <z.  -  not  erronaous  digit.  Then  erroneous  is  any  another  digit, 
for  example^.  Let  us  note  that  among  all  projections  of  number  A 
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theca  ts  at  least  one,  which  is  an  incorrect  nuaber.  Actually/teally, 
if  all  these  projections  were  correct,  then  it  would  be  possible  to 
write  the  group  of  the  equalities 

^1. s—At. 3=  •  ■  •  =  Au  *+*;  A2, ,  =  A2,  3=  . . .  =  A2,  n+2;  . .  • 

•  ■  • -4 i .  i  ~  /It,  2  =  •  •  •  —  i4i.  n+2;  •  •  ■  •  An+z,  i  = 

”  An~2.  2  —  •  •  •  “  4^*2.  nt-i* 

Since  in  each  group  there  are  the  coinciding  eleaents/cells,  the,#  all 
these  projections,  which  compose  the  full/total/conplete  set  of  the 
projections  of  nuaber  A  on  any  pair  of  bases/bases,  are  equal  to  each 
other.  In  this  case  of  A  oust  be  a  correct  number.  But  according  to 
the  condition  of  present  theorem  in  A  is  an  erroneous  digit, 
therefore,  assumption  about  the  correctness  of  all  projections  A  on 
any  basis/base  invalid  and  aaong  (4.8)  is  at  least  one  Incorrect 
nuaber. 

Page  171. 

Let  this  be  projection  Av.  Re  fora  projection  Api,  in  which  is  contained 
incorrect  digit  a }.  since  At  -  correct  nuaber,  than  its  projection  4„, 
is  also  a  corrart  nuaber.  But 'V  = -4.0.  therefore  .4pi  is  a  correct 
nuaber.  Let  us  replace  into  Ap  incorrect  digit  a,  by  correct  we 
will  obtain  Ap,  which  is  ccrrect,  and  thsrefore  its  projection  .4^,  on 
basis/base  p  is  also  correct.  But  Api  and  Jp,  as  the  differing  only 
in  teras  of  values  digits  in  basis/base  Pj  cannot  siaultaneously  be 
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correct.  Therefore  assumption  about  the  inaccuracy  of  digit  5,  with 
the  correct  At  invalid  and  error  is  contained  in  digit  ol,.  By  this  is 
completed  the  proof  of  theorem. 

Pro*  this  theorem  escape/ensues  the  following  algorithe  of  the 
deter eination  of  erroneous  digit.  Are  computed  the  projections  of 

number  A  from  all  bases/bases 

Alt  A2,  . . A; . An~2.  k 


Among  these  projections  there  is  one  A,< 


Pn-r|Pn+: 


Then  erroneous  is 


digit  5;.  After  is  revealed  erroneous  digit,  its  correction  is 
conducted  through  formula  (9.4). 


Let  us  note  that  the  latter/last  theorem  can  be  used  for  the 
correction  not  only  isolated  error,  but  with  some  conditions  also  of 
double  and  triple  errors. 


Let  us  give  the  example,  which  illustrates  formulated  above 
algorithm  in  the  system  of  the  bases/bases 

p1=2;  P2  =  3;  p3  =  5;  p*  =  7;  p5  =  il;  P*=13. 

Example.  Is  transmitted  number  A=(1,  2,  2,  3,  6,  4)  =17.  Is 
accepted  number  A=(1,  2,  2,  3,  1,  4). 


Be  compute  A 


A~=  1  •  1 5  0 1 5  -  2  •  20  020  -  2  •  6006  -  3  •  25  740  -  1  •  1 6  380  -  4  •  o'). a)  - 
—  <■30  030  =8207  >210. 
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Tha  presence  of  error  is  established/installed. 

Hill  coaputa  the  projections  of  nuaber  A  according  to  each  of 
the  bases/bases. 

On  basis/base  Pi=2. 

For  the  sy3tan  with  the  bases/bases:  p2=3;  p3=5;  p4=7;  p5=11; 
p#*13  let  us  coaputs  orthogonal  bases  Si''  =  5oo5;  flil  =  6006:  57 '  =  10 725; 

fl  j11  =  1365;  B',v  =6930. 
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Page  172. 

Then 

.47  =* (2 .  2,  3,  I.  4)  =  2-5005  -  2-6006  ~3- 10725 --  1-1363  + 

—  +  6930  — /■(  •  15  015  =  8207  >210. 

On  basis/base  P2=3. 

P3 r  the  system  with  the  tases/bases:  Pi  =  2,  ?3=5,  p*  =  7,  ?5=1"1 
p6=  1 3 ,  let  us  compute  the  values  cf  the  orthogonal  bases:  Bi!,  =  5005. 
6006.  B‘/>  =  5720,  fl<J>  =  6370,  BJ”  =  6930. 


Then 

.+.^(1.  2.  3.  1.  4)=  1-5005  -2-6006-L3-5720-1  -63*0- 
—  4-6930  — 10 010  =  8207  >210. 

On  basis/base  p3=5. 


We  obtain  the  system:  Pi=2,  f2=3,  p*=7,  Fs=11»  P*=  1 3  th 

orthogonal  bases:  Bi»>  =  3003,  B?’  =  2002,  Bi»=i7!6.  b;>>  =  4368.  b;»>  =  924. 


Whence 


63-  11,  2  .  3,  1.  4)  =  1  -3003  —  2 -2002  +  3- 1716-1-4368- 
+  4-924  — r3 -6006  =  2201  >210. 


On  basis/base  p*=7. 
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W»  have  system  with  the  bases/cases:  Pi  =  2,  p2=3,  P3  =  ^f  pg=11, 

p6=13  and  by  tha  orthogonal  bases:  fl!4>  =  2i45,  fli4i=286o,  sj‘>  =  trie,  B<*''  =  35io,  Bi'’=2640. 

84  =  (1,  2,  2,  1,  4)=  I -2145  —  2-2860-4-2- 1716 -f-  1  - 3510 -i- 
-1-4  -2640  —  r4-4290  =  3917  >  210. 

On  basis/base  p5=1i. 


We  will  obtain  system  with  bases:  px=2,  p2  =  3»  p3=5,  p*  =  7,  p6=13. 
Orthogonal  bases  of  the  system:  £‘,“  =  1365.  Bis>  =  9io,  B:,5'  =  546.  Bj5’  =  ii70,  Bi“  =  i470. 


Then 


On  base  p6=13. 


-4 5  —  < l .  2,  2.  3,  4) =  1-  1365-f  2-910-2 -546- 3- 1 170- 4- 1470- 
—  rs-2T30==  17<  210. 


System  has  bases/bases:  Fj  =  2,  p2  =  3,  F3=5r  P4=7*  Ps=11  and  -.he 

orthogonal  bases:  Bi“=ll55;  Bi‘>  =  1540;  £?>  =  1366;  8;*'  =  330;  Bp  =210. 


Then 


.4S  —  1 1 ,  2.  2,  3.  1)  =  1  ■  1 155  —  2  - 1540  -  2  - 1386  —  3-330  —  • 
-1-210-^310=1277  >210. 


Thus,  all  projections  of  number  A,  except  A5  are  incorrect. 
Consequently,  is  erroneous  infra  a5  =  1  on  base  p5  =  11. 


Lat  us  lead  now  correcticn  according  to  formula  (4. 4)  for 


DOC 


81 023909 


PAGE 


379 


projection  As: 

as  =  1  -  f  ill1-13)  8207  I 

l  '3  ~iw_r6; 

Correct  digit  on  base  1 1  is  equal  to  ots=6. 


Page  173. 


From  the  character  of  examined  codes  is  visible  their 
f ull/total/completa  arithmetic  nature  -  introduced  additionally  bas 
are  connected  with  the  general/ccmmon/total  system  of  bases/basis  a 
the  codes,  containing  digits  cn  all  both  basic  and  check  bins,  they 
participate  in  any  operation  cf  arithmetic  unit,  processing  of  basi 
and  further  digits  it  is  produced  completely  in  an  identical  way, 
without  any  difference.  This  makes  it  possible  to  consider  that 
processing  the  information,  represented  in  of  tnis  type  the  special 
code,  can  be  conducted  without  the  check  of  each  single  ccd.e,  ar.  d  i 
is  only  step  by  step,  the  value  cf  each  stage  can  be  determined  ir. 
each  individual  case,  either  or.  fcre-and-aft  cycle  of  processing  or 
in  the  conformity  with  probability  of  the  emergence  of  isolated 
error.  The  final  result  cf  each  stage  can  be  subjected  to  check  and 
its  correctness  confirms  the  correctness  of  the  carrying  out  of  all 
operations  of  this  stage. 

In  the  case  of  the  detection  cf  the  error  is  produced  the 
correction  and  corrected  result  participates  in  the  subsequent 
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stages.  Possibility  cf  this  mcde/conditions  of  processing  the 
information  is  equivalent  to  double  error  for  detection  of  error  and 
to  triple  error  for  its  correction. 

It  is  interesting  tc  note  that  the  introduction  only  of  one 
control  basis/base,  proves  tc  he,  make  it  possible  to  discover  not 
only  any  isolated  error  (in  the  digit  on  one  base)  out  also  9co/o  :f 
double  ones  (in  the  digits  of  two  bases/bases). 

§4.4,  Questions  cf  the  control  cf  arithmetic  operations. 

Almost  all  elementary  arithmetic  operations  can  be  considered  as 
two-component.  Let  us  designate  the  i-th  elementary  operation  through 
and  its  components  -  through  At  and  B,  let  us  register  operation 
in  the  form 

£‘=fi(A.;,  b,) 

(in  particular,  can  occur  At  =£,). 

Lat  us  name  circuit  I  the  set  cf  the  operations  above  components 
au  ^2,  ....  am  — 

F  (flj,  ....  flmji 

which  can  be  represented  in  the  form  of  the  superposition  of  such 
two-component  operations  with  the  possible  repetitions  both  cf  very 
a,,  and  int3 rraedia ts  results  of  executing  the  two-component 
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Page  174. 

It  is  assumed  that  in  the  circuit  of  operations  there  are  r.o 
i nterru pt ion s/disco nt in ui ties  ,  understanding  under  this  the  fac* 
that,  with  exception  of  final  result,  there  exists  no  intermediate 
result  which  subsequently  would  net  enter  as  the  component  at  least 
into  one  two-component  operation. 


Thus,  for  instance 

F  U.,  •  •  •  i  4m)  =  d jfl*  -f-  -p  ...  4-  ...  -r  am_(£I,n 

is  circuit  in  that  sense  as  this  was  determined  above. 
Actually/really,  it  is  possible  F  to  register  in  the  form  of  the 
superposition,  of  the  twc-compcrent  operations 

.  f  =  M/'zlMa  i.  °i)<  ft  (ih,  a,)].  /,(«*.  a*)}  ...},  . 

where  fx  -  operation  of  multiplication,  f2  -  addition. 

Logical  to  introduce  into  determination  cf  circuit  stipulation, 
that  precisely  the  result  of  calculation  all  over  circuit  is  the 
final  interesting  us  result,  but  all  ethers,  which  are  formed  in  the 
course  of  calculations,  intermediate  results,  which  do  not  have 
independent  value  and  us  interesting  inasmuch  as  thay  participate  :  r. 


the  formation  of  final  result.  Therefore 


if  in  the  intermediate 
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results  are  contained  the  errors,  which  can  be  corrected  as  a  final 
result,  it  is  possible  tc  he  bounded  to  the  correction  only  of  this 
latter/last  result,  without  being  converted  tc  the  history  of  its 
obtaining  and  without  producing  the  restora ti cn/red action  of  the  tru 
values  of  intermediate  results.  In  ether  words  during  the  work  of 
computer  must  be  provided  obtaining  the  true  value  only  of  the  final 
result  of  calculating  the  circuit. 

Additionally  is  put  forth  the  following  assumption:  in  the 
implementation  of  circuit  can  cccur  the  error  only  in  the  digit  of 
one  basis/base,  i.e.,  length  cf  chain  is  such,  that  with  the  °xistin 
characteristics  of  the  reliability  cf  the  work  of  the  equipment  for 
arithmetic  unit  is  probable  the  presence  of  short  duration  failure  o 
failure  only  on  one  of  the  bases/bases.  With  this  unimportantly, 
whether  occurred  on  this  basis/tase  single  short  duration  failure  or 
occurred  several  failures. 


Under  the  assumptions  presented  the  state  of  the  final  result  c 
circuit  is  characterized  as  fellows. 


Page  175. 


Let  be  implemented  a  certain  circuit  of  rational  operations  whose 


true  result  in  the  case  cf  the  absence  of  the  errors  in  the  course  o 
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calculations  must  be  a  correct  number,  and  let  in  the  process  of 
calculation  occur  ore  or  several  short  duration  failures  on  one  of 
the  basis  of  system.  Then  the  final  result  of  circuit  either 
incorrect  or  true. 

Actually/really,  l<=t  be  is  accepted  the  representat icn 

representation  in  the  systems  of  bases/bases  Pi,  Pz . pn,  p.,_,  an  ;  tr  i 

result  must  be  number  /C  =  (x,,  x; . x . x,lM),  and  is  obtained  number 

A  =  («i.  '*2,  a t.  ^f  short  duration  failure  they  occurred  or. 

base  P, .  then 

ai  =  xl.  a2  =  *I.  •  •  •  ,  «i-t  =  X;.,.  Xj.,  -  Xj*j ,  ....  a.,*,  --  X,., 

Cone?  rning  a,-,  then  the  possible  two  versions 

1)  a i#Xi; 

2)  a,  =  X(. 

Ia  version  1  number  A  is  incorrect  in  version  2  number  A  correc 
and  in  this  cas?  coinciding  with  K,  i.e. ,  A  is  the  true  value  of 
final  result  of  circuit. 

Established  fact,  it  would  seem  very  simple,  it  has,  however, 
important  value  for  organization  cf  control  in  the  computer,  which 
works  in  the  system  of  residual  classes.  It  attests  to  the  fact  that 
in  the  final  result  of  calculating  the  circuit  cannot  penetrate  the 
undetected  error,  since  thiss  cculd  occur  only  when  the  result  of 
calculations  would  be  correct,  but  at  the  same  time  not  truc  number. 
However,  correct  timber  can  be  only  true  result. 
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Thus,  error,  if  it  in  any  stage  of  the  realization  of  circuit 
occurred,  either  will  be  preserved  to  the  end  of  the  calculation  of 
circuit  and  will  show  itself  ty  the  easily  detected  inaccuracy  cf 
final  result  or  in  the  process  cf  further,  after  its  emergence, 
calculations  it  will  se 1 f -ali mr nat °  and  t  h»  r.  is  obtained  necessary 
final  result. 

The  withdrawal  of  error  can  occur  not  only  in  the  case  of  the 
imposition  of  several  short  duration  failures  on  this  basis/bas-,  b 
also  with  the  single  short  duration  failure. 

Page  176. 

Thus,  for  instance,  if  in  any  s  age  of  the  calculation  of  circuit 
already  after  the  emergence  of  short  duration  failure  on  tasis/base 
Pi  intermediate  result  was  multiplied  by  the  ’■umber,  which  has  zero 
digit  on  p],  then,  obviously,  product  will  be  obtained  the  true  numb 
and  the  same  already  it  will  enter  into  ths  subsequent  ca  leu  lat  ior.s 
which  in  the  absence  subsequently  of  short  duration  failures, 
naturally,  will  lead  to  obtaining  cf  true  final  result. 

Until  now,  speaicing  about  the  rational  operations,  bcr=  in  mir. 


F/e  9/2 
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the  operation  of  addition,  suttraction,  multiplication  and  the  cases 
of  the  step-by-step  implemented  division  when  divided  multiply  to 
divider/denominatoc  are  absent  critical  situations  in  the  form  of 
zero  digits  in  the  divider/denosinator. 

Somewhat  apart  among  these  operations  from  the  point  cf  view  of 
control  is  located  strictly  the  operation  of  the  machine  approximate 
division  in  general.  As  we  saw,  in  the  implementation  of  the  various 
kinds  of  the  algorithms,  connected  with  the  division,  the  dominant 
role  plays  the  operation  cf  division  into  the  basis  of  system. 


Let  us  consider  how  is  reflected  in  the  quotient  the  presence  of 
the  error  in  the  dividend  with  the  execution  cf  this  operation. 


Assume  we  should  obtain  quotient  C  =  A  ;  p},  where 
A  =  (alt  a2,  .  .  aj,  .  .  On+fr.  Since  in  the  system  of  residual  classes 
division  must  be  implemented  only  completely,  the  dividend  must  be 
multiple  to  divider/dencminator ,  i.e.,  have  zero  digit  on  base  Pi- 
Therefore,  if  0 ,  then  instead  cf  A  as  the  dividend  is  taken 

A^ta  ~  A  —  ah 


that  being  close  to  A  multiple  Pi  number. 

r_  axm 

Pj  ~  . yj-i,  Y h  . Yn+i). 

where 


Y i+j  = 


+Pi  —  aj 

Pi 


(mod  Pi), 


Then 


I 

1 
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and  Y>  -  the  digit  of  quotient  cn  Pi- is  determined  on  one  of  the 
methods,  presented  in  Chapter  3.  It  is  important  to  note  that  any  of 
these  methods  in  this  or  ether  form  considers  the  values  of  all 
digits  Aaea. 

If  in  the  process  cf  calculation  A  occurred  the  error  and 
instead  of  A  in  the  calculations  figures  number 
4  =  (a,\  a;,  . .  then  as  the  dividend  will  be  accepted  the 

number 

Auea  —  A  —  Ctj 

and  quotient  will  prove  to  be  equal. 

Page  177. 

£=^L=(vl>  ri . Yi . y;+i). 

/v' 

If  in  A  is  an  error  on  one  of  bases/bases  P >.  then  this  error  in 
different  ways  will  be  reflected  in  the  quotient  in  cases  when  i^j 
and  i=j.  Let  us  examine  them. 

Case  1.  Let  i^j.  Occur  the  relationships/ratios 

Vi  ~  Yi;  v*  =  Yj;  •  •  • ;  vi- 1 =-  Y<-«;  y.:-m  -  y.^,;  . . . 

•  •  • .  Y;'-«  ~  Yy-iJ  Y/+i  =  Y/+i>’  •  •  • .’  Yn+(  --  y.i+,. 

Yi^Yf.  Y)#Yy- 

The  here  obtained  quotient,  as  a  rule,  differs  from  true  in  digits 
already  in  two  bases/bases: 
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-  on  base  Pt,  since  in  the  dividend  »a s  erroneous  digit  ai,  what, 
naturally,  involved  inaccuracy  Y<.  and 

-  on  base  Pb  since  in  view  cf  the  presence  of  erroneous  digit 

ai  in  a  there  will  be,  generally  speaJcing,  is  erroneously  determined 
digit  Yi-  Exception/elimiraticc  they  can  compose  such  errors  in  Pi, 
which  do  not  vary  the  digit  of  quctient  on  ps-  This  is  possible  with 
very  special  combinations  of  digits  A  which  are  encountered 
sufficiently  rarely. 

Thus,  the  quotient  V  is  already  containing  errors  on  two  bases, 
what  exceeds  the  scope  of  the  examined/considered  by  us  situation  - 
the  assumption  that  the  error  in  numbers  affects  only  one  basis/basa. 
Furthermore,  quotient  can  prove  tc  be  the  correct  number,  although 
which  differs  in  terms  cf  two  digits  from  true. 

Case  of  2.  Let  isj.  Here  picture  sharply  varies. 

y'x^yt,  y't¥*yi, i-w  Yi+i  =*>>,;  ••• 

%  ’  Y»+l  Y«+l  • 

Por  the  digit  of  guotient  on  tasis/base  •  it  can  be 

y'i^yj 

or 

Yi  —  yj- 
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In  viaw  of  tha  fact  that  due  to  the  inaccuracy  of  digit  oj 
incorrectly  is  formed  Aaea  on  all  digits,  they  prove  to  be  incorrect 

and  all  digits  of  quotient,  with  exception,  perhaps,  only  digit  y;t 

• 

which  during  some  combinations  of  digits  Aatn  can  prove  to  be  that 

» 

coinciding  with  IV-  In  this  case  the  quotient  can  prove  to  be  a 
correct  number. 

Thus,  case  of  2  leads  to  the  guotient  in  which  the  error 
distribution  avan  more  differs  frcm  the  accepted  by  us  assumption 
about  the  inaccuracy  of  digit  only  in  one  basis/base. 

Questions  of  the  developient/detection  of  a  similar  kind  of 
multiple  errors  and  their  correction  require  special  research. 

Certain  assistance  in  the  solution  of  this  question  can  render  the 
following  theorem. 

Theorem  u.io.  If  during  the  division  of  incorrect  number 

into  basis/base  Pj  quotiert  ff—  was  obtained  by  a  correct  number, 

Pj 

then  when  P)<Pn+V  digit  cannot  fce  erroneous. 
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Proof.  Actually/really,  if  occurred  into  A  error  on  base'Pj*  then 


In  this  case  the  quotient 

C  =  ^aaa 
=  Pj 


must  be  an  incorrect  number.  Since  c  according  to  the  condition  of 
theorem  -  correct  number,  proves  tc  be  invalid  the  assumption  about 
inaccuracy  aj. 


From  this  theorem  escape /ensues  preference,  in  the  known  sense, 
small  bases/bases  as  the  dividers/denoainators  during  the 
organization  of  division. 


§4.5.  Alternating  nature  of  correction  with  one  surplus  basis/bas*». 

Generally  speaking  for  the  correction  of  the  error  for  the 
introduction  only  of  one  surplus  tasis/base  it  is  insufficient. 
However,  there  are  cases,  when  in  the  presence  only  of  one  control 
basis/base  nevertheless  it  is  possible  to  unambiguously 
establish/install  erroneous  digit. 


Page  179 
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It  is  earlier,  speaking  about  the  possibility  to  be  bounded  to 
control  and  correction  only  of  the  final  result  of  calculation,  we 
they  had  in  Bind  the  presence  of  that  entire  redundancy  in  the  coda 
representation,  that  was  necessary  for  the  correction 
isolated/insulated  the  undertaken  number. 

Let  us  now  lead  detailed  research  of  the  possibilities  of 
organizing  the  correction  in  the  presence  only  of  one  surplus 
basis/base  in  the  section/cut  of  the  dynanics  of  computational 

process,  i.a.,  by  examining  the  character  of  error  distribution  in 

1  - 

the  results,  consecutively/serially  obtained  in  the  implementation  of 
program . 

Determination.  Let  us  name  this  incorrect  number  A  a  k- 
a lternatively  corrected  (or  simply  k-alternat ive)  number,  if  thsr? 
are  k  of  such  correct  numbers  A,,  At,  .  . Ak,  each  of  which  differs  from 
A  in  terms  of  digit  of  any  one  basis/base,  moreover  these  bases  are 
different  for  different  A9  ,  ~  1.  2,  .  . k). 

The  set  of  bases/bases  (pit  pt2,  ....  pik),  in  which  numbers 

(kj  /v 

At,  Ax,  . . i4»dif f  ar  from  A,  let  us  name  the  alternative  set  of  number  A 
and  we  will  designate 

Let  us  nota  that  basis/base  p*n  always  entars  into  the 


& 

« 


J 
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alter  native  set  of  any  number  A.  Actually/realiy ,  whatever  first  n  of 
the  digits  of  nuaber  A  there  is  always  this  digit  on  basis/base  P»+i, 
that  the  nuaber*  which  has  on  basis/base  P*+ t  digit  l,  lies/rests  in 

the  range  f 0,  — £-,)  being  a  correct  number. 

L  .  p».+i  / 

From  this  circumstance  it  is  possible  to  do,  in  particular,  a 
conclusion  about  the  advisability  of  increase  in  the  implementation 
of  arithmetic  units  by  purely  technical  means  of  the  higher 
reliability  of  operation  precisely  cf  those  diagrams,  which  are 
realized  operations  on  tasis/base  P«+i-  During  this  organization  of 
work  of  the  arithmetic  units  when  the  error  in  basis/base  1  is 
unlikely  and,  therefore,  base  p»+»  can  not  be  built-in  into  the 
alternative  set  frequently  it  can  seem  that  the  alternative  set  will 
consist  of  one  basis/base  and  the  correction  cf  result  will  be 
simplified. 


Alternative  set  f [(A)  of  number  £  can  be 
established/installed  by  testing  each  of  the  bases/bases  p,  (i=1,  2, 
...,  n> 1 )  as  follows. 

Page  180. 

Are  computed  all  possible  values  of  nuaber  Afi,  is  determined  the 


PSP® 
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sequence  of  the  numbers,  which  have  one  and  the  same  digits  on  all 

bases/bases,  as  number  A,  besides  base  Pt»  and  differing  only  in  terms 

of  digits  in  this  base,  i.e. ,  the  number 

Aft  —  (Otj,  •>.,  8p_l,  S,  otp-f  1,  •  •  •  i  8»+.|)i 

S ~0,  1,  sp~ !• 

Among  these  a  number  it  can  net  be  one  correct  number,  or  there 
can  be  only  one  correct  number.  Ir  the  latter  case  Pv  it  enters  into 
the  alternative  set  of  number  A.  After  leading  analogous  testings  for 
each  of  the  basis  of  system,  we  determine  completely  a  (A). 

This  way  of  determining  the  alternative  set  of  a  number  A  is 
sufficiently  labor-consuming  and  subsequently  will  be  given  mere 
efficient  method. 

Let  us  preliminarily  consider  the  example,  which  illustrates  the 
concept  of  alternative  set  in  the  system  with  the  bases/bases 

Pt”2;  P2**3;  pj”5;  7j  Ps  —  1]. 

Example.  To  determine  the  alternative  set  of  the  number 

A=(l,  2,  2,  5,  6) -677  >210. 

It  is  checked  basis/base  pt=2.  He  compute  the  value 
(0,2,2,  5,  6). 

^«”0X  1155+2  x  1540+  2  x  1386+5  X  330  +6  x  210— 

-rA,#.2310- 1832  >210. 

Consequently,  Pi=2  does  not  enter  in  *(.?>. 

Is  checked  basis/base  p2-3.  We  compute  hg0  and  A?1. 


^*8—0.  0,  2,  5,  6) *2217  >210,  <4* -(I,  1,  2,  5,  6) -1447  >210. 
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Basis/base  p2=3  also  dees  not  enter  in 

It  is  checked  basis/tase  p3=5.  He  compute  values  o£  A30#  AJtf 
A 3  3  and  A 3 4 : 

^30  =  0.  2,  0,  5,  6)  =  215  >210,  A„  =  (l,  2,  1,  5,  6)  ==  1601  >210, 

/»33  =  (i,  2,  3,  5,  6)  =2063  >210,  ^3*  =  (1,  2,  4,  5,  6)=1139  >210. 

Basis/base  p3  =  5  does  not  erter  in  a  (A). 


It  is  checked  basis/fcase  p4-7.  Let  us  calculate  values  A40,  A4  t , 

A42#  A43«  A44,  A4ft. 

^M=»(l,  2,  2,  0,  6)=  1337  >210,  Au=(l,  2,  2,  3,  6)=17<210, 

2,  2.  I,  6)  =  1667  >210,  4U«(1,  2,  2,  4,  6)  =  347  >210, 

AtfO*  2,  2,  2,  6>=1997>210,  1,  2,  2,  6,  6)  =  J007  >210. 

Page  181.  ^ 

Base  p4=7  antsrs  in  8m5;  ar.d  if  error  occurred  precisely  cn  base 
p4,  then  the  true  digit  cf  number  A  on  this  foundation  for  eating  3, 


in  accordance  with  that  presented  above  into  alternative  set 

enters  also  basis/base  ps=11.  Thus,  number  a  is  a  two-alternative 

y 

number  and  the  alternative  set  cf  number  A=(1*  2,  2,  5,  6)  is  defined 
as  ®M)«>(7,  ii). 


Let  us  consider  the  theorems,  soaevhat  inswept  the  field  of  the 
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searches  for  the  alternative  set  of  a  number. 

Theorem  4.11.  Let  be  preset  the  regulated  system  of  the 
bases/bases 

Pit  Pz>  •••*  Pit i  Pit+i 

and  let  incorrect  number  A  =  (a[,  av  cc^)  satisfy  inequality 

p  ~  p 

-5— <M<  —  -Then  bases/bases  pu  p2,  ....  pj  3o  not  enter  into  alternative 
set«(/i)  of  number  A. 

This  theorem  although  gives  the  possibility  to  narrow  down  the 
framework  of  tha  search  for  the  alternative  set  of  number  A  upon  the 
satisfaction  to  inequality  A<z-£-,  it  makes  it  possible  to  make  no 

Pi 

conclusions  in  the  case  relative  to  that,  does  enter  Pj  in  jm). 

Pi 

Therefore  let  us  formulate  and  will  demonstrate  fuller/more 
total/more  complete  theorem. 

Theorem  4.12.  Let  be  preset  the  regulated  system  of  th<=> 
bases/bases 

Pit  Pit  •  •  • t  Pm  Pn+i 

and  let  be  is  preset  the  incorrect  number  A  whose  projection  on 
foundation  for  Pi  eating  Then  the  necessary  and  sufficient 
condition  of  entrance  Pi  into  alternative  set  %i{A)  is  the  correctness 
of  projection  At. 
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Proof.  Actually/really,  let  us  suppose  projection  is  a 
correct  number. 

Page  132. 

Since  -i  aong  the  sequence  cf  numbers  0>  ^<.i<  •  •  •»  •<4«,rj-i  is  always 

~  P 

contained  number  A, %%  is  smaller  — ,  this  number  is  equal  to 

*'  pi 

M 

projection.^/,  since  projection  At,  through  supposition,  is  located  i 
the  range  £o,  and  digits  A,  coincide  with  appropriate  digits 
(with  exception,  naturally,  digits  in  base  ptV 

db.1  numbers  of  sequence  differ  from  ^it  tc  different  multiple 
„  mP 

ones  Si=S-,.any  number  of  this  sequence,  in  the  rate  and  J—A\ ,aj.  i 
can  be  registerad  in  the  form 


Here  krrii^lp.  +  K  is  substituted  on  K,  since 

comprises  a  number,  multiple  to  the  range  P  accepted.  It  is  obvious 
K  to  eat  nothing  else  but  integer  part  of  division  of  A  on  ~-and. 


therefore. 


Ati  =  At  =  A-[^ L]l_,  (4.9) 

Thus,  if  correct  number,  then  among  numbers  'Ai0  . . .  Au Pj_,  is 

contained  number  /?({)  which  is  a  correct  number,  i.e. ,  pi  enters  into 


t 

I 


i 

»' 

»’ 

V 

f 

4, 

3 
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the  alternative  set  of  number  A*  By  this  is  established /insta lied  th 
sufficiency  of  condition. 

Lat  us  now  show  its  necessity.  Let  pi  enter  in  2f (A).  Then,  among 

the  sequence  of  numbers  Aia  must  be  contained  correct,  i.e., 

is  smaller  P!pn-n,  a  number.  This  car  be  only  Ati  cPjpi,  since  each  of 

the  remaining  numbers  of  sequence  is  more  than  PiPi  and  is  as  of  old 

* 

more  than  Plpn+ i<  But  Ati~Ai.  Consequently,  .4t  must  be  a  correct  number 

Let  us  use  the  proved  theorem  to  the  solution  of  the  previous 
example. 


Example.  To  determine  the  alternative  set  of  the  incorrect 

r^J 

number  A=(1,  2,  2,  5,  6)=677>21C. 

Page  183. 

Ha  compute  the  projections  of  number  A  according  to  formula 
(<*.9)  : 


i. 

II 

o> 

3 

1 

r  677.2  - 
L  2310  . 

|-^p- =677  >210, 

^2  =  677- 

r  677-3  "I 
L  2310  J 

— j—  —  677  >210, 

43=677  —  j 

-677-5  "I 
L  2310  J 

2?  10 

=  677 -462  =  215  >210, 

0 

/A4  =  677— 

r  677-7  1 
L  2310  J 

|  -2yi  =  677-2 -330  =  17 < 210, 

/Jj  =  677  —  j 

"677- 1 !  "I 
L  2310  J 

2^10 

iii-i  =  677-3-210  =  47  <210. 
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Into  alternative  set  numbers  A  enter  bases  7  and  11 

«d) =(7.  ii). 

it  is  here  expedient  to  again  emphasize  that  when  the  incorrect 
number  A  undergoes  subsequently  tc  different  rational  operations  with 
the  enlistment  of  other  numbers  (predicted  correct  ones),  then  the 
results  of  these  operations  will  fce  either  true  or  incorrect, 
moreover  in  the  latter  case  of  erroneous  there  will  be  digit  on  that 
basis/base,  on  which  there  was  an  error  in  A.  In  other  words  as  a 
result  of  the  fulfillment  of  sequence  of  operations  with  the 

a/ 

participation  of  the  incorrect  nunber  A  the  error  can  either  be 
reduced  or  remain  on  the  spot,  but  by  no  means  it  cannot  move  into 
the  digit  on  one  or  another  basis/base.  However,  as  far  as  aggregate 
of  the  results  is  concerned  alternative  of  operations,  then  it  can 
differ  significantly  from  the  alternative  set  A. 

Let  us  consider  changes  in  the  alternative  aggregates  of  the 
results  of  arithmetic  operations.  In  this  case  we  will  be  guided  by 
the  following  agreement. 

Agreement,  In  the  circuit  cf  the  operations,  implemented  by  cp 
to  real  program,  the  latter  is  constructed  in  such  a  way  that  all 
intermediate  results,  just  as  final  result,  in  the  case  of  the 
absence  of  the  errors  in  the  course  the  implementations  of  program 


are  correct  numbers 
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This  condition  is  completely  logical  for  the  correctly 
constructed  program,  since  preliminary  scaling  must  ensure  the 
nonappearance  of  the  results  of  calculations  beyond  the  limits  of 
operating  range. 


Page  184. 


Determination.  Me  will  call  the  arithmetic  operation  cf  correct, 
if  operands  and  result  cf  operation  are  correct  numbers. 


However,  concerning  our  direct  target  -  carrying  out  of 
correction,  the  for  it  formulated  condition  it  can  make  that  sense, 
that,  after  raking  hypothetically  ary  of  the  alternatives  for  the 
true  and  after  leading  correction  in  the  conformity  with  this 
hypothesis,  we  in  further  course  cf  the  program  must  discover  the 
unsoundness  of  the  incorrect  byFcthesis,  i.e.,  to  obtain  on  some  one 
from  the  subsequent  stages  an  incorrect  number.  It  is  obvious,  in 
this  case  it  is  assumed  that  the  test  of  hypothesis  is  produced 
during  the  period  when  is  excluded  the  possibility  of  the  emergence 
of  new  short  duration  failure. 


Let  us  consider  the  following  theorem  about  the  character  cf  the 


'.■mwmumiuepw  mi*rr***~~ 
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alternative  aggregate  of  the  results  of  operation. 

Theoran  4.13.  If  in  the  regulated  system  of  the  bases/bases 

Pit  Pit  •  •  •  >  Pnt  Pn- M 

is  preset  the  incorrect  number  A,  which  has  the  alternative  set 

21  ^  =  Pn . pik), 

and  if  with  the  execution  on  number  A  of  rational  operation  according 
to  the  program  obtained  the  incorrect  number  B  whose  alternative  set 
was  equal  to 

2  ( B )  =  (pn,  pir . p,a), 

then  erroneous  there  can  te  digit  on  any  of  the  bases/bases 

(Pnt  Put  ■  •  •t  Pn) - 2  $) ® 

where  the  multiplication  is  understood  in  the  sense  of  intersection. 

Proof.  Let  us  first  of  all  note  that  among  the  the  alternative 
sets  2(3)  and is  always  contained  basis/base  p‘>  on  which  occurred 
the  error.  Thus,  if  in  W(3)  there  are  such  bases/bases,  which  are  not 
in.2(fl),  and  vica  versa,  then,  obviously,  among  such  bases/fcases  is  not 
present  basis/base  Pi-  it  can  te  only  among  those  bases/bases,  which 
are  general/common/total  for  3  (4)  and  2(5),  among  intersection. 

Page  185. 


Definition.  By  conditional  alternative  set, *3  (3)  of  the  incorrect 
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number-!^  we  will  understand  the  set  of  bases/fcases,  on  which  is 
possible  the  error,  taking  into  account  the  character  of  the 
alternative  sets  of  the  previous  incorrect  results  on  the  course  of 
executing  the  prograa. 

If  consecutively/serially  were  obtained  the  incorrect  numbers 
AV  Ai,  .  .  .  ,  Apr. 
that  _  _ 

or  in  the  recurrent  form 

=  £('V1)aMp). 

To  the  expressed  above  assumption  that  the  reception  of  wrong 
hypothesis  from  the  alternative  set  must  with  the  large  probability 
lead  to  the  incorrect  result  and  which  thereby  only  valid  hypothesis 
ensures  the  correctness  of  results  in  all  staces,  in  the  terms  of 
alternative  sets  it  corresponds  assertion,  which  with  the  same  degree 
of  probability  in  view  of  the  occurring  consecutive  judgment  of  the 
conditional  alternative  aggregates  of  the  results  of  operations 
exists  such  p,  with  which 

8  (£>«(*), 

where  pt  -  the  basis/base  on  which  occurred  the  error  during 
calculation  T.  These  two  judgments  cculd  be  considered  equivalent,  if 
not  the  fact  that  surplus  basis/base  Pn+i  always  enters  in  (a0)  end, 
therefore,  whatever  was  conducted  as  results  of  sequence  of 


A 
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operations  the  contraction  of  conditional  alternative  set  to 
erroneous  base  P*'  nevertheless  there  vill  together  with  Pi  figure 
also  Pr»  + 1- 


Page  186. 


In  accordance  with  that  presented  it  is  the  possible  to 
determine  several  methods  of  organizing  of  control  and  correction  of 
the  errors: 


-  one  path  consists  in  the  consecutive  determinations  of 
conditional  altarnative  sets  m  the  course  of  execution  of  program 
and  their  contraction  to  the  erroneous  basis/base; 


-  another  path  consists  of  the  reception  of  any  hypothesis  on 

A' 

the  alternative  set  of  number  A,  the  carrying  out  of  correction  on 
this  hypothesis  and  the  execution  of  further  calculations  until  the 
detection  of  the  groundlessness  of  the  hypothesis  accepted  and 
transition  to  another  hypothesis.  If  in  this  case  the  groundlessness 
of  the  hypothesis  accepted  is  net  shoved,  then  the  obtained  results 
are  accepted  for  the  true  ones; 


-  is  feasible  and  the  third  path  -  synthesis  the  first  tvo 
methods.  Are  computed  conditional  alternative  sets  a  number,  that  are 
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obtainad  in  proportion  to  the  implementation  cf  program,  up  to  their 
contraction  in  nuaber  -4®  to  bases/fcases  Pi  and  Pn+i,  after  which  is 
accepted  the  hypothesis  of  the  inaccuracy  of  digit  on  base  p,  and  is 
conducted  its  correction  in  nuaber  i4p.*fhe  detection  of  the 
groundlessness  cf  this  hypothesis  deteraines  tha  inaccuracy  of  digit 
on  basis/base  A»+ i- 

About  to  the  aethods  of  conducting  the  correction  prcpcsed  it  is 
necessary  to  do  the  following  ctser vations: 

-  in  all  cases  it  is  assumed  that  the  realizable  circuit  of 
operations  possesses  a  sufficient  length,  which  allows  performance  of 
all  intended  procedures  tc  the  exhaustion  of  the  operations  of 
circuit; 

-  for  all  methods  desirably  tc  obtain  either  probabilistically 
analytical  or  simulation  the  evaluation  of  the  period  (in  quantities 
of  operations)  of  the  stable  realization  cf  procedures  (contraction 
of  conditional  alternative  sets,  disproof  or  the  confirmation  of 
hypothesis,  etc.); 

-  in  the  case  of  receiving  the  erroneous  hypothesis  when 
correction  is  not  substantiated  carried  out  on  basis/base  ft  whil» 
erroneous  is  Pi.  a  number  proves  to  have  already  two  errors:  on  known 
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basis/base  pj .  as  a  result  of  the  introduced  by  correction  distortion 
and  on  to  be  determined  base  Pi-'  where  the  error  actually  arose  as  a 
result  of  short  duration  failure.  In  this  case  is  required  return  to 
an  erroneous  number. 

Let  us  consider  some  examples  in  the  system  with  the  bases/tases 

£|”2;  Pj  =  3;  Ps=5;  pi=*7;  ps~l  1. 

Example.  Let  us  compute  the  value  of  function  Y=2x. 

Let  on  the  previous  stage  be  is  calculated  the  value 

*•(1,  I,  3,  I,  n-«3>2IO. 

Page  187. 

Number  x  is  incorrect,  we  determine  its  alternative  set: 

=  463- =  463  >  210. 

^-^-[w]^=<“-462*!<210- 

<44  =  463  — [4—^1  ]  -^y^- =  463  — J30  =  133  <  2k., 

Ai = 4€3_  [tctt]  nrr = 463  -  420  * 43  < 210’ 

one 

«{*)=(5.  7,  II). 


la  compute  value  of  Y=2x: 
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K=<0,  2,  2,  2,2)<1,  1,3,  I.  I)=(0,  2,  1.2,  2^=926  >2lu. 

Analogous  with  previous  we  deteraine: 

M(  =  926  >210,  i42=156<210,  dj  =  2<210, 

<44=266  >  210,  i4j  =  86<  210, 

'  « <n  =  (3,  5,  11). 

Then  conditional  alternative  set  is  defined  as 

*(n  =  (3.5.  11) (5,  7,  ll)-(5,  11). 

Thus,  erroneous  is  digit  either  on  base  p3=5  or  on  base  p5=ii. 
If  error  does  not  contair  digit  cr  fcasis/base  p5=1l,  then  further 
convolution  of  conditional  alternative  set  in  tne  process  of  the 
subsequent  operations  it  is  impossible. 

Lat  us  consider,  that  gives  under  conditions  of  the  example  in 
question  reception  of  hypothesis  about  the  erroneous  digit  in  nuaber 
x  before  the  calculation  of  value  of  Y. 


1.  Me  assume  that  erroneous  was  digit  on  basis/base  p3=5. 

carry  out  correction  x.  Vie  obtain 

7  =(1,  l,  l,  i.  i>=i- 

We  coapute 

.  F-2x-(0,  2,  2,  2,  2)  =  2<210. 

The  groundlessness  of  hypothesis  was  not  discovered. 


M  e 


I 


2.  we  accept  inaccuracy  of  digit  on  base  p**7.  Me  obtain 

*  =  (1,  I,  3,  0,  1)  =  133, 

7  -  2*  =  (0,  2.  I.  0,  2)  =  266 >210. 
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Is  discovered  the  groundlessness  of  the  hypothesis  accepted. 
Digit  on  basis/base  p4=7  cannot  be  erroneous. 

Page  198. 

3.  Let  us  take  now  erroneous  digit  on  base  Ps=11  we  will  obtain 

;~(1.  1.  3,  1.  10)-43, 

7=2l*<0,  2,  1.  2,  9)  =  86<210. 

The  inaccuracy  of  hypothesis  is  not  confirmed. 

Under  conditions  of  this  example  both  methods  led  to  one  and  the 
same  result  -  was  excluded  the  inaccuracy  of  digit  on  basis/fcas? 

P*~7. 


Thus,  this  simple  operation,  KA  the  doubling  of  a  number,  made 
it  possible  to  narrow  dcwn  the  fratewcrx  of  the  search  for  erroneous 
digit. 


Example.  Is  computed  the  value  of  function  T=6x.  Number  x  the 
same  as  in  the  previous  example,  and  a  (*>-(5,  7,  ii). 


He  com  puts 

y-6l»(0,  0,  1,6,  6) <1,  1,3,  I,  D-(0,  0,  3,  6,  6)-468  >2IO. 
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Me  determine: 

At «  468  >  210,  At= 468  >  210,  A3  -  6  <  210, 
y44=  138 <  210,  j45  =  48<  210, 
a(V)  =  (5,  7,  11). 

conditicnal  alternative  set  is  defined  as 

a  (K)=(5f  7,  ID  (5,  7.  11)= (S,  7.  11). 

It  no  new  information  about  the  possible  localization  error  obtains. 

To  other  entirely  results  it  leads  correction  method  or.  the 
hypotheses. 

1.  Me  accept  erroneous  digit  cn  basis/base  p3  =  5.  The  correction 
of  digit  cn  this  basis/base  brings  to 

y=6*  =  (l,  1,  1,  1,  1) (0,  0,  1,  6,  6)  =  (0,  0,  1,  6,  6)=»6<210. 

2.  Me  accapt  erroneous  digit  cn  base  p*  =  7.  This  it  gives 

F=.6x«-(0,  0,  1,  6,  6)(1,  I,  3,  0,  I)  =  (0,  0,  3,  0.  6)=.796>210. 

Consequently,  on  foundation  for  p*=7  of  error  being  it  cannot. 

3.  Finally,  it  is  permitted  inaccuracy  of  digit  on  base  p5=ll. 
This  it  gives 

F=6x=-(0,  0.  1.6.  6)(1,  1.  3,  1,  10)  =(0,  0,  3,  6.  5)  =  258  >210. 
the  reby  is  excluded  the  possibility  of  errors  also  on  basis/base  p5. 
Remains  only  possibility  -  error  it  took  place  on  basis/base  c3=5  and 
true  value  Y  is  (0,  0,  1,  6,  6)  . 
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For  purposss  of  the  decrease  of  the  capacity  of  conditional 
alternative  set  and  realization  of  its  more  rapid  contraction  to 
actually  erroneous  base  can  prove  tc  be  highly  useful  the  following 
theorems  of  particular  character. 

Page  139. 

Theorem  4.14.  Let  in  the  regulated  system  of  the  bases/bases 

Pu  Pz,  ....  pn,  pnu 

be  is  preset  tha  incorrect  number 

.  A  —  (<*11  ®1«  •  •  • »  ai.  •  •  •  >  an> 

~  '  —  t  ' 

moreover  it  is  known  that  basis/tase  jp./ enters  into  alternative  set 

U(.?)of  number  'A.'  Then  if  in  the  product 

C  =  BA, 

where  B  -  correct  number  with  the  zero  digit  cn  base  Pi,  will  prov«  to 
be  that  c  -  incorrect  number,  digit  a;  on  base  Pi  is  not  erroneous. 

Proof.  Actuall y/really,  if  digit  would  be  erroneous,  then  in 

pj 

C  this  error  must  self-eliainate,  since  regardless  of  the  fact  which 
digit  ai  in  C,  it  gives  cn  basis/tase  Pt  zero,  and  C  must  be  a 
correct  number.  But  C  prcved  to  be  an  incorrect  number.  Consequently, 
<*<-  correct  digit. 

On  the  basis  of  this  theorem  basis/base  Pi  can  be  excluded  from 
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'8T(C),  if  it  there  enters. 

Example.  Number  ^A=  ( 1 ,  2,  2,  5,  6)  has  alternative  set  *(^=-(7,11). 

As  the  multiplier  let  us  take  number  3=  (  1,  2,  1,  4,  0)  =11.  Let 

us  compute  the  product 

C  =  BA  =  {\,  2,  1,  4,  0)(!.  2.  2.  5,  6)  =  (l,  1.  2,  6,  0)  =  517>210. 

We  find  the  alternative  set: 

7*  r  517- 2  T  2310 

Ci  =  517  gjjQ  J  2  =al/  >210* 

r  f  517-31  2310 

CJ=5|7“[WJ  3  =  517 >  210, 

?a=5l7-[w-]^=517-462=55<210' ' 

^517-[f^]^i  =  517  -  330=187  <210, 

7?  CIT  r517-lll  2310  . . . 

.  Cs  =  517  L~23io~ J  ~ n~'  =  517  —  420  =  97  <  210. 

Whence 

«(C)  =  (5,  7,  11). 
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Conse  quently, 

«(C)  =  (7,  11)  (5,  7,  !1)  =  (7,  11). 

On  the  basis  of  the  previous  theorem  it  is  possible  to  exclude  fro* 
»(C)  basis/base  pa=11.  thereby  to  shear /section  we  localize 
unambiguously  the  error:  in  A  is  incorrect  digit  5  on  basis/base  p4. 

Note.  Is  hare  carried  out  au Itiplication  by  B  on  the  assueption 
that  it  enters  into  program  in  accordance  with  the  formulated  above 
agreement. 

The  otherwise  carried  out  operation  and  the  revealed  inaccuracy 
of  digit  on  basis/base  p*=7  weald  not  have  real  sense.  Since  for  the 
separately  undertaken  number  possibilities  of  errors  on  any  of  the 
bases /bases,  entering  the  alternative  set,  are  egual,  then  by  any 
artificially  introduced  operation  cannot  be  set,  what  in  reality  must 
be  a  true  number,  only  the  operations  of  real  programs,  which 
satisfies  agreement,  on  which  must  be  treated  a  true  number,  can  come 
to  light/detect/expose  the  occurred  error  by  only  manner  carry  out  a 
selection  of  the  necessary  correction  of  all  possible  for  this  number 
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corrections. 

Theorem  4.15.  let  in  the  regulated  system  of  the  bases/bases 

Pl>  p2t  •  •  •  t  Pm  Pn+t 

preset  the  incorrect  number 

A  =  (alt  a't . a] . a;,  <+l) 

with  alternative  totality  3(^4),  into  which  enter  basis/base  p}  and  it 
is  preset,  that  in  the  case  of  receiving  the  hypothesis  of  the 
inaccuracy  of  digit  a'j  on  basis/base  pj  the  latter  oust  be  corrected 
on  a}.  Then  if  daring  the  calculation  of  certain  rational  integral 
function  f ( A) 

C  ~  f  (A)  =  (Yj,  Yt.  •  •  •  >  Yj»  •  •  • '  Ynt  Yn-fl)' 

of  such,  that 

y)  =  /  («>)  =  f  («f)> 

we  obtain  as  a  result  the  incorrect  number  C,  then  digit  a,  cannot  be 
erroneous. 

Proof.  Actually/really,  if  digit  a]  is  erroneous,  then  correct 
is  digit  a j.  That  as  during  calculation  C  digit  yj  is  the  saee,  as  if 
in  A  on  basis/base  ■  p,  there  was  correct  digiti  the  C  must  be  a 

correct  number.  Thareby  the  fop  of  inaccuracy  Z  refutes  assumption 
about  the  inaccuracy  of  digit  a). 
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Example.  Ia  tha  system  of  bases/ba3es  pt=2;  p2=3;  p3-S;  p4 =7 ; 
p s~ 1 1  naaber  A*(1#  1,  3,  1,  1)  =463>210  it  has  alternative  set 

8l(J)  =  (5,  7,  11). 


Lat  us  computa  the  alternative  set  of  the  number 

C  =  (l)4  +  31. 

Let  us  compute  value 

C  =  (l,  1,  3,  1,  !)•(!,  1,  3,  1.  1)  -  (I,  ],  1,  3.  9) 

—  (0,  2,  0,  4.  10)  ..=  1880  >211. 

As  it  is  easy  to  count,  the  alternative  set  of  naaber  C  is  equal  to 
8(Q  =  ( 5,  11),  whance  the  conditional  alternative  set 

«  {C)  =  (5,  7,  1 1)  (5,  1 1)  =  (5,  11). 

For  refinement  «(C)  ve  check  in  accordance  vith  the  previous  theorem 
digit  on  basis/base  ps. 

we  note  that  after  allowing  the  presenca  of  error  on  basis/base  11  we 
will  obtain  for  the  corrected  digit  value  of  10.  We  compute  on 
corrected  digit  10  the  appropriate  digit  C: 

(10*  +  9)(mod  1!)  =  10. 

r* 

It  coincided  vith  the  calculated  digit  in  C  in  basis/base  ps.  With 
this  C  -  incorrect  number.  Consequently,  in  k  digit  «s*1  on 
basis/base  p9  correct  and  basis /base  ps  must  be  excluded  from  1(C).  We 
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obtain  a(C)  =  (5),  that  consisting  of  one  basis/base.  It  here  proved  to 
be  possible  to  completely  localize  error. 

§  4.6.  Logical  strengthening  of  control  basis/base. 

Above  it  was  astablished/installed,  that  surplus  basis/base 
always  enters  into  alternative  set  how  is  deterained  the 
impossibility  of  tha  single-val ued  contraction  of  alternative  to 
erroneous  basis/base,  if  short  duration  failure  occurred  not  on  the 
control  basis/base.  It  is  possible  only  indirectly  to  judge  the 
inaccuracy  of  digit  by  basis/base  pj,  whan  for  the  elongation/eztent 
relative  to  tha  prolonged  secti.cn  of  circuit  alternative  set  does  not 
subtend  to  pn~u  and  it  retains  that  containing  pair  (pJt  pn+i),  since*  if 
error  affected  basis/base  Pn+i,  alternative  set  must  coapulsorily  be 
tightened  to  Pn+t-  However,  siailar  indirect  criteria  can  require  the 
presence  of  long  circuit  for  the  testing  for  contraction  to  pn+i  and 
they  cannot  completely  exclude  the  cases  when  conclusion  about 
inaccuracy  py  is  not  justified. 

Page  192. 

Therefore  it  is  expedient  to  consider  the  foriulated  previously  task 
of  this  strengthening  of  control  basis/base,  which  would  sake  it 
possible  to  excLude  pn± t  froa  the  alternative  set  as  the  basis/base 
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on  which  the  error  occur  cannot.  Clear  the  technical  aethods  of  this 
strengthening,  1st  us  consider  the  following  logical  way  of  the 
reliable  introduction  of  surplus  basis/base. 


Above  was  examined  the  representation  of  numbers  in  operating 
range  S'  and  full/total/ccmplete  p  =  pr,+id'>.  Let  us  now  present 
nuabers  in  operating  range  P,  and  as  surplus  basis/base  let  us  ta£e 
pn+z>Pn+i ■  In  this  case  full/total /complete  range  will  be  nuaber 
P  =  pn+zP-  However,  nuabers  in  the  f ull/tota  1/coaplete  range  P  we  will 
represent  by  special  fora,  naaely,  if  this  nuaber  A<P  can  be 
represented  in  the  adopted  systea  froa  n+2  bases/bases  in  the  fora 

A  =*  (O,,  CCj,  ....  ®n+l*  ®»+s). 

then  the  special  aachine  representation  of  nuaber  A  will  be  the 
nuaber 


A  —  ®n+2  —  (|J,>  Pz>  •••!  Pn-fii  0), 


if 


or 


20**3  <  P»+*» 


A-{- Pn* t  —  0**j  —  (Pii  Pi*  •••*  P*Ht  0)» 
if 


2®n+l  >  Pn+J- 

In  other  words  all  aachine  of  a  nuaber  have  a  digit  0  on  surplus 
basis/base  and  the  rational  operations  on  aachine  nuabers  they  aust 
also  give  zero  on  this  basis/base.  Consequently,  it  is  possible  not 
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at  all  to  implement  on  basis/base  P*+z  of  any  operations*  but  to 
always  consider  that  the  results  have  zero  on  this  basis/base.  Thus* 
on  surplus  basis/base  is  achieved/reached  coa plate  reliability*  since 
it  directly  in  the  realization  cf  operations  does  not  participate  and 
true  result  of  operation  on  this  basis/base  is  previously 
predetermined.  The  expansion  of  operating  range  froa  &  to  P  is 
substantially  necessary  for  retaining/preserving/maintaining  the 
accuracy  of  the  representation  of  values  in  the  range  since  by  the 
special  representation  of  a  number  is  built-in  the  error  whose 
aaxiaua  value  y(p„+2—  1)- 

Page  193. 

So  that  the  accuracy  of  representation  would  not  undergo  noticeable 
decrease*  it  is  necessary  to  increase  the  range  of  the  representation 
of  values*  and  then  their  true  (without  th9  introduced  error)  values 
will  be  in  the  limits  of  the  preset  operating  range. 

Lat  us  con3idar  an  example  of  the  special  representation  of 
numbers  in  the  system  with  bases/bases  pt*2;  p*=3;  p3=5;  p.*7;  p,=ll. 
Its  range  is  equal  to  ?  *2*3»5*7«1 1*231 0.  Let  us  introduce  surplus 
basis/base  p«*13. 


Lat  us  point  out  the  orthogonal  bases  of  formed  in  this  way 
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systsa 

Bl  =  15-015;  fl2  =  20-020;  a3  =  6  006;  B4=- 25-740; 

B5=  16-380;  fl,  =  6930. 

Ia  this  case  full/total/co mplete  ranga  will  beP=30»030.  It  is 
aecessary  to  prasaat  ia  the  special  fora  number  A=1743-  He  find  the 
digits  of  the  raprasentation  of  a  number  according  to  all  bases/bases 
A=(1,  0,  3,  0,  5,  1).  Here  1.  Instead  of  A  we  take  A-1=(0,  2,  2, 

6,  4 ,  0) ,  that  has  digit  0  on  basis/base  p*  and  exclude  this 
basis/base,  we  will  obtain  A*  =  (0,  2,  2,  6 ,  4). 

In  conclusion  let  us  note  that  daring  the  representation  of  a 
nuaber  in  the  special  fora  the  fora  of  its  alternative  set  is 
retained. 

§  4.7.  Distribution  of  isolated  errors  according  to  the  intervals  of 
operating  ranga. 

one  of  the  aathods  of  deteraining  the  correctness  of  the  nnaber 

A  =  (<*,,  a,,  ....  a*,  a»+1) 

is  the  so-called  method  of  nulling,  which  consists  into  the 
transition  froa  an  initial  nuaber  to  the  number 

(0,  0 . 0,  y»+i) 

with  the  help  of  such  sequence  of  conversions  with  which  occurs  not 
one  departure  beyond  the  operating  range  of  systea. 
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Zn  other  words  nailing  a  number  consists  in  the  consecutive 
subtraction  from  an  initial  number  of  some  minimum  numbers  -  the 
constants  of  nuLling  such,  that  number  A  consistently  is  converted 
into  a  number  of  fora 

(0.  a;.  . <=0- 

then  into  the  number 

(0,  0,  Otj,  .  .  . ,  Ctn ,  2tn+l), 

further  into  a  number  of  fora 


Page  194. 


(0,  0,  0,  a; . a;,  a;+-,). 


Continuing  this  process  of  n  of  tines,  ve  will  obtain 

(0,  0,  0,  . . . ,  0,  y»+i)- 

In  this  case  the  constants  of  nulling  must  be  selected  in  such  a 
way  that  daring  the  subtractions  Mould  occur  not  one  departure  from 
the  operating  range  of  system. 


In  other  words,  if  the  intermediate  result  of  nulling  takes  the 

fora 

(0,  0,  ....  0,  a<;-»,  ...,«<£•>), 

then  as  the  next  constant  of  nulling  must  be  selected  small  from 
possible  numbers  of  the  fora 

(0,  0,  .  .  .  i  0|  tlt-f  .  .  •  i  ^n+t)> 


then  during  the  subtraction  is  guaranteed  the  absence  of  transition 
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through  the  range. 

Thus,  as  the  constants  of  nulling  are  chosen  such  n  of  the 
nuabers,  which  are  the  smallest  possible  nuabers  of  fora: 

(^i,  n  ^2.  n  •  •  •  i  tn+ 1,  i)t  t  =  1 1  2,  ...  t  Pi  I  > 

(0,  tz,  2i  •  •  •  i  tn+l,  2)1  ^2,  2  =  1  >  2,  *  .  .  1  Pt~  1  > 

(0.  0,  .  .  .,  0,  tn,  n  1  ^n+i,n)*  ^rt,n  =  it  2(  •  -  .  1  Pn  1  • 

In  this  case  the  total  quantity  of  constants  will  be  defined  as 

n 

2  Pi-n. 

t— t 

Hulling  a  number,  we  consecutively/serially  pass  froa  it  to  the 
nearest  smaller  nuaber,  aultiple  pt,  then  to  a  number,  multiple  p,p* 
and  finally  we  pass  to  the  nearest  smallest  number,  multiple 

^  =  n  p- 

i—  1 

- 4.„. — 

In  this  case  should  be  noted  the  fact  that  the  result  of  nulling 
does  not  depend  on  that,  in  what  sequence  (in  what  order)  are  nulled 
the  single  digits  of  a  number* 

Page  195. 

Theorem  4.  16.  If  in  the  regulated  system  of  the  bases/bases 

Pli  Pit  •  •  •  i  Pm  Pn* i 

nulling  the  number 


A  —  (ttit  ®2'  ^n+i). 


mm 
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then  the  result  of  the  nulling 

A'  =  (0.0 . 0,  y«»i) 

does  not  depend  on  that,  in  which  order  were  nulled  the  digits  of  an 
initial  nuebec. 


Proof.  Let  us  arbitrarily  cuaber  first  n  of  the  bases/bases 

Pit  Pzi  •  •  . ,  Pn 

and  let  us  consider  the  representation  of  a  number  in  the  system 
where  bases/basas  p<  (i  =  1 ,  2,  .... n)  are  arranged  in  the  arbitrary  order 

Pii’  Pi i*  •  *  •  *  Pin* 

Each  of  iu  it . in  here  accepts  one  of  the  values  of  1,  2  n. 


Then,  regarding,  the  constants  of  nulling  on  first  basis/base 
Pn  will  be  the  numbers 

lt2,  .  .  .  ,  Pj j  1  ; 

on  the  second  basis/base 

Pii>  2pn,  •  •  •  i  {Pit  1)  P;i’> 

on  it  -mu  to  the  basis/base 


*-i 


fc-t 


n, Pii' 2  Si Pii'  ■■  ■’  ^  Si  Pi‘; 

and  finally  on  the  latter/last  basis/base 


n—  1 


«—  1 


n-  ( 


4Pi  Pi,.  2  n  P>i . (Pm-l)  UpY 


Since  in  each  stage  of  nulling  it  is  used  only  by  one  of  the 
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constants  of  each  level,  the  great  nuaber  c,  which  can  be  subtracted 
in  the  process  of  nulling  froe  an  initial  nuaber,  it  will  be  defined 

aS  C  =  (pn-l)-(P;a-  l)p,,-  ...  -(p.,-11  II  P  -  Up,-  ! 


or * 


C  =  !. 


Thus,  independent  of  the  order  of  nulling  the  great  nuaber  which  is 
subtracted  froa  the  initial,  it  is  less  than  the  value  of  operating 
range. 


Hence  in  the  process  of  nulling  we  can  suit  h  over  only  to  one 
nuaber,  which  lies  on  the  left  border  of  that  interval  lj3,  (j  —  1)  3), 
at  which  it  was  located  the  initial  nuaber  being  nulled. 

Corollary  1.  The  result  of  nulling  deterainas  the  nuaber  of  the 
interval,  in  which  there  was  placed  the  nuaber  being  nulled. 

Actually/raally,  since  as  a  result  we  obtain  the  nuaber,  which 
lies  on  the  left  border  of  interval  i ysP,  (/  4-  1 )  3),  at  which  it  was 
located  an  initial  nuaber,  then  occurs  the  equality 

/«P  =  (mod  pn+1)  3 

or 

/  =s  yn^mn+i  (mod  p,+1).  (4.10) 


Corollary  2.  Cf  an  initial  nuaber  was  correct,  then  for  it  j*0 
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whence  follows  y«-h  55 0 (mod P»+i).  i.e.  as  a  rasult  of  nulling  a  correct 
number  they  eust  obtain  the  zerc  number 

(0,  0 . 0,  0). 

Then  according  to  the  result  of  nulling  it  is  possible  to  judge  about 
correctness  of  the  number:  if  y*+i  =  0»  the  number  correct;  if 
the  number  is  incorrect  and  is  arranged/located  in  interval 

|J*.  (/+!)*)• 

•  *  — •  >  A 

Theorem  4.17.  (about  the  errcr  distribution).  If  in  the 
regulated  system  of  the  bases/bases 

Pi  i  Pli  •  •  •  i  Pnt  P*+ 1 

is  preset  the  Incorrect  number 

A  —  (ctj,  .  .  .  i  Cti— 2j,  CC{+|'  >  •  m  ®n+l)' 

inaccuracy  of  which  is  caused  by  error  Act,  in  digit  a,  on  basis/base 
p,,  i.e. 

a^a.-fAa,  (mod  p,), 

and  if  as  a  result  of  nulling  of  number  A  we  obtain  the  number 

(0,  0,  .  .  . ,  0,  Yn+t)’ 

then  the  number  of  interval  j *■  i ,  into  which  falls  the  Incorrect 

A* 

number  A.  it  is  limited  by  the  formula 

j  *=[—”***+>  ]  (mod  p„-,)  -  6.  (■}.!!) 

where  6  can  taka  values  of  0  or  1. 
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Proof.  The  laft  edge  of  interval  I/4P.  (/  + 1 ) &)  is  deternined  froe 

the  relationship/ratio 

~Z  ^n  +  lVn-rl  &P 

j  =  -^ - p - -  w,.,v  -i  (mod 

Pn»  i 

where  k  -  whole  non-negative  nuaber. 

In  accordance  with  theorea  condition  we  occur  the  equality 

J=/4  +  (0,  0,  .  0,  Aaf,  0.  . .  .  0), 

where  A  -  is  tha  correct  nuaber: 

i4  3=2  (®ii  ®2i  •  •  • »  »  •  •  •  t 

In  other  words  addition  to  the  correct  nuaber  A  of  the  nuaber 

(0,  0,  ....  Aa* . 0) 

shifts  result  froa  the  first  interval  into  the  interval  with  nuaber 
jo  or  j*2,  i.e. , 

f  Sam  —1 

/_H“Z T"  = 

,  L  Pu+i 

whence  follows  assertion  (4.11)  of  theorea. 

Corollary.  For  the  standardized/nor aalized  regulated  systea 
expression  (4.11)  of  theorea. 

/  =  Y»+«  —  (mod pn*,)  —  6-  (4  ’2) 


idjj(P^ 
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Theorem  4.18.  (about  the  error  distribution). 


Page  198. 


If  in  the  regulated  system  of  the  bases/bases 


Pi 1  Pi’  •  •  •  t  Pny  Pn+ 1 

is  preset  the  incorrect  number 

A  —  (a,,  . . a,-!,  a,,  ai+1 . a»+t). 

inaccuracy  cf  which  is  caused  by  error  Aa,  in  digit  on  on  basis/base 


Pi’  i.e. 


<i,  =  a,  —  Aa,  (mod  p,), 
Act,  —1,2,  . . . .  Pi  — ■  I , 


where  a,  -  digit  on  basis/base  p,  of  tha  correct  number 

A  —  (OCp  •  •  ■  i  Ctp  'Xi  +  p  •  •  '  t  ®n+i)» 

and  if  the  result  of  nulling  the  number 


takes  the  fora 


(0,  0  ...  0,  Aai,  0  ...  0.  0) 


(0,  0 . 0,  Y^+i). 


then  the  value  of  error  Aa,  is  determined  by  the  equality 


Act,  =  (  P"cn"J~  '  JW^jimod  Pi),  (4.13) 


where  c,  and  c„,,  are  the  digits  of  the  nueber 


—  =  (0.  0,  . . .,  u,  c(,  u . 0, 

Pi 
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Proof.  Since  the  result  of  nulling  does  not  depend  on  the  order 
of  nulling,  then,  carrying  out  the  process  indicated  on  nuabers  A  and 
7  through  the  digits  of  the  bases/bases 

Pit  Pit  •••!  Pi- 1*  Pi+U  •••>  Pnt 

we  will  obtain  the  numbers 

(0,-0,  ....  0,  pi,  0 . 0,  P„+1)  (4.14) 

and 

(0,0 . 0,  pi,  0 . o,  P„+S)  (4.15) 

respectively. 


The  completion  of  the  process  of  nulling  must  be  produced  by  the 
constants  of  the  form 

2  — ;  —  D~. 

Pi  Pi  P‘ 

Let  us  select  pair  and  K  of  such  whole  non-negative  numbers 
that  would  be  satisfied  the  condition 


KCi  =  ^  (mod  pi).  (4.16) 

hCi  =  Pi  (mod  Pi).  (4.17) 
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Multiplying  K  and  1.  on  ~  and  subtracting  respectively  from 
(4.14)  and  (4.15)  we  will  obtain 

Pn-,1  —  ^iCn  +  l  =  yn  +  i  (mod  Pn- 1). 

pn+1  —  kiCn*i  —  0 (mod 
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whence 

K  _  ^*2aads±i  (mod  p„Tl).  (4.18) 

wi+1 

where  the  division  it  is  understood  as  formal  division  on 
aodulus/aodule  pn m- 

Froa  (4.16)  and  (4.17)  we  will  obtain 

(ii  —  Xi)Ci  =  (Pi  —  Pi)(modpi)-  (4.19) 

On  the  strength  of  the  fact  that  expressions  (4.14)  and  (4.15)  are 
obtained  as  a  result  of  identical  process,  we  have 

Pi  —  P(  =  Acti, 

i .  e . 

(K—K)  Ci  ~  laj  (mod  p-t), 

whence  and  follows  the  assertion  cf  theorem. 

Since  each  of  the  errors  can  translate  a  correct  number  into  the 
nuaber,  which  lias  only  at  one  cf  two  intervals 

[ W,  (/+!)*),  I(/+  1)^.  U-r 2)tf), 

then,  knowing  tie  number  of  interval,  whera  hit  an  incorrect  number, 
can  be  defined  as  the  set  of  bases/bases,  in  the  digits  on  which 
could  take  place  the  error,  so  also  possible  value  of  error,  which 
translates  corract  nuaber  into  this  interval. 

la  connection  with  this  are  opened  further  possibilities  to  the 
reduction  of  the  process  of  position  finding  cf  error,  namely: 
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-  since  the  error  in  the  digits  from  bases/bases  p,,  p*,  . 

pn  can  be  availibla  only  in  intervals  determined  by  theorem  4.17, 
then  in  the  case  when  occurs  the  error,  which  relates  not  to  one  and 
possible  intervals,  it  is  possible  to  claim  that  it  occurred  in  tha 
digit  on  control  base; 

-  since  tha  run  of  the  information  about  the  possible  location 
of  error  we  possess  the  information  also  about  the  value  of  the 
predicted  error,  then  this  further  information  in  a  number  of  cases 
will  make  it  possible  to  more  rapidly  datermine  true  value  and 
location  of  error; 

-  in  the  case  when  the  alternative  set  of  bases/bases  subtends 
to  one  basis/base,  to  us  is  immediately  known  the  value  to  which 
should  be  corractad  the  digit  on  this  basis/basa. 
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Lat  us  consider  the  distribution  of  incorrect  numbers  according 
to  the  intervals  of  numerical  range  for  tha  concrete/spacif ic/actual 
system  of  bases/bases  pt  =  2;  p2=3;  p3®5;  p4=7;  p5  =  11.  Lat  us  giva  the 
values  of  minimum  numbers  of  nulling  in  this  system 

(1,  1,  1,  1,  1)  (0,  0,  2,  5,  l)  (0,  o,  0,  2,  8) 

(0,1,4.  4.  4)  (0,  0,  3,  4,  7)  (0,  0,  0,  3,  7) 

(0,  2,  2,  2,  2)  (0,  0,  4,  3,  2)  (0,  0,  0,  4,  5) 

(0,0.  1,6,  6)  (0,0,0,1,10)  (0,0,  0,5,  4) 

(0,  0,  0,  6,  2) 
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lot  us  consider  the  distribution  of  incorrect  numbers  according 
to  the  intervals  of  numerical  range  depending  on  the  value  of  error. 

Basis/base  pt=2. 

For  a  number  with  the  error  Aa,= 1 

»-[-£]  (mod  !i)+6  =  5  +  S, 

i.e.  the  error  translates  numerical  into  the  sixth  or  seventh 
interval. 

Basis/base  p2=3. 

For  error  4a2=1 

•Vs  =  [-^-]  (modi  1)  +  «  =.  7 -h  6. 

A  number  will  pass  into  the  eighth  or  ninth  intervals. 

Error  Aat8=2  givss 

Y*  =  [-^-](raodll)+«=.3+a 


and  will  translate  a  number  into  the  fourth  or  fifth  intervals, 
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Basis/basa  p3  =  5. 


For  the  error  4a,=  i  we  will  obtain 

Ys  =  [iJl]  (mod  ll)+A=»6+fi. 

With  the  error  Aa3  =  2  we  will  obtain 

Ya  -[^3-^](m°dM)+d=.2+a. 

Page  201. 


u  0  .  0. 


with  A« 3= 3  we  will  obtain 

V5  =  I  — 5 — J  (nio-  1  h  U 

With  Aar 3  =4  we  will  have 

Y5  =  [4  ^— ]  (mod  11)  f  A  =  4-i- A. 

Basis/base  p4  =  7. 


K  nuaber  with  the  error  Aa4=l  will  give 

Ys  =  [-y-J  (mod  U)-f  i  =  1  ~6- 

Error  Aot4=2  translates  a  nuaber  into  the  interval,  determined 

Ys  =  ^  -  J — j  (mod  1 1)  -f-  6  =  3-f-  6. 

a«4=3  is  translated  a  nuaber  into  the  interval,  which  corresponds 

Y*  =  [~f~]  (m°d  11)  +  ^  =4  + A. 

With  Aa 4=4  we  will  obtain 

*-[■*£-]  (mod  U)-r6  =  6-f  6. 

With  Aa4=5  we  will  have 

Yj  =  [“T”]  ^mo<1  =" 
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Error  Aa4=6  will  translate  a  number  into  th9  interval#  determined 

Y5  =  [iy!-]  (mod)  1 )  +  6  =  9  T  6. 

The  obtained  results  make  it  possible  to  construct  the  table#  in 
which  to  values  ys  are  compared  pcssibla  errors  Aa it  is  doubtless  so 
that  to  each  value  rs  can  correspond  error,  also,  on  the  control 
basis/base.  Aftar  designating  it  through  a*,  we  will  have  as  the 
possible  error  a  value  a*  =  y'3  (see  tables  on  page  202). 

Example.  Lat  be  is  preset  the  incorrect  number  A=(1#  1,  4#  1, 

1) ,  to  which  in  rssolving  task  is  adjoined  the  correct  number  3-(0# 

2#  0,  4#  2)  .  Let  us  try  to  determine  location  and  value  of  error  in 
number  T. 


Lat  us  lead  nulling  number  A 


Page  202. 


(1,  1.  4,  1,  1) 
-(1.  1.  1.  1.  1) 
(0,  0,  3,  0,  0) 


(0,  0.  3,  0,  0) 
-(0,  0.  3.  4.  7) 
(0,  0,  0,  3,  4) 


(0,  0,  0,  3,  4 1 
— (0,  0,  0,  3,  7) 
(0,  U,  0,  0.  <<> 


Since  ys=8,  then  from  the  given  table  let  us  determine  the 
following  alternative  set: 


-  or  occurs  the  error  Aa**!  in  the  digit  on  basis/base  p*; 


-  or  occurs  the  error  Aa3=3  in  the  digit  on  basis/base  p3; 


DOC  *  81023910 


PAGE 


& 


-  or  occurs  the  error  Aa«=5  in  the  digit  on  basis/bass  p4; 


or  occurs  atror  a*  =  8  in  the  digit  on  the  control  basis/base. 


Lat  us  fulfill  the  operation  of  adding  of  nuabar  A  with  nuaber  B 


3-B  =  (  1.  1,  4,  1,  1)-H0,  2,  0,  4,  2)  —  ( 1 ,  0,  4,  5,  3). 
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The  table  of  error  distribution. 


3Ha.eHue  Ys 

BU3MOMHUC  OUHfOKM 

0 

) Hue. npaBH.ihHoe,  oujh6ok  hct 

1 

Aa4  -  1 .  A/,-1 

2 

Aa3=2,  Aa4  -  1 ,  A*  =  2 

3 

1 

Aot2  =  2,  Aa3  =  2,  Aa-=2,  A/,  =3 

4 

Aa2=2,  Aa3-4,  Aa4  =  2,  Ao4=3,  A*  =  4 

5 

Aa,  =  l,  Aa3  =  4,  Aa4=3,  A/,  =  5 

6 

A«!  =  1 ,  Aa3  =  1 ,  Aat  =  4,  Aj,  =  6 

7 

Aa»=l,  Aa3=»l,  Aa4  =  4,  Aa4  =  5,  A*  =  7 

8 

Aaj  =  1,  Aa3  =  3,  A«4  =  5,  A*  =8 

9 

Aa3  =  3,  Aa4  =  6,  A*  =  9 

10 

Aa4  =6,  A*  =  10 

Key:  (1).  Value.  (2).  Possible  errors.  (3).  Number  correct#  there  are 
no  errors. 
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Nulling  the  obtained  sue 
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(1,  0,  4,  5,  3) 
■(1,  1,  1.  1,  1) 
(0,  2.  3,  4,  2) 

(0,  0,  I,  2,  0) 
■  (0.  0,  1,  6.  6) 
(0,  0,  0,  3,  5) 


(0,  2,  3,  4,  2) 
-(0.  2,  2,  2.  2) 
(0,  0,  1,  2,  0) 

(0,  0,  0,  3,  5) 
-(0,  0.  0.  3.  7) 
(0,  0,  0,  0,  9) 


For  the  sui  obtained  75=9  and  in  accordance  with  the  table  of 
error  distribution  let  us  determine  the  possible  alternative  set: 


-  either  occurs  error  A<*3=3  on  basis/base  p3. 


-  or  occurs  error  Aa4=6  on  basis/base  p4 , 


-  or  occurs  error  a*=9  on  the  control  basis/base. 


Since  neither  value  nor  location  of  error  could  be  changed,  then 
it  is  possible  to  clain  that  cccurs  the  error  A<*3  =  3  on  basis/base  p3. 


Hence  unknown  corrected  number  A  can  be  represented  as 

A  =  A-( 0,  0,  3,  0,  0)  =  (l,  1,  I,  1,  I), 

The  ezaapls  exaained  demonstrates  the  fact  that  an  increase  in 
the  inf oraativeness  of  alternative  set  allowed  for  one  step/pitch  not 
only  to  deteraina  the  location  of  error,  but  also  to  indicate  its 
value. 


i 
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It  should  be  noted  that  the  error  distribution  according  to  the 
intervals  of  numerical  range  as  the  rate  of  convergence  of  the 
alternative  set  of  errors,  depends  on  the  value  of  control 
basis/base,  i.a.,  from  that  occurring  for  redundancy. 

Theorem  4.19  (maximum).  If  in  the  standardized/normalized 
regulated  system  occurs  the  relationship/ratic 

pn*i>2pnpn-i,  (4.20) 

Then  the  number  of  interval  1/5*.  (/+  1)  3s).  into  which  falls  the 
number,  which  contains  error  on  ore  of  the  working  bases/bases,  are 
uniquely  determined  location  and  value  of  error. 

Proof.  On  the  basis  of  theorem  4.17  about  the  error  distribution 
the  number  of  interval  j+1,  where  falls  number  A  in  the  presence  of 
error  Aa;  it  is  defined  as 

/  =  [4a<^,](  mod/W-rfi, 

i.e.  a  number  it  falls  either  into  the  interval  with  the  number 

[  AafW/Pn.i  J  (mod 

or 

[Ac ^n±L]  (mod  pw)+l. 
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The  condition  of  the  fact  that  into  the  intervals  with  such  numbers 
cannot  hit  an  incorrect  number,  as  a  result  of  the  appearance  of  an 
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error  on  any  of  the  working  bases/bases  pj  it  will  be 

(mod  Pn+t)  >  2 


!  f  Aa^iPn+i  ' 

-|  | 

11  Pt 

L  Pj  J 1 

or,  after  amplifying  inequality. 


fi  &Bin,tPjPn  +  l  ^ajmjPiPn+t 


LI 


P,Pj 


whence 


PiPj 


|]  (mod  pn+1)>  2, 


[- jff  \  Aa im.Pj-SajmjPi  j]  (mod  pnH)  >  2.  (4.2IJ 


Value 


|  \aim,Pj  —  \ajnijPi  [  #  0 

is  positive  intager  number.  Hence  with 

Pn+l  2pnP«-i 

is  satisfied  tha  condition  (4,21) that  also  is  claimed  in  the  theorem 


Lat  us  consider  the  operation  of  theorem  in  the 
concrete/specific/actual  system  of  the  bases/bases 

Pi  —  3;  Pj  =  S;  Pj  =  7. 

Let  us  select  the  control  basis/base  p*  =  71>2p2pj. 


In  this  car.o  the  docking  rar.rre  ^>  =  105,  and  the  complete  : 
Irthcsonal  taaes  with  their  v.’eirht s  will  te  determined 

B,  =2485,  m,  =  l,  8j  =  1491,  m,  =  i,  B3  =  1065, 

/ti3  —  1 1  B4  =  24I5,  /ff4*23i 

Let  us  write  out  minimum  numbers  of  nulling: 


■e  r=» 


on  basis/base  p, =3 


(i,  i,  l,  D 
(2,  2,  2,  2) 


(0.  ],  6,  6) 
(0,  2,  5,  12) 
(0,  3,  3,  3) 

( 0 ,  4,  2,  9) 


on  basis/base  p2=5 
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on  basis/bas9  p3=7 

(0,  0.  I,  15) 
(0,  0,  2,  30) 
(0,  0.  3.  -15) 
(0.  0,  4,  60) 
(0,  0,  5,  4) 

*  (0.  0,  6,  19) 
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Lat  as  consider  error  distribution  according  to  the  intervals  of 
basis/base  pt  =  3. 


Error  A«,=1.  Let  us  null  number  (1,  0r  0,  0) 

(1,  0,  0.  0)  (0,  4,  6.  70)  (0.  0.  !,  61 ) 

—  (1,  1,  1,  1)  —  (0.  4.  2,  9)  -'0,  0.  4.  60) 

(0,4,6,70)  (0,0,4,61)  (0.  0.  0.  1) 

Since  7 4=1 ,  then  the  nuaber  of  interval  8  will  be  defined  as 
8=1*23  (aod  71)  4-1  =  24. 


Error  a<i1  =  2.  Let  us  null  nuaber  (2,  0,  0,  0) 

(2,  0,  0,  0)  (0,  3,  5,  69)  (0,  0,  2,  66) 

-(2,  2,  2,  2)  —  (0,  3,  3,  3)  -  (0,  0.  2.  30) 

(0,  3,  5,  69)  (0,  0,  2,  66)  (0,  0,  0.  36) 

Hence  8=36*23  (aod  71)4-1  =  48. 
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On  basis/base  p2=5  Aa?3l.  Let  us  null  (0,  1,  0,  0) 

(0,  1,  0,  0)  ,0.  0,  1.  65) 

—  (0.  I,  6,  6)  -(0,  0,  I.  15) 

(0,  0,  I.  65)  (0.  0,  0.  50) 

Here  8=50*23  (aod  71)  0  =  15. 


a«2=2.  Errsnaous  number  (0,  2,  0,  0) 

(0.  2,  0,  0)  (0.  0.  2.  59' 

—  (0,  2.  5,  12)  —  <0.  o.  2.  ~Q| 

(0,  0,  2,  59)  c).  9.  0.  29) 

Whence  N=29*23  (mod  7  1)  *1*29. 


Ax 2=  3.  Let  us  null  nueber  (0,  3,  0,  0) 

<0,  3.  0,  0) 

-(0,  3.  3.  3) 

(0,  0.  4,  66) 

Then  (1=8*23  (nai  71)  *1=43. 


A«2=4*  Let  us  null  nueber  (0,  u,  0,  0) 

(0,  4,  0,  0)  tO.  9.  5,  62) 

—  (0.  4,  2.  9)  -(0.  0.  5.  4) 

(0,  0,  5,  62)  (0  .  0.  0,  56) 

Whence  8*58*23  (eod  71) *1=57. 
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(0,  0.  4.  66) 
—  <0.  G.  4.  6C-j 
;0.  o,  u.  .*) 


On  basis/base  Ps=7 
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Let  us  null  ouabec  (0,  0,  1,  0) 

(0.  0,  1,0) 

-to.  o.  1,  15) 

(0.  0,  0,  S6> 

Then  4  =  S6  *2  3  (13d  7  1)  ♦1=11. 


&ii  =  2.  Nuebec  (0,  0,  2,  0) 

<0.  0,  2,  0) 

-(0.  ').  2.  30) 

tO.  0  .«  4) i 

Bhencre  N=ul*23  (nod  71)  *1=21. 


4ij*3.  Let  as  nail  (0,  Q,  3,  0)  , 

nj.  'i.  i.  » 

—  >u.  ■'  45* 

t®  ),  "  J6i 

Mhanre  M=2***23  (and  71)»1«)l. 


A«,  =  <*.  Let  us  null  nuiber  (0,  0,  4,  0) 

t0.  0.  4.  0) 

-<0  0,  4.  60) 

(0.  0.  0.  I!) 

Then  5=11*23  (aoi  7  1)  *1  =  4  1. 


Aij=5.  Hueber  (0,  J,  5,  0) 

(0.  ).  5,  0) 
—  tO.  <J.  5,  4) 
(0,  0.  0,  67) 
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Whence  S=67*23  (nod  71) *1*51. 

Ax  j=6.  Erroneous  number  (0,  0,  6,  0) 

(0,  0,  6.  0) 

-(0,  0,  6,  19) 

(0,  0,  0,  52) 

Whence  N=52*23  (aoi  71) *1*61. 

Thus,  an  aitaaple  illustrates  the  establishad/installed  by  Halt 
theorea  error  distribution  according  to  the  intervals  of  numerical 
ranga. 


§  4.8.  Arithmetic  of  errors. 

Lat  us  consider  some  methods  of  accelerating  the  contraction  of 
the  alternative  set  of  errors  with  the  execution  of  arithmetic 
operations. 

Theorea  4.20.  (j&bout  addition  and  subtraction  of  errors).  If  in 
the  regulated  system  of  bases/bases  was  implemented  the  correct 
operation  of  addition  or  subtraction  whose  result  was 
arranged/located  in  interval  Yi  as  a  result  of  the  appearance  of 
isolated  error  Ln  one  of  the  operands,  then  froa  the  alternative  set 
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of  errors  must  be  excluded  the  terms,  which  dc  not  satisfy  the 
relationship/ratio 

IYx-YaIO.  (4.22) 

where  y 2  -  number  of  the  interval  in  which  was  arraaged/located 
incorrect  operand. 

Page  207. 

Proof.  By  an  Incorrect  number  of  stood  operand  A.  aith  the 
addition  (subtraction)  to  it  the  correct  number  3  neither  value  nor 
location  of  error  be  changed  can,  i.e.,  the  same  error  occurs  also  as 
a  result  of  operation. 

Since  tha  number  of  the  interval  in  which  is  located  the  result, 
is  determined  by  the  value  of  error,  and  the  value  of  a  number  itself 
can  move  it  only  into  the  adjacent  interval  according  to  theorem  4.  17 
about  the  error  distribution,  then  hence  and  follows  the  assertion  of 
theorem . 

Theorem  4.2  1.  (About  the  multiplication  of  errors).  Let  in  the 
regulated  system  of  bases/bases  be  Implemented  the  correct  operation 
of  multiplication  above  operands  A  and  3  whose  result  C  was 
arranged/located  in  interval  Yc.  as  a  result  of  the  appearance  of 
isolated  error  in  one  of  the  operands. 
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Then  from  the  alternative  set  cf  errors  must  be  excluded  the 
terms,  which  do  not  satisfy  the  equality 

Aai{3((modpi)  =  Acit  (4.23) 

where  Aaf  -  possible  error  in  the  digit  on  basis/base  P>  of  incorrect 
operand;  p,  -  digit  on  the  same  basis/base  in  the  correct  operand; 

Ac;  -  possible  arror  in  the  digit  of  result  on  the  same  basis/base. 

Proof.  For  the  operation  of  multiplication  we  hava 

a.  p,  (mod  pi)~Ci.  (4.24) 

Let  us  assume  that  in  operand  T  on  basis/base  P-  occurs  the 
error  by  value  Aa*,  and  in  the  product  -  by  value  Ac,.  Then  (4.24)  it  can 

be  rewritten  in  tha  form 

((af  —  Actf)  t  Aa^Pi  (mod  p, )  =  (e,  —  Ac, )  -f  Ac,.  (4.25) 

But  if  occurs  arror  Aa,,  the  true  value  ocSH)  of  the  digit  of  operand  A  on 
basis/base  p,  they  are 

a<«)  =  Aczi, 

but  tha  true  value  of  the  digit  of  result  c<»>: 

CO  <\*)  =  ci  —  Acf, 

t.  e.  a<H>Pi  (mod  p()  =  c<iB).  (4.26) 

Key;  (1) .  i.e. 

Page  208. 


■~'i  ■ 


Vi 
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From  (4.25)  and  (4.2b)  we  obtain  (4.23). 

Theorem  4.22  (ftbout  the  step-by-step  division  of  errors).  l*et  in 
the  regulated  system  of  bases/bases  be  iapleaented  the  correct 
operation  of  the  step-by-step  division  above  operands  A  and  B  whose 
result  C  as  a  result  of  the  appearance  of  isolated  error  in  operand  A 
became  an  incorrect  number. 

Then  from  the  alternative  set  of  errors  aust  be  excluded  the 
terms,  for  which  is  not  ifpleaented  the  equality 

(mod  Pi)  =  A*.  (4.27)# 

if  A  -  dividend,  or  are  excluded  the  terms  for  which  does  not  occur 
the  equality 

(Aa,c<H>  -i-  ACia<.">  -f  Aa*ACj)  (mod  p()  =  0,  (4.28) 

if  tha  incorrect  operand  T  is  divider/denoainator. 

Proof.  Since  is  produced  the  operation  of  step-by-step  division, 
then  takes  the  place 

(mod  pi)  =  ci 

or 

*i  +  k>Pi  =  frc(,  (4.29) 

where  kt  -  whole  non-negative  number. 

If  error  on  basis/base  pt  occurs,  then  by  the  true  digit  of 
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operand  &  on  basis/base  pi  it  will  be 

a<-)  =  Oi  —  Aaj, 

bat  tha  trae  digit  of  the  result 


w  he  no  e 

where  k2 
obtain 


c<“>  =  Cj  — Acf, 

(4.30) 

whcla  ^on-negative  number.  Proa  (4.29)  and  (4.30)  we  will 


Act/  =PiAcj, 


where  tc3:=k1-k2. 


Page  209. 


Hence 

(mod  pi)  =  Aci, 

that  also  proves  assertion  (4.27)  of  theorem. 

In  the  case,  when  the  incorrect  operand  A  is 
divider/denoeinator,  the  execution  of  step-by-step  division  can  be 
registared  as 

P>  -f  =  (a<»>  +  Aa* ) +  Ac.),  (4.31) 

where  k4  -  whola  non-negative  number. 

But  true  operation  must  be  iipleaented  above  the  correct  digits 
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on  basis/base  p.-  i.  a.  must  occur  the  relationship/ratio 

fc  +  *5pi  =  a,iM)c<iM\  (4.32) 

where  k5  -  whola  non-negative  number. 

From  (4.31)  and  (4.32)  we  obtain 

a(">ACi  -f  c(“»Aai  -p  Aat Acs  =  (fci  —  *2)  Pi . 

whence  ensues  assertion  (4.28)  of  theorem. 

Lat  us  consider  the  operation  of  theorems  4. 21,  4.  22  in  the 
standardized/nor aalized  system  cf  the  bases/bases 

Pi  =2;  p*=3;  p,=5;  p4  =  7;  p5=ll. 

Example.  Is  preset  the  incorrect  number  A=(1,  1,  3,  1,  2),  to 
which  in  resolving  task  correctly  is  multiplied  the  correct  number 
B=  ( 1,  0,  0,  1,  4).  it  is  necessary  to  determine  location  and  value  of 
error. 


Nulling  the  number  A 

(1,1,3,  1,2)  (0,0,  2,  0,1) 

-(1,  1,  1,  1,  1)  -(0.  0.  2,  5,  1) 

(0,  0,  2,  0,  1)  (0,  0,  0,  2,  0) 

(0.  0,  0,  2,  0) 

-(0,  0.  0.  2,  8) 

(0,  0,  0,  0,  3) 


They  obtained  7*-3. 


Lat  us  null  product  AB: 


A 
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AB  =  (1,  1,  3,  I,  2)  x  (1,  0,  0,  1.  •*>  =  (!.  n,  0.  i,  8) 

0,  0,  1,  8)  (0.  2,  !.  0.  7)  (0.  0.  0.  ') 

1,  1.  1.  1)  -(0,  2.  2.  2.  2;  - <0 ,  o.  2.  T.  ! ' 

(0,  2,  4,  0,  7)  (0,  0,  2,  5.  5)  (0.  0.  0.  0,  4| 

Here  Ts=“. 

Page  210. 

Proa  the  table  of  error  distribution  let  as  write  oat  the 
conditional  alternative  set  (p2r  p3,  p4,  p5)  . 

It  is  checked  now  fulfilling  of  requiring  (4. 23) the  theorem 
aboat  the  multiplication  cf  errors. 

Basis/base  p2.  He  have  Aa2=2,  Pg-0,  Ac2  =  2,  i.e.,  2  •  0  ^2. 
Condition  (4.23)  is  not  satisfied,  the  error  Aa2  =  2  in  operand  A  is 
impossible. 

Basis/base  p3.  He  have  Aa3^2,  03=O,  Ac3  =  4.  Here  2*0^4,  i.e.  , 
error  Aa3=2  is  impossible  and  must  be  excluded  froa  the  alternative 
set. 

Basis/base  p4. 

a)  Aat=2,  pt=  r,  Act  =  2.  .  Here  2»1«2.  The  condition  (4,23) 

is  satisfied,  error  Aa*=2  is  possible. 

a)  Aa4=2,  34*1,  Ac4=3,  the  condition  of  theorem  2*l/3  is  not 
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satisfied.  A  siailac  error  is  impossible. 

For  control  of  base  a*  =  3,  p*  =  4.  Ae=4,  but  (3*4)  (nod  11)^4.  Error  on 
the  control  basis/base  is  impossible. 

Thus,  error  is  located  in  the  digit  through  basis/base  p*  and 
its  value  &«*=2. 

Exanple.  To  deteraine  the  alternative  set  of  errors  with  the 
execution  of  the  correct  operation  of  dividing  the  nunber  A=  (0,  2,  4, 
2,  5)  into  the  correct  nunber  B=(1,  2,  2,  3,  6). 

Lat  us  determine  the  alternative  set  of  the  errors  for  nunber  A, 
for  which  let  us  lead  nulling. 

(0,  2.  4,  2,  5)  (0,  0,  2,  0,  3)  (0,  0,  0,  2,  2) 

-(0,  2.  2,  2,  2)  -(0,  0,  2,  5,  1)  -(0,  0,  0,  2,  8) 

(0.  0,  2,  0,  3)  (0,  0,  0,  2,  2)  (0,  0,  0,  0,  5) 

By  value  **=5  fron  the  table  we  deteraine  the  alternative  3et  of 
errors  (pt;  p3;  p«;  p9)  ,  aoreover  are  possible  the  following  values 
of  errors: 

Aaj  =  l.  Aos  =  4,  Aa*=3,  A*  =  5. 

Lat  us  fulfill  the  operation  of  th9  step-by-stap  division  A  into 
B:*:B=(0,  2,  4,  2,  5):  (1,  2,  2,  3,  6)  =  (0,  1,  2,  3,  10). 


Lat  us  null  the  quotient 
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(0,1.2,3,10)  (0,0,  3,  6,6) 

-(0,  1,  4,  4,  4)  -(0,  0,  3,  4,7) 

in,  n,  3,«(>)  m,o,0,2,!0) 

(0,  0,  0,  2,  10) 

-(0,  0,  0,  2,  8) 

(0,  0,  0,0,  2) 


By  value  ys  =  2  ve  deteraine  for  the  quotient  the  alternative  set 


of  errors  (p3;  p4:  p5) . 


In  this  case  conditional  alternative  set  will  be 


(Pii  Pv  Pi ;  Pi)  (Pi i  Pi ;  Pi)  ~  (Pi-  Pi !  Pi) 


9a  analyze  tha  obtained  set. 


Page  211. 

Basis/basa  p3.  Aa3=4,  03=2,  Ac3=2.  Condition  (4.27)  4/2*2  Is 

satisfied,  and  in  the  digit  on  basis/base  p3  is  possible  error. 

Basis/base  p*.  Aa4=3,  04  =  3,  Ac4=1.  Bare  3/5=1.  Condition  (4.27) 
is  satisfied  end*  and  in  digit  on  fcasis/base  p*  is  possible  error. 

Control  ba3is/base.  A«5  =  5,  0S=6,  Acs=2.  According  to  the 
condition  of  the  theoree 

—  (mod  11)  =  10  =fc  2, 


i.e.  control  ba3is/base  aust  be  excluded  froe  the  conditional 
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alternative  set.  Conditional  alternative  set  will  talce  in  this  case 
fora  (p3,  p4). 

Knowledge  of  location  and  the  valaa  of  possible  error  permits 
for  us  to  sufficiently  efficiently  reduce  the  value  of  the 
conditional  alternative  set  of  the  errors  and  in  the  majority  of  the 
cases  to  iaaediately  correct  place  error. 

§  4.9.  "Th e  statistical  siaulation  of  the  process  of  the  convergence 
of  alternative  correction. 

^?he  siaulation  of  the  retraction  of  alternative  sets  was 
produced  to  to  bloc*  diagram  on  page  212. 


As  the  basis  of  the  system  of  numeration  were  selected  the 

following:  -  -  »  .  ,  . . 

Px  =  2,  Pi  =  3,  pi  =  5,  p*  =  7,  =  1 1 , 

=  1 3,  Pi  —  29,  Pi  =  31 ,  p*  =  37,  pjo  =  41. 


In  numbers  both  initial  and  for  the  intermediate  operations  they 
were  chosen  randomly  from  operating  range  [o,  —j  so  that  the  results 
of  operation,  entering  the  circuit,  would  not  exceed  the  limits  of 
the  same  range.  Furthermore,  in  the  program  of  the  circuit  of 
operations  participated  the  operations,  which  substantially  vary 
value  and  character  of  a  number.  It  is  completely  logical  that  such 

a 

operations,  as  addition  +1,  little  varying  value  numbers,  do  not 
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affect  the  character  of  the  alternative  set  of  a  nuaber  and  thereby 
do  not  obtain  naw  information  for  position  finding  errors.  Therefore 
poorly  informative  operations  were  not  built-in  into  the  program  of 
circuit . 

ware  trace!  two  models  of  the  short  duration  failures: 

1.  Always  goes  out  of  order  one  and  the  sane  basis/base  (and  so 
on  each  of  the  bases/bases). 


DOC  =  31023910  PAGE  m 

Page  212. 


Kay:  (1).  Selection  of  the  initial  nuaber  A.  (2).  Selection  of  nuaber 
of  basis/base  with  distorted  digit.  (3).  Obtaining  distorted  nuaber 
A.  (4).  Deteraination  of  alternative  set  A.  (5).  Deteraination  of 
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intersection  of  alternative  sets.  (6)  .  Analysis  of  end  of  retraction. 
(7).  Mo.  (8).  Yes.  (9).  Selection  of  following  operation.  (10). 
Construction  of  histograas  and  calculation  of  self  correction.  (11). 
Selection  of  following  number,  which  participates  in  operation.  (12). 
Analysis  of  eni  of  process  of  calculation.  (13).  Execution  of 
following  operation.  (14).  Printing  result.  (15).  Sending  of  result 
for  place  of  initial  number.  (16)  .  stop. 

Page  213. 

2.  Bases/bases  go  out  of  order  randomly  according  to  preset  law 
of  distribution. 

Por  each  model  of  short  duration  failures  was  counted  the  length 
of  chain  of  operations,  necessary  for  the  localization  of  the  place 
of  short  duration  failure.  Results  were  obtained  in  the  form  of  the 
histograms  of  the  frequencies  of  the  convergence  for  the  fixed  values 
of  lengths  of  chain.  On  the  basis  of  these  histograms  were 
constructed  the  graph/diagrams  of  the  dependences  of  probabilities  it 
was  discovered  and  the  correction  of  the  error  on  operation  number  in 
the  circuit,  and  also  on  the  length  of  chain  with  the  short  duration 
failures  in  different  bases/bases.  Besides  this  was  conducted  the 
calculation  of  medium  chain  lengths  and  was  constructed  the 
graph/diagram  of  the  dependence  of  medium  chain  length  on  the  value 
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|  of  basis/base,  digit  on  which  was  erroneous. 

1 

f 

Findings  lade  it  possible  to  also  construct  the  dependences  of 
I  the  probabilitias  of  localization  of  the  place  of  the  error  as 

function  of  the  length  of  chain  of  operations  for  different  values  of 
bases/bases. 

The  analysis  of  the  results  of  the  simulation  conducted  shows 
4  that  the  retraction  of  alternative  sets  always  descends  and  gives  the 

,  single- valued  deter  ainat  ion  of  the  unknown  basis/base.  However,  the 

'  build-up/growth  of  the  probability  of  convergence  strongly  depends  on 

the  value  of  basis/base,  on  which  occurred  the  error.  Siailar  pattern 
occurs  also  for  the  probability  of  self  correction,  treated  as  a 
t  special  case  of  the  convergence  of  alternative  sets. 


If  for  saall  bases/bases  (2  3,  5,  7)  bulk  of  alternative  sets 
during  the  calculation  of  circuit  descends  on  the  second  or  thrird 
operation  of  circuit,  moreover  maximum  falls  to  the  first  operation, 
i.e.,  immediately  for  the  self  correction,  then  for  more  senior  | 

bases/bases  (29,  31  ,  37,  41)  occurs  the  shift/shear  of  maximum  value 

i 

for  third  operation  and  sharp  decrease  of  possible  self  corrections. 

This,  in  particular,  it  is  explained  by  the  decrease  of  the 


probability  of  obtaining  zero  with  the  distorted  basis/base  and  the 
more  even  distribution  of  these  zeros  ail  over  the  aggregate  of  the 
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results  of  the  operations  of  circuit.  Analogously  the  probability  of 
localization  of  tho  place  of  error  with  an  increase  in  the  length  of 
chain  aore  rapidly  approaches  1  fcr  saall  bases/bases.  If  for 
basis/base  p  -2  the  probability  cf  localization  of  error  for  two 
operations  is  aqual  to  0.73,  then  for  P  -  4!  it  is  reduced  to  3.28 
i.e.  alaost  three  times.  Yes  even  very  character  of  dependence  shows 
that  until  the  values  of  bases/bases  are  changed  comparatively 
saoothly  (2,  3,  5,  7)  that  and  curved  sufficiently  steady,  and  with  a 
sharp  increase  in  the  value  of  tasis/base  from  13  to  29  and  further 
to  41  curves  it  sharply  falls  downward. 

Page  214. 

Bith  an  increase  in  the  length  of  chain  the  probability  of 
localization  of  the  place  of  error  incraasingly  less  depends  on  the 
value  of  basis/base  and  approximately/exemplarily  at  the  length  of 
chain  in  11-12  operations  probabilities  are  equalized  to  the  value, 
equal  to  one. 

That  presaatad  makes  it  possible  to  draw  the  conclusion  that  the 
■ethod  of  the  contraction  of  the  alternative  aggregates  of  the 
results  of  calculating  the  consecutive  operations  of  circuit  eakes  it 
possible  to  localize  the  place  cf  the  error  at  the  maximum  length  of 
chain  into  12  operations.  However,  average  length  of  chain  composes 
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9-5  operations. 

The  retraction  of  alternative  sets  can  be  somewhat  accelerated, 
on  the  basis  of  the  following  considerations.  In  view  of  the  fact 
that  medium  chain  length  increases  with  the  value  of  Lases/bases,  it 
is  expedient  to  increase  the  reliability  of  operation  in  the  large 
bases/bases  by  one  or  the  other  technical  means,  at  least  even  due  to 
the  decrease  of  the  reliability  of  small  bases/bases.  In  this  case 
the  short  duration  failures  will  occur  predominantly  on  small 
bases/bases  and,  consequently  will  be  accelerated  the  contraction  of 
alternative  to  the  place  of  error.  In  accordance  with  what  has  been 
said  were  simulated  the  retractions  with  the  eguiprobable  short 
duration  failures  and  independent  of  the  value  of  bases/bases  with 
the  more  probable  short  duration  failures  for  small  basas/bases.  The 
results  of  simulation  show  the  noticeable  acceleration  of  contraction 
in  the  second  case.  Medium  chain  length  is  here  equal  to  three 
operations. 

Purther  was  simulated  the  method  of  localization  of  the  place  of 
error  on  the  hypothesis  accepted,  namely  on  any  of  the  bases/bases, 
entering  the  alternative  set  of  an  incorrect  number,  is  done 
correction  and  on  the  obtained  correct  number  are  implemented  farther 
operations  of  circuit.  It  is  assumed  that  the  incorrectly  corrected 
number  must  not  lead  to  the  true  results  in  the  operations  of 
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circuit. 

Simulation  was  produced  on  the  block  diagram,  represented  on 
page  215. 

It  was  conducted  under  the  same  conditions  as  the  simulation  of 
the  retraction  of  alternative  sets. 

The  analysis  of  obtained  results  shows  that  also  by  the  method 
of  hypotheses  is  reached  satisfactory  localization  of  the  place  of 
error,  moreover  in  contrast  to  the  method  of  th9  contraction  of 
alternative  sets  the  probability  cf  localization  of  the  place  of 
error  barely  depends  on  the  value  of  basis/base,  according  to  which 
occurred  the  short  duration  failure. 

Page  215. 

A  change  in  the  value  of  this  probability  with  an  increase  in  the 
basis/base  is  so  insignificant  that  virtually  is  not  had  an  effect  on 
the  averaga/meaa  value  of  the  length  of  chain,  necessary  for  the 
localization  of  arror,  which  in  the  method  of  hypotheses  composes  two 
operations  for  the  short  duration  failure  on  any  of  the  bases/bases. 
As  far  as  length  of  chain  is  concerned  maximum,  then  it  in  the  method 
of  hypotheses  is  equal  to  six  operations. 


J 


DOC  =  81023910 


PAGE 


Kay:  (1).  selection  of  the  initial  nuaber  A.  (2).  Selection  of  nuaber 
of  basis/base  of  distorted  digit  and  obtaining  distorted  nuaber  A. 
(3).  Dateraination  of  alternative  set  A.  (4).  Selection  of  hypothesis 
of  error  and  operation  of  conducting  correction.  (5).  Selection  of 
following  nuaber  according  to  prograa  of  circuit.  (6).  Execution  of 
following  operation  of  circuit.  (7).  Analysis  of  obtained  result  for 
correctness  and  correction  of  alternative  set.  (8).  Analysis  of  end 


j 
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of  retraction.  (9).  No.  (10).  Analysis  of  termination  of  calculation 
(11).  Concluding  printing  and  stop. 

Page  216. 

Thus,  it  is  possible  to  draw  the  conclusion  that  the  Method  of 
hypotheses  accelerates  the  process  cf  localization  of  the  error  both 
on  the  average  and  on  the  maximum,  approximately/exemplarily  doubly 
in  comparison  with  the  method  of  the  contraction  of  alternative  sets 
Thus,  with  the  fulfillment  of  three  operations  the  probability  of 
localization  of  the  error  in  the  aethod  of  contraction  composes  0.62 
and  in  the  aethod  of  hypotheses  this  probability  is  equal  to  0.965. 

However,  with  the  noted  advantages  tha  method  of  hypotheses  is 
■ore  complicated  on  its  realization  both  in  the  equipment  sense  and 
algorithmically  in  comparison  with  the  lethod  of  the  contraction  of 
alternative  sets,  while  the  latter  does  not  interrupt/break  the 
natural  course  of  the  process  of  calculations  according  to  the 
program,  but  seamingly  in  parallel  are  monitored  it,  the  method  of 
hypotheses  can  in  a  number  of  cases  require  the  discontinuity  of 
process  and  its  return  at  the  beginning  of  the  reception  of 
hypothesis.  Therefore  it  is  considered  by  advisable  to  use  the 
combined  process. 
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In  particular,  it  is  possible  the  large  foundations  for  checking 
by  the  nethod  of  hypotheses  and  to  exclude  thee  from  the  alternative 
set,  and  for  tha  remaining  part  of  the  alternative  set  to  use  the 
method  of  contraction. 

The  conbined  method  also  was  simulated  and  were  the  findings, 
which  characterize  the  parameters  of  tha  process  of  localization  of 
the  place  of  the  arror  in  the  dependenca  on  the  relationship/ratio  of 
the  parts  of  tha  alternative  set,  processed  by  different  aethods.  The 
analysis  of  these  data  clearly  shews  that  the  use/application  of  the 
coabinad  method  is  very  efficient.  A  quantity  of  excluded  bases/bases 
is  different  during  different  capacities  of  alternative  sets  and 
different  distribution  thea  snail  and  large  bases/bases.  Optimum  is 
located  near  0.4  froa  a  quantity  of  bases/bases,  entering  the 
alternative  set.  In  this  case  the  mediua  chain  length,  necessary  for 
the  localization  of  error,  will  compose  two  operations,  and  the 
probability  of  localization  of  the  error  with  six  operations  in  the 
circuit  is  equal  to  0.975. 
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Page  217. 

Chapter  5. 

ALGORITHMS  OF  THE  EXECUTION  NCNMODUIAR  OPERATIONS. 

Does  not  cause  doubt  the  efficiency  of  the  use/appli cation  of  a 
system  cf  residual  classes  in  the  implementation  of  the  majority  cf 
arithmetic  operations. 

Somewhat  more  complicated!  y  proceeds  matter  with  the  execution 
of  nonmodular  (positional)  operations,  which  require  the  knowledge  o 
the  value  of  entire  number  as  a  whole. 

Thus,  duriag  the  determination  of  the  sign  of  a  number,  wit n  th 
fulfillment  of  the  arithmetic  comparison  cf  two  numbers,  in  certain 
cases  of  division,  with  the  rounding  we  should  have  information  abou 
the  value  of  entira  number  or,  which  is  the  same  thing,  it  is 
necessary  to  know  the  location  cf  a  nunoer  in  the  numerical  range. 
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In  this  case,  as  a  rule,  tc  us  it  suffices  to  know  the  p.  uaisr  of 
interval  j,  ir.  which  is  located  a  number. 

For  the  introduction  of  the  sign  of  a  number  entire  numerical 
range  we  divide/aark  off  into  two  farts  and  on  that,  in  which  of  *h- 
parts  it  lies/rests  the  number  in  question,  we  judge  its  sign.  Here 

[P  p  \ 

/—  •  (/  —  U  — )  in  which  is 

arranged/located  a  number,  we  knew  its  sign. 

Being  congr uent/eguating  with  respect  to  the  value  two  numbers, 
we  judge  that,  which  of  the  numbers  mere  cn  the  sign  of  difference. 

The  knowledge  of  the  numbers  of  the  intervals  in  which  are 
arranged/located  the  operands,  makes  it  possible  to  simplify  the 
process  of  comparison,  namely:  if  numbers  lie/rest  at  the  differen* 
intervals,  then  cf  them  large  is  the  number,  which  lies  at  the 
interval  with  the  large  number  and,  etc. 

Page  21 3. 

Until  r.ow,  they  used  in  the  examination  of  nonmodular  operations 
by  some  values,  which  characterize  entire  number  as  a  whole:  rant, 
and  it  is  later  by  trace,  by  character. 
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In  present  chapter  it  is  proposed  to  consi  ler  some  a lgcr  5 ;  runs  cf 
the  determination  of  minimum  trace  or  character  of  a  number,  an  5  also 
the  number  intarval,  in  which  is  arranged/located  a  number,  for  the 
purpose  of  the  afficient  realization  of  nonmodular  operations. 

§5.1.  method  of  weight  characteristics. 

Let  us  introduce  the  concept  of  the  weight  of  a  minimum 
pseudo-orthogonal  number. 


Definition.  By  the  weight  cf  the  minimum  pseudo-orthcgonal 
number 

Af<*|  a  (0,  0,  •  .  • ,  0,  OCji  0,  . . . ,  *Sa() 

we  will  understand  correct  binary  fraction  with  a  length  of  1: 

m‘a(  =  e^’2  +...+  ia]2~l , 

where 


Key:  (1) 


0,  ecjiH  (2J'1ai,  2;'1<zi)  —  npaBH.ibHa«  napa, 

.  GT5 

1,  b  npoTHBHOM  cnyeae 


if.  (2).  correct  pair.  (3).  otherwise. 


with  j  —  1 ,  2,  ...,  1. 

The  connection  of  the  value  cf  a  minimum  pseudo-orthogonal 
number  with  its  weight  is  determined  by  the  following  theorem. 
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Theorem  5.1.  If  in  the  sta rdardized/normalized  system  cf  the 
bases/bases 

Pit  Pit  •  •  • »  Pn 

is  preset  the  minimum  pseudo-crthcacnal  number 

.Vfaj  =  ( 0,  0,  ....  S5() 

with  a  weight  of  ma.  with  a  length  of  1 

m‘at  =  +  e^2-*  +  . . .  +  «^2-\ 

then  value  Ma,  is  connected  with  its  weight  with  the  following 
re lationshi p/ratio: 

<mi,  (si) 

Page  219. 


Proof.  According  to  the  determination  of  the  weight  cf  a  numb 
if  pair  (otj,  <Zi)  is  incorrect,  i.e.  ,  during  the  addition  of 

initial  minimum  pseudo-crthogcnal  number  Ma,  of  very  with  itself 
will  obtain 

e  it  he  r 


and  if  t^  =  0,  tner.  pair  (a,,  at)  is  correct,  whence 


0  -<  2Afa  <  gp 

1  Pn 


or 


A1a  <  2'1  —  . 

*  Pn 


Joining  these  inequalities,  we  car  write 

472-1  ~<Ma  <  ta}2~1  m  2*‘  —  . 

Pn  ’  ‘  Pn  Pi 

It  is  logical  that  a  similar  inequality  can  be  written  for  ary 


e«]2_1-r-<M2i->a  <e«.)2'1#  t2t'4-  ■  (5-2) 

*  Pn  1  “<  '  Pn  Pn 


Pn  ”  *'  "ai  i  Pn  •  Pn 

Let  us  use  further  the  wetted  cf  inducticn.  Let  us  assume  fha* 
(5.1)  it  is  correct  for  l  =  j-1.  Let  us  show  that  it  is  correct  then 
for  l=j.  Let  tane  place 


m««  p.  "r  1  : 


Pn  '  ~-—t  pn 

Let  us  first  cf  all  note  that 


to;’ 

Jut  or.  th*»  basis  (5.  3)  we  can  write 

L  J*VPn  J  Pn  1  Pn 


Pn 


£_ 

Pn 


(5.3) 


whe  nee 


(5.4) 
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Then  inequality  (5.2)  can  be  rewritten  in  the  form 


^?2'*  v-  +  2'-1mi;‘  ■£<  2>-LVf  <  e“’2- 

Pn  1  Pn  1  1  Pn 


p^’2'1  —  — 


—  2‘1  —  —  2,~'mi~l  — 


Pn 


Pn 


or 
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Hovever, 


m„ 


n  1  *1  n 


Pn 


Pn 


since 


A1a  <  mi  . 1 

i  f 


3*  ,  ^  ■  2-;  ^ 

P/i  *  Pn  Pn 


that 


_J  _ l  Jiio-i 

^.=ma|  —  • 


mi.  <.  AIa  <  mi.  —  —  2"  —  . 

2  7  *  Pn  Pn 


that  also  proves  assertion  (5.1)  cf  theorem, 


Corollary  1.  If  for  this  basis/basa  pt  it  will  be  found  inf  ego 
•*ti.  satisfying  the  comparison 

2*'  =  1  (mod 

then  occurs  the  following  equality 

(2“'  -l)Afa,  =  *-£-.  (5-5) 

where  fc  -  integer. 


Subsequently  value  we  will  call  the  length  of  weight  ma.. 

Actually/really,  assuming/setting  in  (5.4)  /—  l=«i.  we  will  obtai: 

M  -  =2niMa,-2nim::^  (5.6) 


or,  taking  into  account  that,  regarding  .-ij.  has  the  place 

At  »  .  —  Ala  . 

2  ‘a,  1 


we  can  register  (5.6)  in  the  form 

,2ai-!)Ma  =2%!*;-^  , 

‘  «  X7n 


which  coincides  with  (5.5)  with 


(5.7) 


k  =  2'  'ml 
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Corollary  2.  From  (5.7)  er.sues/escapes/f  lows  out  in  this  cas* 
reprasa ntation  <Vfa;  in  th°  form 


I* ‘m* 


M,  = 


«f  £_ 
Pn 


(5.8) 


2  ‘  —  I 

Let  to  us  be  is  preset  number  A  =  (au  a2 . a,t). 


We  form  sum  Af*  of  the  minimum  pseudo-orthogonal  numbers 
.Vfa(  ■=  (a,.  0 .  o.  s;t). 

.Ma„..  =  (0  n . *•»-,.  s;n_t). 

each  of  which  has  a  weight  m*>  (1=1,  2,  ...,  n-1),  i.e., 

n—  1 

MA  =  (aua2, - Vi,  SA)  =  ^  Af«  .  (5.9) 

i=t 

Let  us  assume  that  the  least  common  multiple  v  of  values 
nit  n2,  n,,.,  is  such,  that  is  satisfied  the  condition 


2"  =  1  (mod  pi), 
i  =  1 ,  2,  ....  n  —  J , 


(5.10) 


then,  passing  for  each  of  the  selected  minimus  pseudo-orthogonal 
numbers  to  the  weight  by  length  v ,  we  obtain  in  accordance  wi  fh  (5.3) 


Af-  = 


2"< 


.r 


2n —  1  Pn 
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Theorem  5.2.  (about  the  minimum  trace  of  a  number).  It  in  the 
standardized/normalized  system  cf  fcases/bases  is  preset  the  number 

=  On,  Otn) 

with  a  weight  of  m”  by  length  »,  not  multiple  to  value  2"— 1,  ard 
by  trace  S.A,  than  the  minimum  •♦■race  cf  the  preset  number  is 
determined  by  the  equality 

S5  =  (s.A  -  2^~ ])  (mod  pn).  (5. 13) 

Proof.  In  accordance  with  (5.12)  and  theorem  conditions  w-  havn 
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Pn 


Pn 


Consequently,  number  MA  is  located  in  the  interval,  distant 

r  $>  \  2 ^  "1 

behind  interval  |_0,  — J  tc  value  -  of  intervals. 


Since  the  minimum  fcim  A*  cf  number  A  has  a  trace  S\,  ani 
number  A  nas  a  trace  SA.  then 

MA  =  +  (SA  -  S%)  (mod  pn)  £- , 

but  hence 

SA-S\=  (mod pn), 

that  also  composes  the  assertion  cf  theorem. 


The  method  examined  makes  it  possible  to  accurately  determine 
value  of  the  minimum  trace  of  a  number,  and  therefore,  the  number  o 
the  interval  in  which  it  is  arrang^d/located.  3y  the  comparison  of 
values  a„,  S*  and  S,v  we  also  accurately  determine  the  value  of  the 
character  of  a  number. 


Page  223. 

However,  for  the  operation  with  numbers  in  the  sufficiently 
large  range  the  length  cf  weight  »  in  general  is  obtained 
sufficiently  large  and  the  form  at  icn/edu  cation  of  weight  rrv\ 
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requires  the  addition  of  long  numbers  (weights),  wnich  impedes 
practical  application  of  this  method. 

Therefore  the  proposed  method  can  be  examined  into  som^wh 
other  plan/layout,  namely  let  us  assign  the  weights  of  small  1 
and  will  try  to  narrow  down  tr.°  region  of  the 
uncer  tainty/indeter  mir.a  rcy  of  the  minimum  trace  of  a  number. 


Let  us  select  length  cf  the  weight  of  a  number,  equal  1. 
the  weight  of  a  minimum  pseudo- or thcg ona 1  number  is  defined  as 
i.e.  it  decreases  by  value 


ml{  -  mi,  =  ~  e%>2~*  <  2'1. 

and  the  weight  of  number  A  will  he  defined  as 


ml  =  m*  -  ^  (mi.  —  mij 
1=1 

or 

mlK  <  mnA  <  mlA  -f-  (n  —  1 )  2'1 . 

whe  nee 

,r  2nml  1 

JT~  J  <Sa-S\  (mod  pn)  <  (m<A  +  (n-  1 )  2'1)  . 

(5.14) 

Since  it  is  assumed  that  *>>1,  then  with  a  sufficient  ie? 
accuracy  it  is  possible  to  cour. t 


Value  1  let  us  select  in  such  a  way  that  would  be  satisfi 


DOC 


A  102 11 


PAGE  367 


i nequal i t  y 


or 


/>log2  (n—  1). 


Then.  ( 5 .  i a )  signs  th®  form 

(/rc'Aj<SA  — Sa  (mod  pn)<lm‘A~  1], 

i.e.  the  minimum  trace  of  a  number  can  have  values  either 

SA  =  (SA-!m'A))(mod  pn), 
or 

S%  =  (5a  —  [mA]  —  1 )  (mod  pn)- 

As  w?  see,  the  region  of  the  possible  values  of  the  minimum 
trace  of  a  number  substantially  decreased. 

Page  224. 

§5.2.  Method  of  nulling. 

In  chapter  4  has  already  beer,  discussed  the  method  of  null! 
during  numbering  of  the  interval  in  which  is  arranged/located  th 
interesting  us  number.  Was  there  formulated  the  theorem  about  th 
independence  the  result  of  nulling  from  the  procedure  of  process 
the  present  section  is  assumed  the  more  thorough  examination  of 


method 
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Determination.  N'ulling  will  call  such  o-rsthod  of  tha 
transformation  of  the  number,  preset  in  the  system  of  residual 
classes,  with  which  in  each  stage  cf  transformation  a  number  cf  zero 
digits  in  the  representation  cf  a  number  increases  also  in  this  cas  ~ 
is  ensured  the  nonappearance  cf  the  converted  number  beyond  the 
borders  of  that  interval  cf  the  numerical  range  in  which,  if  is 
arr  an  ge  a/  located. 

Determination.  A  minimum  number  of  nulling  Mu  we  will  call 
small  from  numbers  of  the  form 

Mi,  =  (0,  0,  ....  0,  aU\  a<4, . a</>),  (5. 1 5) 

moreover 

i=l,  2,  ....  n—  1, 

/  =  1,2 . pi  —  1 . 

It  is  obvious  that  in  all  minimum  numbers  of  nulling  fcr  the 
preset  system  of  bases/fcases  it  will  be 

Pi  +  Pi  +  •  •  •  +  Pn- 1  —  ( n  —  1 ) 

numbe  rs . 

Theorem  5.3.  (The  limit  theorem  cf  nulling)  .  Let  at  the 

standardized/normalized  system  cf  bases/bases  Pu  Pi . Pn  be  is 

preset  the  number 

A  =  (0,  .  .  .,  0,  ctf,  Oj+„  ....  On), 

lying  at  the  interval 


L  Pn  Pn > 


DOC 


31023911 


°  AG  E 


and  let  be  is  preset  a  minimum  number  of  nulling 

Af„r._,  ,  —  (0 . 0.  p-.—a...  . <P:_a')). 

Then  the  sum  of  these  numbers 

A  — 

either  li°s/rests  at  the  same  interval  or  on  its  right  border. 

Page  225. 

Proof.  Actual! y/really,  addition  to  number  A  of  a  minimum  numb 
of  nulling  Af;<Pi_ai)  cannot  form  the  number,  greater 

If  would  occur  the  inequality 

A  +  Afi(p(-a()  + 

it  would  be  possible  from  numbers  of  form  (5.15)  to  select  number 
T'ifPi-aj),  satisfying  th«  condition 

7\<p,-a,)  =  (t  + 

But  than  would  take  place  the  inequality 

T {(Pj-aj)  < 

which  contradicts  the  determination  of  a  minimum  number  of  nulling. 
Thereby  it  is  proven,  which 

A  +  MiiPl-ai)<(t+\)£  , 

that  also  composes  the  assertion  of  theorem. 


Theorem  5.4.  If  in  the  sta ndardizei/normalized  system  of 
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bases/bases  is  ?r=set  the  number 

A  —  (<*n  Oj,  ■  •  • ,  On) 

and  if  by  nulling  number  A  minimum  numbers  of  nulling 
obtained  a  number  of  form 

(0,  0,  ....  0,  a<»-‘>), 

then  the  minimum  trace  cf  r.umcer  A  is  determined  by  the  equality 
S\  =  (an— a<n"-'>-f-  i)  (mod  pn).  (5.16) 

Proof.  Cor.secut i ve  1  y /ser ia  1 1  y  applying  the  theorem  of  nulling 
5.3  to  number  A  and  to  obtained  intermediate  rasults  (n- 1 )  cf  times, 
we  will  obtain: 


+  a<2‘>.  a<3'» . o'n‘i1.  a«n‘>). 

i4*-^t  +  M«p.-«tf»)-(0,  0,  a<32» . a^t<  a'n->). 


=  An- 2  +  M«_,.  —  (0,  0 . 0,  au*  l))- 


t  ! 


I  i 


Page  226. 

In  this  case  it  is  assumed  that  in  the  case  when  nulled  digit  is 
equal  to  zero,  the  corresponding  minimum  number  of  nulling  is  equal 
to  zero. 

Thus  we  obtain,  that  number  A  is  located  in  the  interval 

*„-»£) . 

Since  minimum  trace  S*  cf  number  A  is  this  value  of  dijit  cr. 


.,*L  -■  .. 
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the  latter/last  basis/base  with  which  a  number  is  located  in  the 
first  interval,  then  minimum  trace  can  be  determined  according  tc 
value  a„  and  a^-o.  let  us  consider  the  possible  relation shi ps/rati os 
between  a.n  and  that  obtained 

Case  1.  let  a« I. 

Then  regarding  the  minimum  trace  it  follows 

SX  =  a„  —  1), 

which  coincides  with  (5.16). 

Case  m  2.  a„  <ajlB-1>  —  I. 

Then  the  minimum  trace  of  number  A  is  determined  so 
S*A  =  *n-Pn-(  1), 

that  also  it  coincides  with  (5.16). 

Until  now,  was  examined  the  process  of  consecutive  nulling. 

For  the  purpose  of  the  economy  of  the  time  of  the  execution  cf 
this  procedure  in  each  stage  the  rulling  can  be  carried  out 
simultaneously  through  twc  digits.  True,  for  this  will  be  required 
certain  increase  in  ♦he  quantity  cf  minimum  numbers  cf  nulling. 
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Best  combination  pair,  into  which  should  ue  joined  the 
bases/bases  for  each  stage  of  nulling,  is  determined  by  the  follow! 
theorem. 

Theorem  5.5.  If  it  is  preset  2s  integers  a,  (i=1,  2,  ...,  2s) 
which  satisfy  the  inequalities 

at<a2<  . .  ■  <a2.-i<a2„  (5.17) 

and  if  the  sum  of  the  pair  products,  formed  from  these  numbers 

■it 

s  =  2  a<aJ< 

is  such,  that  each  of  the  numbers  2,  is  encountered  in  one  and  or.l 
one  member  of  this  sum,  then  from  all  possible  such  sums,  formed  by 
different  groupings  of  members  2,,  cf  the  smallest  is  the  sum 

S  =  ata: ,  -7-2202,-,  —  . . .  -t-a,as+).  (5.18) 

Page  227. 

Proof.  Let  us  demonstrate  first  the  validity  of  this  assertion 
for  four  numbers 

2l  2o  <  O3  <;  0; . 

Me  fora  from  these  numbers  all  possible  sums  of  the  pair 
products: 

S,  =  0,22^-2:12*. 

Sn  =  2,0:  +  022;, 

S  =  2,0;  T  O2O3. 
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Let  as  compute  the  dif  f ere  r.ces 

S,  —  S  =  (a,  —  a3)  (a,  —  a4)  >  0, 

Sj  —  S  =  (a^— fl2)  (a3  —  at)  >  0. 

Hsnc*  it  follows  that  S  is  the  smallest  sub.  Let  us  consider  r.ow 
sum  of  s,  formed  by  the  arbitrary  grouping  of  terms  a,  (i=l,  2,  ..., 
2s)  : 

S  =  aJiaj2  +  a<3a.^...-a2<_a^. 

Here  a>(,  a^,  ....  a,-^  -  number  of  (5.17)  . 

If  in  this  sum  is  not  encountered  products  then  it  is 

possible  in  it  to  select  the  sum  of  the  following  two  members: 

aia/r-i~as*aix‘ 

After  replacing  this  sum  cf  S  on  a,c2, -f  a;ra>t,  we  will  obtain  the 
new  sum  of  Sx  for  which  occurs  the  inequality 

5t<  5. 

Further,  in  S4  we  find  two  members  aza:k  — az,-.a,m  and,  aftar 
replacing  them  ay  a:a:s-i  —  aJkaJm,  we  will  obtain  sum  of  S2,  where  S2<S1( 
Continuing  in  this  way  tc  minimize  the  obtained  sums,  let  us  arriv- 
at  (5.18). 

Corollary. 

Page  228. 

If  it  is  preset  2s*  1  the  integers,  which  satisfy  the  condition 


®i  ^  ^  •  •  •  “-C  <ht  a2(+( , 
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whQre  d  i  >  1 ,  then  the  mini  bub  sum  cf  pairwise  products  in  which  each 
number  at  ( i=  1  #  2,  ...,  2s*1)  enters  into  one  and  only  one  member  cf 
sum,  has  the  form 

S  =  didu  +  Ozau~i  +  •  -  •  +  dgOs+i  au+i-  (5-  ^9) 

Actually/really,  supplementing  term  a0  =  1,  we  change  the  sum  ip. 
all  in  question  per  unit.  Applying  to  the  obtained  numbers  previous 
theorem,  we  obtain  (5.19). 

Note.  Assertion,  which  sum  (5.19)  minimum,  is  correct  for  at=1, 
but  in  this  case  can  exist  even  seme  combinations  of  the  members  cf 
sums,  which  ensure  the  sa  ire  minimus  value  of  sum. 

For  example,  for  three  numbers 

at  <  a2  <  as 

can  be  formed  the  following  sums: 

51  —  0i03  -j-  dj, 

52  —  0\03  -)*  Oi,  (5.20) 

S  =  d\<h.  ~h  Oj, 

difference  in  which  will  be 

Sj  —  S  ~  (jj  —  (di  —  i )  >  0, 

S2— S  =  (a*—a2)  (o,-  1), 

i.e.  with  a i=l  wa  obtain  S2=S,  in  ether  words  both  combinations  of 


terms  give  the  idantical  minimum  value  of  sum 
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In  our  case  of  the  association  of  the  Dasis  of  system  ter  oh? 
economical  carrying  out  cf  pair  nulling  we  always  have  the  low-orde 
basis/base,  greater  than  unity. 

Lat  us  giva  the  examples,  which  illustrate  the  execution  of 
consecutive  and  pair  nulling. 

Let  us  select  for  this  purpose  the  system  of  the  bases/bas-s 
Pt=3;  Pi=0-,  P3=7;  pt  =  13;  pj=31. 

For  the  consecutive  nulling  let  us  write  out  minimum  numbers  o 
nulling . 

On  basis/base  pi=3 

A*„=0.  I,  1,  1,  1)  =  1, 

M2l  =  { 2,  2,  2,  2,  2)  =2. 

On  basis/base  p2  =  5: 

M12  =  (0,l,6,  6,  6)=  6  —  (0,  3,  3,  3,  3)  =  3 

M22=(0,  2,  5,  12,  1 2)  =  1 2  <W*2  =  (0,  4,  2,9,9)  =  9 

Page  229. 

On  basis/base  ?3  =  7: 

,W)3  =  (0,  0,  I,  2,  15)  =15  .Vfu  =  (0,  0,  4,  8,  29)  =  60 
Ma  =  ( 0,  0,  2,  4,  30)  =30  .MSJ  =  (0,  0.  5,  10,  13)  =  75 
AtM  =  (0  0,  3,  6,  14)  =  45  Mm=(0,  0,  6,  12,  28)  =  90 

On  basis/base  p 4  = 13 : 
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Af14  =  (0,  0,  0,  1,  12)  =  105  Afu  =  (0,0,0,  7,22)=  735 
Af«  =  (0,  0,  0,  2,  24)  =  210  ,MW  =  (0,  0,  0.  8,  3)  =  840 
M3.  =  (0,  0,  0,  3,  5)  =  315  A1W  =  (0,  0,  0,  9,  15)=  945 
A144  =  (0,  0,  0,  4,  17)  =  420  .V1104  =  (U,  0.  0,  10,  27)=  1050 

.Vi54=(0.  0.  0  ,  5,  29)  =  525  .M,u=  (0,  0,  0,  1 1.  8)  =  1155 

/Vf#4  =  (0,  0.  0,  6,  10)  =  630  -Vfl24  =  (0,  0,  0,  12,  20)  =  1260 

For  conducting  the  pair  milling,  as  it  fellows  from  the  thir 
theorem  of  nulling,  to  most  economically  join  bases/bases  into  hh 
following  pairs:  p  t  p  4  and  p2p  3. 


In.  this  case  the  total  guantity  of  necessary  minimum  numbers 
will  be 

S  =  PiP4  4-  PiPj  —  74. 

Are  conveniently  placed  them  into  the  following  tables. 
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The  table 


«1  = 

=  0 

a 

1  = 

=  1 

®!  = 

2 

*  0 

(0,  0, 

0, 

0,  0) 

0 

3. 

6, 

0,  13) 

(2, 

1 

5, 

0,  26)  ; 

1 

(0,  2, 

6, 

1,  27) 

(1 

1, 

1, 

1,  1) 

(2, 

4 

0, 

i,  14)  ; 

2 

(0,  0, 

1, 

2,  15) 

(1. 

3, 

0. 

2.  2*' 

( * 

O 

o 

Q  Os 

3 

(0,  3, 

3, 

3,  3) 

U 

1, 

2. 

3,  16) 

(2, 

4, 

\. 

3,  29) 

4 

(0,  0, 

2, 

4,  30) 

(I. 

4, 

4, 

4,  4) 

(2, 

2, 

3. 

4.  IT) 

5 

(0,  3, 

4, 

5,  18) 

(1 

1. 

3, 

5,  0) 

(2, 

0. 

5. 

O,  0) 

6 

(0.  1, 

6, 

6.  6) 

(1, 

4. 

D, 

6.  19) 

(2. 

0 

4, 

6.  1) 

7 

(0,  3, 

5, 

7,  2) 

(1 

o 

0, 

'  •  ' ) 

(2, 

0, 

6, 

7,  20) 

8 

(0.  1, 

0, 

8.  21) 

(1, 

4, 

6, 

8.  3) 

(2, 

3, 

1. 

8.  8)  ; 

9 

(0,  4, 

2, 

9,  9) 

(1, 

2, 

1, 

9,  22) 

(2, 

0, 

0, 

9,  4)  ; 

10 

(0,  1, 

1, 

10,  5) 

(1. 

0. 

3, 

10,  10) 

(2, 

3, 

2, 

10,  23)  , 

11 

(0,  4, 

3, 

11,  24) 

(1, 

2, 

2, 

11.6) 

(2, 

1, 

4. 

11,11)  1 

12 

(0,  2. 

5, 

12,  12) 

(I. 

0, 

4, 

12,  25) 

(2, 

3, 

3, 

i2, 7)  ; 

i 

I 


«3 

1 

aj  =  0 

=  I 

a;  =  2 

0 

(0,  0,  0,  0.  0) 

(0, 

1, 0.  0.  19) 

(0.  2.  0.  0.  7) 

1 

(0,  0,  1,  U, 

(0. 

1.  I,  0,  10) 

(0,  2.  1,0.  29) 

2 

(0,  0,  2.  0,  14) 

(0. 

1.  2,  0.  1) 

(0,  2.  2,  0.  20) 

3 

(0.  0,  3,  0,  5) 

(0, 

I.  3,  0,  24) 

(0,  2.  3.  0,  11) 

4 

(0,  0,  4.  0,  27) 

(0. 

1.  4,  0,  15) 

(0,  2.  4,  0.  2) 

5 

(0,  0,  5,  0,  18) 

(0. 

1,  5.  0,  6) 

(0,  2.  5.  0.  25) 

6 

(0,  0,  6,  0,  9) 

(0. 

1,  6,  0,  28) 

(0,  2.  6,  0.  16) 

®3 

11 

Oa 

•*r 

ii 

rJ 

i 

0 

(0,  3.  0,  0,  25) 

(0.  4,  0,  0,  13) 

1 

(0,  3,  1,  0,  16) 

(0,  4,  1.0,  4) 

2 

(0,  3,  2,  0,  8) 

(0,  4,  2,  0,  26) 

3 

(0,  3,  3,  0,  30) 

(0.  4,  3,  0,  17) 

4 

(0,  3,  4,  0,  21) 

(0,  4,  4.  0,  8) 

5 

(0.  3,  5,  0.  12) 

(0,  4,  5,  0,  0) 

6 

(0,  3,  6.  0,  3) 

(0,  4.  6.  0,  22) 

Page  230 


DOC 


*102391  1 


_ -s*r 


PAGE 

Example.  To  lead  the  ccnsecutiv®  nulling  of  numfcer  A  =  (1f  1,  3, 

4,  13)  and  to  determine  its  minimum  trace. 

We  carry  out  the  nulling: 

At  .4  —  0  --  (0.  ! .  3.  4,  13). 

•4 12  —  -4i  -f  .M;4  =  (0,  1 ,  3.  4.  13)  +  (0,  4,  2,  9,  9)  =  (0.  0.  5,  0,  22), 

*4 123  ~  *12  +  A132=(0,  0,  5,  0,  22)  +  (0,  0,  2,  4,  30)  =  (0.  0,  0,  4,  21), 

•4ti34  =  A123'f.M49=(0,  0,  0,  4,  21)  +  (0,  0,  0,  9,  15)  =  (0,  0,  0,  0.  5). 

Since  a„  =  l3,  and  1  *  =  5,  from  (5.16)  we  obtain,  that 

5*4=9. 

Example.  To  lead  the  pair  nulling  of  number  A=(0,  1,  3,  u,  13) 

and  to  determine  its  minimum  trace. 


We  carry  out  the  nulling 

Au  =  (0,  1,  3,  4,  13) -H0,  4,  2,  9,  9)  =  (0,  0,  5.  0,  22), 

*123*  =  (O'  0-  5-  O'  22)  + (0,  0,  2,  0.  1 4)  =  (0,  0,  0,  0,  5). 

From  (5,16)  it  follows  that  s5  =  9. 

§5.3.  Method  of  the  evaluation  cf  intervals. 

Determination.  We  will  call  critical  the  case  when  occurs  th® 
r«laticr.ship/ratio 

|  an  —  SI !  <n  —  2  —  a),  (5.21) 

where  u  -  number  of  zero  digits  in  the  representation  of  nun o er  A. 
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The  he  r.  c 

of  the  value  c 

ca  se  1 


Case  of  2 


H  a  r  e  a  - 
condition 

Date  rm:  ra 
relates  to  the 
criticality,  t 


37? 


critical  case  for  nuniber  A  occurs  with  the  following 
number  A : 


A  =  a, 


A  =  2~-r  a- 

Pn 


A  =  (n  —  2  —  (d)  — -  — ■  o. 


A  =  {pn~\)^-a. 

A~tp,-.v£-A. 

A  =  ipn-n-2-u)c?--a. 

vn 

waol?  ncr.-negative  number,  which  satisfies  the 

0 <a<—  . 

Pn 

tion.  The  presence  cf  the  situation  when  number  A 
first  case,  we  will  subsequently  call  first  type 
ha  situation  during  which  number  A  relates  tc  the 


second  case,  w=  will  call  seccrd  type  criticality 
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Number  itself  A  we  will  call  first  or  second  type  critic* 
number  or  simply  critical  numter. 

In  other  words  the  critical  case  occurs  for  tne  numbers, 
lie  in  (n-2-o)  t r. -  intervals  frcm  both  sides  cf  interval  fo.^) 
is  located  the  minimum  term  of  a  numcer. 

With  <j=r.-2  we  obtain  k=n-2-u=0.  In  other  words  if  a  numbs 
r.-2  zero  digits,  then  the  critical  case  is  degenerated  into  eg 
cu  —  5*,  the  determining  minimum  pseudo-orthogcnal  number. 

Logical  therefore  tc  trace  the  methods,  directed  toward  t 
decrease  of  value  k  = r-2-w,  the  characterizing  zone 
u  nc  erta i n tv /i neater m inane  y. 

In  view  of  constancy  n,  which  is  determining  a  number  cf 
of  system,  decrease  k  can  be  reached  only  due  to  an  increase  u, 
this  transformation  of  number  A,  with  which  increases  a  number 
zero  digits.  On  this  rests  the  described  above  method  of  nuili: 
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Let  us  consider  a  somewhat  different  way  of  disclosing/?  xpandir.  j 
the  uncertainty/indeter minancy. 

Theorem  5.7.  If  in  the  standardized/normalized  system  of 

bases/bases  A.  Pi,  ■  •  ■ .  Pn  is  preset  critical  number  A  =  (a,t  as . a»)  ar.d 

if  for  basis/base  pt  (1=1,  2,  ...»  (n-1)),  is  satisfied  the 
condi  tion 

Pi(n-[)  +  n-3<pn,  (5.22) 

then  for  number  A,  defined  as 

A  =  Apt , 

either  does  not  occur  the  critical  case  or  occurs  a  criticality  of 
the  same  type,  as  for  number  A. 

Proof.  First  type  greatest  critical  number  is  the  number 

a  hence  smallest  ncncritical  number  it  will  be 

45,  ln  =  («-))£■ 

By  second  type  smallest  critical  number  it  is 

* 

42*.=<a.-»+ 2)£+i, 

whence  the  greatest  noncritica!  number  it  will  be 

=  ( Pn  —  ft  +  2)  ■jjj*  • 

If  as  a  rasult  of  the  multiplication  of  the  initial  number  A  by 
basis/base  pt  product  J  =  Apt  ceases  to  be  susceptible,  then  it  is 
possible  to  establish/install  the  type  of  criticality  only  in  such  a 
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case,  when  the  number  domain  of  the  first  type  of  criticality, 

multiplied  by  pt,  does  not  intersect  with  the  region  of  second  typo 
_  * 

criticality,  and  the  number  dcraain  of  the  second  type  of  criticality 
multiplied  by  pu  it  does  not  intersect  with  the  region  of  first  iyn 
criticality,  in  ether  words  if  cccurs  the  following 
r slat  ion ship/ratio: 

Pl  (n  —  \)-^<(pn—n  +  3)~, 

in  which  the  border  of  second  rejection  region  is  determined  by  ve.iu 
n-3,  and  r.ct  n-2  on  the  strength  cf  the  fact  that  the  product  of  any 
number  to  basis/base  p,  has  in  its  represant  at  ion  at  least  cn;  zero 
digit . 

Page  233. 

Th®  given  above  relationship/ratio  can  be  registered  ir.  the  for 
(5.22)  .  It  is  logical  that  with  satisfaction  cf  condition  (5.  22) 
number  A,  being  multiplied  by  pt,  it  cannot  change  th®  type  of  its 
criticality  to  the  opposite. 

If  after  ths  multiplication  cf  the  critical  number  A  by  p,  th® 
product 

X^Apt 

is  noncritical,  then  the  type  cf  the  criticality  of  number  A  and  its 
character  can  bs  det*rmlr®d  cc  the  basis  of  the  following  theorem. 
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Theorem  5.8.  (about  the  type  of  criticality)  If  in  the 
standardized/noraalized  system  cf  the  bases/bases  where 

P*>pi  (« —  I) 

is  preset  number  A  =  (a*,  a*,  . . . ,  an)  with  trace  S.A  and  if  number  Apt 
with  trace  SAPl  and  by  character  AaP|  it  is  net  critical,  then  in  the 
case,  if  value 

^“Aapj+P!  — p*— Ps  (5.23) 

is  equal  to  zero  or  multiple  pt,  cumber  A  is  first  type  critical 
number  and  its  character  is  equal  tc 

(5.24) 

otherwise  number  A  is  second  type  critical  number.  Values  pl# 
p2,  p3  are  determined  by  the  expressions 

*r'  *»i-*  pt-' 

S  &«.  ft*  2  %»*  ft*  2  Yn-  (5.25) 

*»*  *— i  (_t 


Proof,  since  number  Ap,  is  multiple  Po  then  it  can  b« 
on  p,  by  simply  step-by-step  division.  In  this  case  will  be 
the  quotient  C  of  the  fora 

C  *  Pi  *  (®1*  ®Ji  •  •  •  i  «l-j,  X,  ®l+i*  •  •  •  i  ®»). 


divided 

obtained 


which  coincides  with  number  A  in  all  to  significant  digits,  except 
digit  in  kasis/basa  p:-  Relative  tc  digit  on  tasis/base  p,  occurs 
the  uncertainty/indeter f ioaccy  cf  the  type  0/0, 
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The  value  of  digit  X  can  fce  determined  on  the  basis  of  the  described 
in  chapter  3  methods  of  disclcsing/«xpanding  the 

uncertainty/indeter minancy  during  the  division  into  the  basis/base, 
with  the  formation/education  cf  the  quotient  C  could  not  have  the 
places  one  cutput/yield  fcr  the  ranae,  since  number  Apt  lies/rests 

'C 

in  the  range  10,  ST1)  and  fcasis/base  pt  is  its  di vider/dencminator. 
Therefore  number  C  is  obligated  to  lie/rest  at  the  initial  intervals 
of  range  [0,  cP). 

Hence,  if  number  A  is  first  type  critical  number,  then  it  is 

obligated  to  coincide  with  nusber  C,  i.e., 

C  =  4 
X  =  <xi. 

But  if  number  A  is  second  type  critical  number,  i. e, ,  it 
lies/rests  at  the  latter/last  intervals  of  numerical  range,  then 
numbers  A  and  C  different  in  value  cfh,  and  since  in  them  coincide 
digit  in  all  bases/bases,  besides  digit  on  basis/base  pt,  then  is 
obligated  to  occur  the  relaticnshi p/ratio 

Purther,  if  number  A  is  first  type  critical  number,  then  with 
its  multiplication  on  p,  cannot  have  places  cne  output/yield  beyond 
the  limits  of  numerical  range. 
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However,  for  numbers  of  the  second  type  cf  criticality  with  the 
multiplication  on  p;  occurs  at  least  one  output/yield  beycr.d  the 
limits  of  range.  Therefore,  if  number  A  is  first  type  critical 
number,  then  with  its  addition  with  itself  itself  pt  once  occur  the 
following  equalities: 


0  =  2Aa  +  Tlii  —  ^2a  —  5lt  +  Ytt> 

0  =  Aa  4-  A2A  4-  ifei —  Ajx  —  l2i  +  Y2i*  (5.26) 

0  =  Aa  4*  Aja  4*  i)si  —  A4a  —  Ssi  +  Y31* 

0  =  Aa  4-  AtPj-oA  +  TjPi_i,  1  —  AaP| — |p,-i.  1  +  Yp,-«.  *• 


Then,  summarizing  the  right  and  left  sides  of  equalities  (5.26) 
and  taking  into  account  (5.23)  and  (5.25),  we  obtain 

0  =  pi  Aa  4-  P2  ~  &av,  —  Pi  4-  p3 

a  _  9 
Pi  ' 


or 


Thus,  for  first  type  critical  numbers  value  9  it  can  take  cnly 
the  three  values 


9i  =  0,  0,  =  pt,  0j=  -  Pi. 
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Let  us  show  now  that  for  numbers  of  the  second  type  of 
criticality  value  9  cannct  have  values,  equal  to  01V  9a  and  03. 

Let  number  A  -  (a1(  at,  with  trace  S.A  be  a  number  of 


-fA , 
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second  type  of  criticality,  i.e., 

-?-(pn-n+2)<A<9', 

D*\ 

but  number  C  =  (a„  a.,  . an)  with  trace  Sr  is  obtained  by  the 

step-by-step  division  of  product  Ap ;  into  basis/base  pi(  i.e,  it 
lies/rests  at  the  region 

[0,  <»-!>£). 

According  to  the  condition  of  theorem,  basis/base  pn  and  pt 
they  satisfy  tha  inequality 


he  nee 


Pn>(n—  l)P>- 


4-Xn-D-^-. 

Pi  Pn 


i.e.  numbers  c  and  A  lie/rest  at  first  and  latter/last  intervals 
respectively. 


In  other  words 


‘•+4- c • 


whence 


ai  +  /C»oi(modpt), 

Let  us  take  for  the  certainty 

®( +  K  <  Ph 

i.e.  we  will  count  a5>a(,  and  let  us  determine  the  difference  AS  in 
weights  SA  and  Sc,  for  it  let  us  introduce  minimum  pseudo-orthogonal 
Mach  number  of  the  form 

Al  =  *0,  0 . !' . 5!). 


I 
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Page  236. 

It  is  obvious,  that  either 

Sc  =  (SA  —  Si)  (mod  pn), 
or 

Sc  =  (SA-f- 5J  -  1)  (mod  pn) 
or,  which  is  the  sam*', 

\S  =  St 
or 

AS  =  S?-1. 

Then  value  ®c  for  number  C  will  differ  froa  8A  by  A9,  i.e.,  is  r.ot 
less  than  to  the  number  cf  transitions,  which  occur  with  addition 
St  of  very  with  itself  pt  once.  Difference  te  cannot  be  equal  to 
zero  and  cannot  be  multiple  pit  since  with  the  addition  of  valu  = 
Sl<pn  Pt  of  times  a  number  of  transitions  cannot  be  equal  to  0  or 
multiple  Pt- 

Thus,  for  numbers  of  the  second  type  of  criticality  value  9 
cannot  take  the  permissible  for  it  values,  equal  to  zero  or  multiple 
Pi-  This  composes  the  assertion  of  theorem,  which  consists  in  the 
fact  that  value  9  determines  the  type  of  the  criticality  of  an 


initial  number 
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Note.  Under  theorem  conditions  we  learned  to  determine  the 
character  of  a  number  in  the  case,  when  it  is  first  type  critical.  It 
is  possible  to  demonstrate  symmetrical  theorem,  also,  for  sec  end  type 
critical  numbers,  however,  it  seems  that  most  simply  in  this  case  to 
switch  over  to  number  S'  —  A,  which  is  first  type  critical,  to 
determine  its  character  and  then  to  determine  the  character 

of  number  A. 

Theorem  examined  above  about  the  type  of  criticality  makes  it 
possible  to  determine  the  character  of  a  critical  number,  if  it  is 
known  that  after  multiplication  by  basis  /base  Pi.  the  one  satisfying 
theorem  conditions,  product  Ap,  loses  criticality. 

However,  is  feasible  the  case,  when  after  multiplication  by  pt 
number  Ap{  remains  susceptible.  In  this  case  it  is  obvious  tha4:  any 
critical  number  can  be  converted  into  the  noncritical  by  consecutive 
multiplications  by  the  tases/tases,  which  satisfy  the  conditions  of 
the  nonintersection  of  rejection  regions.  In  ether  words  if  is  preset 
the  system  of  bases/bases,  then  can  be  selected  the  sequence  of  tha 
bases/bases  by  multiplication  by  which  any  number  can  be  fcreucht  out 
from  the  region  of  criticality.  There  is  no  dcubt  that  the  selacticr. 
of  the  optimum  sequence  cf  multipliers  is  connected  with  the 


sm mt&M 
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selection  of  basss/bases  themselves  and  it  will  be  varied  in  *ich 
specific  case. 


Page  237, 


La t  us  not?  that  on  selected  tasis/base  p(  is  superimposed  only 
the  limitation 

Pi  (n  —  I )  -r  {n  —  3)  <  p» 

or  if  multiplier  is  selected  multiple  pt,  then 


kpt  (fl  —  1 )  +  (n  —  3)  <  p„. 


whence 


kpi<£n=JLj± 


For  the  purpose  of  the  reduction  of  the  length  of  the  process  of 
the  definition  of  the  character  of  a  number  it  is  desirable 
multiplier  value  to  chocse  as  clcse  as  possible  to  the  number 

if  pn  +  2  is  not  multiple  n-1,  or  as  close  as  possible  to  the  number 


if  p»  +  2  is  multiple  n-1. 


As  the  first  multiplier  which  subsequently  we  will  designate 
through  v»,  it  can  be  selected  cne  cf  the  bases/bases  either  tho 
value,  multiple  to  any  fcasis/tase  cr  the  product  of  several 
bases/bases. 
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The  selection  of  one  or  the  ether  value  cf  multiplier  v,  is 
determined  by  the  requirenent  cf  the  greatest  proximity  from  below  to 
value  i,  er  m2.  Let  us  assume  that  we  succeeded  in  satisfying  this 
condition,  and  »e  have 


but  in  this  case  product  Av,  remains  in  tha  critical  range.  Let  us 
find  the  number  of  interval  z , ,  at  which  lies/rests  small  number 
iva»,  such,  that  product  already  leaves  critical  range 

[0,  («  — 2)  i*  =• 


Ji1rVi>("- 2)  >. 


whence 


*t> 


n  —  2 
V| 


or  value  zx  can  be  defined  as 


. 

J 
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Let  us  find  now  this  small  number  \l"\n  from  interval  [o,  zt  -j~) 

Pn 


or,  assuming  that  n  — 2>v„  we  will  obtain 

V<».  —  f  n~ 2  -l  i . 

•  m,n  L  V|  Pn  J 

It  is  cbvious,  following  factor  v,,  which  is  chosen  for 
analogous  reasons,  it  must  satisfy  the  reguirements  so  that  the 
number  Nmm,  multiplied  by  v'i«  would  not  fall  into  second  rejection 
region,  i.e.. 


.V:j’<nV;<(pn-«-l-3)  -j-, 

WhenCe  v  ,r  Pn  e 3  *>_ 

2<\!L=1.JL-}  +  i  *  ' 

L  v,  Pn  J 

Continuing  this  process,  we  with  each  step/pitch  minuend  is  the 
section  ct  the  predicted  determination  of  the  initial  number. 


with  each  step/pitch  increases  the  value  of  next  factor,  since 
the  right  boundary  of  noncritical  zone  increases,  and  the  section  of 
the  predicted  determination  of  an  initial  number  is  reduced. 


Let  us  consider  the  use/application  of  the  described  method  in 


1 
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the  mere  specific  cast-.  L°t  the  number  of  bases  n=9,  ar.d  th^  large 
base  lie/rest  within  limits  31<p„<63.  «e  will  count  pn  =  47. 


1st  step/pitch.  First  factor  v,  is  defined,  as  is  known,  ire 
the  condition 


o  r 


Vi  (n  —  l)  -r  («  —  3)  <  Pn 


V,  JSS 


Pn ~ 6 
3 


5. 


Page  239. 


The  smallest  number,  which  leses  criticality  with  the 
multiplication  on  v,(  lies/rests  at  the  interval  with  number  zv  , 
defined  from  tne  ccnditicr 


or 

*i-2. 


and  the  value  of  the  smallest  number  is  defined  as 


Win 


2nd  stsp/pitoh.  Let  us  determine  second  factor  v,,  on  the  bas 
of  the  fact  that  an  initial  number  can  be  located  not  more  to  the 
right  not  first  fourth  of  second  interval,  i.e. , 


-n^-3)— . 


w  he  no  e 


m 
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Th e  smallest  of  th®  numbers,  which  lose  criticality  with  th 
multiplication 

NSS.Vi>(«-  2)£ 

or 

lies/rests  at  first  fourth  or  first  interval.  3ut  in  the  case  of 
second  type  criticality  it  is  placed  in  latter/last  fourth  of 
latter/last  interval.  If  an  initial  number  remained  susceptible, 
us  satisfy  the  third  step/pitch. 


3rd  step/pitch.  Let  us  determine  the  third  factor  of  the 
condition 


4-  ~~  v>  <  (p»- ~  n  +  3)  ’ 


w  he  nc  e 


32  Pn 


Pn 


vj<  187. 


The  cumber,  which  fid  rot  lose  criticality  with  the  third 


multiplication,  is  located  in  the  region  whose  right  boundary  is 


defined  as 


N&„v,>(/i-  2>-£- 
or 

~pZ' 


& 

i.e.,  is  located  in  a  region  less  than  2  — 

" n 


1st 


Page  240 
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4th  step/pitch.  If  an  initial  number  remained  suscaptibla  then 
the  fourth  factor  will  be  deteraired  from  the  condition 

W~vi<<*-'I  +  3)£. 

or 


whenc  a 


v4<  1095, 


AfiS. 


1095  p„  • 


i.e.,  the  number,  which  remains  critical  after  the  4th  step/pitch,  is 
located  in  a  region  less  -7-3-. 


■fhe  5th  step/pitch,  let  us  find  the  fifth  factor 
To95‘“p7Vs<^’*~n^’3^  .v»<6413,lV^n>w  — • 

It  is  not  difficult  tc  be  convinced  of  the  fact  that  the  region  of 
the  determination  of  an  initial  nuaber  after  a  steps/pitches  is 
reduced  net  less  thar.  vj*  once  where 

Intending  sufficient  tc  reduce  the  sizes /dimensions  of  the  field 
of  uncertaiinty/indeterminancy  to  p*,  we  will  obtain  that  a  number  of 
steps/pitches  a  will  be  deteraired  frem  the  condition 

("-V£4r<r» 

or 
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whence 


PAGE 


m : 


*n  ((n~2)^) 


in  v, 


With  n»g,  pn  =  47,  ^=10* 


m : 


or 


In  71 k  In  10— 2ln'47.‘ 

irTS 

rn  >  1,4&  — 3,6, 


i.e.,  fcr  rangs  &  =  1 0 a  —  1  0  1  0  we  obtain  m=8-10  multiplications. 


Page  24  1, 


Let  us  illustrate  the  described  process  based  on  specific  example. 
Let  be  assigned  the  stardardized/ncrmalized  system  of  the 
f oundat ions: 

Pj-3,  p.=-  7,  P3  =  1I,P*=I3,Pj=  17,  p,  =19,  p7  =  23,  ps  =  25,  p»-47 

with  the  range,  P=26  213  412  225  and  with  the  value  of  interval 
—  =557  732  175. 

Pn 


Example.  To  find  the  set/dialing  of  factors  for  determining  th« 
character  of  a  small  number  by  method  of  the  eval uation/estimat?  of 
interva Is. 


The  first  factor  is  determined  from  the  condition 

..  ^  Pn— 3  41  . 

'1  *  n_i - T 


i.e. , 


9 


A 


as  the  first  factor  must  be  selected  the  near  foundation  ?i=3 
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b  : 

L  : 

B- 


i.e.,  v,  =•  3.  Th»n  the  number  of  the  interval  at  which  lie-s/r-st  3  h  - 
smallest  number,  which  emerges  with  the  multiplication  beyond  tha 
limits  of  critical  sectior  [ o,  {n-2)  —  is  determined  from  the 

*-  Pn  l 

condition 


-  rt  —  2  , 


i.e.,  the  number  lies/rests  net  mere  to  the  right  interval  [n-  3— )  ,  o: 
the  smallest  “noncritical "  number  exists 

,v<f>  -3jL 

Hence  the  second  factor  is  defined  as 

and  as  the  second  factor  can  be  selected  foundation  p*=13,  i.e., 
v.=i3,  and  the  smallest  "ncncritical"  number  will  be 

u(2)  n-2#  _  7  J‘ 

m4B>  v2  ft,  13  p*  ■ 

we  determine  the  third  factor 

~  ^  Pn  —  <*  +  3  ^  533 

v,<  .v<*  7T=--76- 

nun 

As  the  third  factor  can  be  selected  the  product  of  feundatiens  Pi-J, 
p8-25,  i.e.,  v3  =  75,  in  this  case  the  smallest  noncritical  number 


n~o j  _  o  / 
VJ  Pn  ~"5  Pa 


For  the  fourth  factor  we  obtain 


42 

525‘ 


Page  2«2. 


As  the  fourth  factor  can  be  selected  the  product  of  foundations  Pi=3, 
p 2  =  7 ,  d8-25,  i.3.,  v4«525. 
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Sine*  in  tais  case  product  we  obtain  at  least  with  three  zero 
numerals,  the  smallest  number  will  be  determined  froa  the  condition 

v<*>  v.  &  5  &  i  s> 

m'n>  v4  j;  «sa k -10577  • 

da  assume  that  th®  fifth  factor  will  be  comprised  cf  th®  product 
not  less  than  of  three  foundations,  then  it  is  determined  so 

vt  .<  -S-ZJ-tA  —  ^  4513. 

•*«V. 

As  the  fifth  factor  can  be  undertaken  the  product  of  the 
foundations:  p3=  11,  ps=17,  o7  =  23,  i.e.,  v4  =  430i  and  then  the  smailast 
number,  which  loses  criticality  with  the  multiplication,  will  a* 
determined  froa  the  condition 


...j,  n-4  5  & 

Hence  for  the  sixth  factor 

v«<  *»'"£—  jU  36988,6. 

Pn 

which  can  be  obtained  as  the  product  of  foundations  Pi  =  3,  p  j  =  11 ,  *  ~2i- 
f^=h7,  i.e.,  v,=.35673  and,  therefore, 

fAl) 

"min*  v,  pn  35673  Pn 

The  seventh  factor  assumes  the  presence  not  less  than  four  of  the 


factors 


V7  <  P—~1)  ^  6  —  =  392403, 

<ln  P* 


namely  px=3,  p3=11,  p*=13,  ps=17,  d,=47,  i.e.,  v7-»3S0493,  whence 

jV<?)  ^  *— 6  9  3  £_ 

m* "  *  v7  pn  350493  pn 

Further,  the  eighth  factor 

,  Pn-'t-S  y  _ 


4906902 
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can  be  represented  as  the  product  of  foundations  p2t=9,  p4=19,  d7=2J, 

pB»25,  p,*47,  whence  v,  =  4  621  275.  ▼hen 

v(8)  ^ 7  3d  2  & 

v,  p,  “4621275  p„ 


or 


.Ml. 


Page  24J. 


The  ninth  factor 

pn-n- 1-8  ,y> 

v»<  '-711,  ~  =-106289325 

'  wi.h 

can  be  represented  as  the  product  cf  the  foundations:  p2,=9,  p6  =  19, 

p27*529,  pt*25,  p,*47,  whence  v» « 106289325.  Then 

w<»>  n  —  S  $>  1 

m'n  ^  v,  p„  ’  106289325  p, 

or  Vm,’»  *  6 

In  the  casa  when  after  nire  vultiplicaticns  a  nuaber  did  not 
nevertheless  lose  criticality,  it,  as  it  was  explained,  canrct  be 
sore  than  6.  The  contraction  cf  range  can  be  continued  by 
aulti pi ications,  but  it  is  considered  by  nore  advisable  to  compare  it 
with  one  of  the  initial  6  numbers  of  the  first  interval.  In  th<=-  cas«i 
of  coincidence  it  is  claiied  that  this  number  of  the  first  s-oanl  the 


known  value  cf  character,  in  the  case  of  noncoincidence 
nuaber  is  second  type  critical. 


an  inifal 
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§5.4.  Method  of  expanding  the  range. 

Mathods  examined  above  of  the  definition  of  the  minimum  trace  of 
a  number,  number  of  the  interval  in  which  is  arranged/locate  1  a 
number,  or  the  character  of  a  number  are  characterized  by  systematic 
simplicity,  and  their  realization  is  possible  both  in  the  consecutive 
and  in  the  parallel  performance. 

In  some  of  them  is  required  the  use  of  constants,  which, 
naturally,  assumes  the  presence  in  the  arithmetic  unit  of  the 
accumulator/storage  of  the  constants  of  small  amount  of  capacitance, 
but  working  at  the  rate  arithmetic  unit. 

The  realization  of  these  methods  in  the  parallel  performance, 
naturally,  is  accompanied  by  a  noticeable  increase  in  the  equipment, 
and  in  the  consecutive  performance  -  by  long  time  of  tha  fulfillment 
of  process. 

Lat  us  now  move  cn  to  the  examination  of  some  other  methods  cf 


determining  the  position  characteristics  cf  a  number,  in  particular 
the  method  of  expanding  tbe  ranee. 
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Let  b®  assigned  the  system  of  foundations  Pt.Pz<--,Pn  with  rarg? 
P,  orthogonal  by  bases  fl„  Bz,  whose  weight  respectively 

mx,  mz . mn.  Regarding 

»' *  1,  2,  . . rt. 

In  this  system  is  assigned  number  A  =  (ait  a2,  . .  a,). 

Page  244. 

Let  us  consider  tha  now  expanded  system  with  which  is  connected 

additionally  foundation  pn+i:  pt,  pz . pn,  pnn,  rang®  of  which 

orthogonal  3t,  ...»  Bn,  Bnn,  and  their  weight  mlt  . . «»,  m„+„ 

moreover 

* =  1 1  2,  . . . ,  a  +•  1 . 

Number  A  in  this  system  will  be  represented  in  the  form 

A  —  (a,,  a2 . a*,  0,+,).  It  is  required  on  known  numerals  <*i.  . ®n  of 

the  reference  system  of  the  foundations  for  determining  the  value  of 
numeral  “*+»  of  number  A  in  the  expanded  system  of  bases.  It  is 
logical  that  number  A  in  the  expanded  system  of  bases  will  be  a 
proper  number,  i.e. ,  problem  is  reduced  to  the  determination  of  the 
minimum  trace  of  a  number  in  the  expanded  system  of  foundations. 


Let  us  write  expressions  for  number  A  in  essence  and  expanied 


_  -* 


1 


DOC  =  *1023912 


PAGE 


HOI 


sy Stans 

-4  =  0,3,+^.+  ...  -f-a nBn-rAfr, 

A  =  01,2?!  4-  Ojflj  4-  •  •  •  4-  On2?n  4-  ®Fi+ifl»+i  —  rAPnn&- 

Equalizing  tha  right  sides?  of  thesa  expressions  and  determining 
from  *:hc  obtained  equation  unknown  rumeral  an+t  for  introduced 
foundation  P»*i<  we  will  obtain 


1  (  *1  —  mlPn- M  i  _  *1  i 

a- - zz lai  +at  p*  + 

...-a,  ZsZgsSsiL  -  (rA -7Apn+i)} 


m^ann  =  Z  «.  *L=J&±L  -  (rA -7^).  (5.27) 

i-i 


For  simplif ication  in  expression  (5.27)  let  us  demonstrate  th» 
following  lemma. 


Lamma  5.1.  If  is  assigned  the  basic  system  of  foundations 

P\<  Ps . f>n.  with  range  e(‘  and  with  weights  of  orthogonal  bases  of 

m mj . m,  and  is  assigned  the  expanded  system  of  foundations 

Pt-  Pi . pn,  Pn*i-  with  range  P  =  pH+t3>  and  weights  of  orthogonal  bases 

m,.  rht,  . . -,mn,  mn.,.  than  value  m,—miPn+i  is  multiple  Pt- 


Page  245, 


Proof.  Ir.  accordance  with  the  determination  of  orthogonal  base 


i 
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we  ha  ve 


either 


Si  —  tfti  —  kipi  T  1 » 

i  =  1 .  2 . n, 

mt^  =  kip\~pi, 


and  also 


(5.28) 


Bi  =  mi-Z^^k,Pi+  t, 

Pi 

i  —  1 ,  2,  ....  n  -f  I . 
or 

miPn+iP-kiPi  +  pi,  (5.29) 

where  kit  kt  -  whole  non-negative  rubbers.  Subtracting  (5.29) 
(5.28),  we  will  obtain 

(ntj  —  rnipn+i)^  =  <*i  —  *i)pt  (5.30) 

Since  contains  Pi  to  the  first  degree,  and  in  right  side 
is  contained  factor  Pu  then 

flti  fit  iPn+t 

must  contain  by  factor  p i,  that  also  proves  the  confirmation 
lemma. 


or 


Let  us  designate  through  *-i 

Xi  a  UhESil  —  w‘ 

Pi 


the  whole  number: 

(5.3i) 


Then  (5,27)  it  is  possible  tc  rewrita  in  the  form 


ma+jOn+j - ^  «|Xj  —  rA  -f  fAPn+i 

~  tl 

fftr,u<*n+,  T  rA  =  -  I  QtjX,  -j- (5.32) 


from 


(5.10)  it 


cf 
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Determination.  Value 

OA=Sai*-i  (5-33) 

i=i 

let  us  name  the  generalized  sum  of  the  numerals  of  number  A  cr  th 
simply  generalized  sum. 

Page  246. 

Let  us  represant  value  °a  in  the  form 

G  a  —  hPn*i  —  q, 

where  x  and  g  -  whole  non-negative  numbers,  moreover 

?</W 

Then  (5.32)  it  seems  in  the  form 

mn+lan+1-|-rA  =  (^-ft)pn+1  +  <7  (5.34) 

or 

ron+ian-n  +  rA  =  q  (mod  /?„+,).  (5.35) 

Latter/last  expression  is  the  formula  of  the  expansion  cf  th' 
range  of  numbers,  transfer  equation  from  the  representation  of  a 
number  in  the  basic  K-band  the  representation  of  a  number  in  the 
expanded  range. 

Let  us  consider  now  how  by  using  the  formula  of  expansion 
(5.35),  it  is  possible  to  switch  ever  to  the  representation  of  a 
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number  in  the  expanded  range. 

As  is  known,  for  the  assigned  systam  of  the  foundations  for,  in 
particular  for  the  basic  system,  there  is  one  and  only  one 
set/dialing  of  minimum  pseudo-orthogonal  numbers. 

On  foundation  p»:  Afau,  Man . with  the  ranks  respectively 

Oii  ^211  ••‘if pi— i,  j. 

On  foundation  p2:  MaiJ,  Ma„,  •  •  •> ^**>,-1  2  with  the  ranks  respectively 
r a.  f-a<  •  •  • .  rpt-u  2 


on  foundation  /W-  Ma,  Ma2,  n-r  Mapn_(_,,  with  the  ranks 
respectively  r,,„ i_„  r2, n_i,  Constructing  initial  number 

A  =  (a,,  a.,  . . . ,  cc»_i,  a„)  from  minimum  pseudo-orthogonal  numbers,  will 
obtain  the  number 

Ma  =  (o„  az . SA),  (5.36) 

whose  rank  according  to  the  theorem  about  the  rank  of  sum  is  defined 
as 

*»—  ! 

r>i 'h  r a  -Mm  ■  (5.37) 

A  ;=l  W 

Thus,  in  tae  basic  system  is  designed  number  MA,  whose  rank  is 
accurately  known,  coinciding  with  the  initial  number  A  in  all 
numerals,  except  numeral  on  the  latter/last  foundation. 


1 
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Further  mors,  about  number  MA  to  us  it  is  known  that  since  it  is 
obtained  by  addition  n- 1  cf  minimum  pseudo-orthogonal  numbers,  than 
its  greatest  possible  value 


(5.38) 


cannot  be  located  more  to  the  rijht  cf 

,0 

the  { n— 1 )  interval  — — •  in  the  basic  system  of  foundations. 


For  the  expanded  system  cf  foundations  also  there  is  an  cnly 
system  of  minimum  pseudc-crthcgcra 1  numbers.  In  particular,  on 
foundation  pn  minimum  pseudo-orthogonal  numbers  take  the  form 

Afan„  =  (0,  0 . 0.  a„.  SU,). 

i.e.,  they  are  numbers  of  form 


n—i 


<n  *-<■£■ 


(5.39) 


(Pn-DTI 


Me  will  subsequently  each  of  these  numbers  accompany  by  index  kann, 
which  indicates  its  multiplicity  relative  to  the  smallest  number. 


After  widening  number  Ma  from  (5,36)  according  to  the  formula 
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of  expansion  (5.35),  using  the  value  of  rank  (5.37),  we  will  obtain 

A'  =  (a„  a2 . a„_,,  S.!-  a„_i).  ( o .10) 

In  the  expanded  system  of  foundations  number  A*  differs  from 
unknown  quantity  A  in  terms  of  numerals  of  two  latter/last 
f  oundations. 

Page  248. 


Furthermore,  since  the  expansion,  without  varying  number  value, 
only  defines  its  numeral  cn  foundation  p-,-,,  then  on  the  basis  (5.  33) 
it  is  known  that  number  A  cannot  te  more  than  (n 1)  — 

Pn 

arranaad/locatei  in  the  first  interval  of  the  expanded  system  '0,  ?) 
it  is  a  proper  number. 

Lat  us  adjoin  now  tc  number  A'  to  that  determined  (5.40), 
similar  of  minimum  pseudc-orthogoral  numbers  (5.39),  which  will 
convert  numeral  on  foundation  pn  in  a„t  the  minimum  number 

M»nn  =  (0.  0 . 0,  p„.  SSn) 

of  multiplicity  kenn,  where 

pn  =  (an  — 5A)(modpn). 

As  a  result  of  addition  we  will  obtain  number  /l'11  cf  the  fern 
^  —  (*li  •  •  •  i  ®n»  ®n+l)-  (5.41 ) 

In  this  casa  if  had  place  SA  =  an,  then  the  transformations  of 
number  A  *  was  not  required  even  tfcen 
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i.e.,  (5.40)  is  the  unknown  expansion  of  number  A.  Actually/really, 

all  numerals  of  numbers  A  and  A*  in  foundations  Pu  Pz,---,pn  ceincid®, 
and  in  the  value  number  A  lies/rests  at  tha  first  interval  of  the 
expanded  range,  i.e.,  it  is  the  unknown  proper  number. 


If  did  r.ot  occur  situation  SA  =  On,  then  we  obtain  number  A'1'. 
moreover,  if  the  multiplicity  of  number  was  no  more  than 

pn-(n—  1),  i.e- 

^6„  n  ^  Pn  —  (rt  —  I ). 


then  also  it  is  possible  to  claim  that  obtained  numoer  A,n  is  the 
unknown  expansion  of  number  A,  since  to  number  A',  which  dees  not 
exceed  (n  —  1)  — ,  adjoined  number  Men,  which  does  not  exceed 

Pn  n 

J' 

(pn~(n—  1)) - — ,  tha  sum  of  these  numbers  does  not  exceed  &  -  value  of 

Pn 

the  first  interval. 


The  indefinite  situation  appears,  when 


*a„  n>pn  —  (n—  1). 
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In  this  case  number  a™  can  t°  placed  either  in  the  latt<=r/las 

(p.-1)  J —  oarts  of  the  first  interval  [0,  fP)  ,  or  in  the  low-crd;r 
Pi I 

(n  —  2)  —  parts  of  the  second  interval  [  sP,  2&]f  and  then. unknown  is  t 

Pn 
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number 

A**'  =  (a„  cu . oWl  an,  (a£i  i  —  1)  (mod 

Let  us  illustrate  the  method  examined  based  on  examples. 

Let  the  basic  system  be  assigned  by  the  foundations: 

p,=5;  Pi  =  7:  p3=U;  P*-=>3;  Ps  I'l  Pe-19;  Pt  23- 
Let  us  compute  for  it  the  values  cf  orthogonal  bases  and  th=ic 
weights : 


fl,  -  29  745  716 

m,  -  4 

Bj- 

34  994  960 

m- 

.  16 

=  21  246  940 

m2  -  4 

15  635  640 

ms 

-  8 

B3  =  30  421  753 

m3-  9 

Bi--. 

8  083  075 

m1 

-=  5 

fl4  =  8  580  495 

m4  =  3 

Range  of  system  ^>  =  37  182  1  45. 

Let  us  compute  th«  values  cf  minimum  pseudo-orthogonal  numbers 
with  their  ranks  and  multiplicities. 

On  foundation  Pi  =  5: 

Af„  =  (l,0,  o.  o,  o,  0,  I) 

M2,  =  (2,  0,  0,  0,  0,  0,  2) 

M31  =  (3,  0,  0,  0,  0,  0,  12) 

M41  =  (4,  0,  0,  0,  0,  0,  13) 


ru  —  1 

*11 

r21  =  1 

*21 

<•31=5 

*31 

<■*1  =  6 

*41 

On  foundation  p2=7: 
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M,2=(0.  1,  0,  0,  0,  0,  2) 

=  1 

*12=  1 

Ma  =  (0,  2,  0,  0,  0,  0,  4) 

=  2 

&22  —  2 

Mjj  =  (0,  3,  0,  0,  0,  0,  6) 

''32  =  3 

CO 

II 

8 

A442=(0.  4,  0,  0,  0.  0,  8) 

'42=  4 

II 

CM 

iM»j  =  (0,  5,  0,  0,  0,  0,  10) 

B 

II 

CM 

*52  =  5 

M*2-( 0,  6,  0,  0,  0,  0,  12) 

3 

II 

CT> 

*82  =  6 

foundation  p3=11: 

/M13  =  (o,  0.  I,  0.  0,  0,  1) 

''13=  1 

*13  ~= 

AfM  =  (0,  0,  2,  0,  0,  0,  11) 

'23  =  4 

*23  “ 

A133=(0,  0.  3,  0,  0,  0.  21) 

'33^  ' 

*33  “ 

43  =  (0,  0.  4,  0,  0.  0.  8) 

r43=  5 

*-.3  - 

A453  =  (0,  0.  5,  0,  0,  0.  18) 

'53=  8 

*53  = 

/M83=(0,  0,  6,  0,  0,  0,  19) 

'83=  W 

*83 

M73  =  (0,  0,  7,  0,  0,  0,  6) 

'73  -  7 

*73  - 

A4M  =  (0,  0,  8,  0,  0,  0,  16) 

'83  =  10 

*83  : 

=  (0,  0,  9,  0,  0,  0,  3) 

00 

ll 

40 

*93  = 

M,o.3  =  (0,  0,  10,0,  0,  0,  13) 

'10.3  =  11 

*103  = 
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foundation  p4=13: 

Mu  =  <0,  0,  0,  1,  0,  0,  22) 

',4  =  5 

*14=  4 

.M24  =  (0,  0,  0,  2,  0,  0,  21) 

'24  =  5 

*2V  =  $ 

M3 4  =  (0,  0,  0,  3,  0,  0,  20) 

'34=5 

*34=12 

Aft*  =  (0,  0,  0,  4,  0,  0,  5) 

'44  =  2 

*44=  3 

M54=(0.  0,  0,  5,  0,  0,  4) 

<N 

II 

*54=  7 

M,4  =  (0,  0,  0,  6,  0,  0,  3) 

'84  =  2 

*84=11 

Mu  =(0,  0,  0,  7,  0,  0,  11) 

''t* 

II 

r» 

V. 

*74=  2 

Af84  =  (0,  0,  0,  8,  0,  0,  10) 

'84  =  4 

*84=  6 

•W94  =  (0,  0,  0,  9,  0,  0,  9) 

'94=  4 

"  & 
II 

•  O 

Afjo,*  =  (0,  0,  0,  10,0,0,  17)  ',0,4  =  ®  *io*  =  I 

M„,t  =  (0,  0.  0,  II,  0,  0,  16)  '11.4  =  6  *ii*  —  5 

M,2.4  =  (0,  0,  0,  12,  0,  0,  15)  ')2,*  =  6  *,24  =  9 


On  foundation  p5=17 
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Mls  =  ( 0,  0,  0,  0,  1.  0,  5) 

'15=  2 

u 

II 

M»  =  (0.  0,  0,  0,  2,  0,  19) 

'25  =  6 

*25  =  5 

M3s  =  (0.  0,  0,  0,3,  0,  1) 

ri s=  3 

*35=16 

MU  =  (Q,  0,  0,  0,  4,  0,  15) 

'45  =  7 

*45=10 

Mu=*(0,  0,  0,  0,  5,  0,  6) 

'55  =  6 

*55=  4 

M;:  =  (°,  0,  0,  0,  6,  0,  1!) 

'84  =  2 

'  *65=  5 

M7s  =  (0,  0,  0,  0,  7,  0,  2) 

'75  =  7 

*75=  0 

/MB  =  (0,  0,  0,  0,  8,  0,  16) 

'85  =  H 

*85=  3 

M9s  =  (0,  0,  0,  0,  9,  0,  21) 

'95  =  13 

*95=14 

•M10.s  =  (0,  0,  0,  0,  10,  0,  12) 

r10.5  =  12 

*105=  8 

•M,i,5  =  (0,  0,  0,  0,  11,  0,  3) 

'il.5  =  H 

*115=  2 

Mi 2.5  =  (0.  0,  0,  0,  12,  0,  8) 

'12.5  —  12 

*125  =  13 

Mi3,s  =  (0,  0,  0,  0,  13,  0,  22) 

'13,5  = 1^ 

*135=  7 

Mti. s  =  (0,  0,  0,  0,  14,  0,  13) 

'•14,5=16 

*145=  1 

Mt5,5  =-  (0,  0,  0,  0,  15,  0,  18) 

'is.5  =  16 

<N 

II 

m 

•Ml#, 5  =  (0,  0,  0,  0,  16,  0,  9) 

'’18,5=  17 

*165=  6 

foundation  p6=19: 

M,#  =  (0,  0,  0.0,  0,  1,  12) 

r,#  =  3 

*10-  13 

,Ma  =  (0.  0,  0,  0,  0,  2,  10) 

r28  =  3 

*28=  7 

Mm  =  (0,  0,  0,  0,  0,  3,  8) 

'*36=  3 

*36=  1 

,M44  =  (0,  0,  0,0,  0,  4,  20) 

'«*  =  6 

*48=14 

M*  =  (0,  0,  0,  0,  0,  5,  18) 

'»  =  6 

*58=  8 

Mm  =  (0,  0,  0,  0,  0,  6,  16) 

''18=  6 

*86=  2 

,M7#  =  (0,  0,  0,  0,  0,  7,  5) 

'-78=  < 

*78=15 

,WM  =  ( 0,  0,  0,  0,  0,  8,  3) 

'’88  =  4 

*88=  9 

Mg#  =  (0,  0,  0,  0,  0,  9,  1) 

'98=  4 

*98  =  3 

Mio,#=(0,  0,  0,  0,  0,  10,  13) 

'  10,8  =  7 

*106  -  16 

,W„,#  =  (0,  0,  0,  0,  0,  11,  11) 

'll,  6=  7 

*1,6=10 

M)2f#  =  (0,  0,  0,0,  0,  12,9) 

r12,8=  7 

*128  =  4 

•Mu.#  =  (0,  0,  0,  0,  0,  13,  21) 

'  13.8  =  10 

*136  ~  * ' 

Mu,t  =  (0,  0,  0,  0,  0,  14,  i9) 

''14.6=  10 

*148=11 

/Mi5,#  =  (0,  0,  0,  0,  0,  15,  17) 

'  15,8  =  10 

*158=  8 

Mu,t  =  (0,  0,  0,  0,  0,16,6) 

r16,8  =  8 

*168  =18 

Mi7,«  =  (0,  0,  0,  0,  0,  17,  4) 

''17,8=  8 

*176=  12 

-Mi*.#  =  (0,0,  0,  0,  0,  18,2) 

'18.8  s  8 

*188=  6 
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Ths  expandad  system  cf  foundations  let  us  select  in  th*  form 


P\  =5,  Pz  =  7,  p3=ll,  pi—  13,  p5  =  I7,  p#=I9,  p?  =  23,  p#  =  3l. 
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with  range  p  =  =  1152646495  (its  parameters  th^y  are  given  cr.  pa  j-  2t>S)  . 

Values  X(  take  the  following  values: 

Xi  =  24,  Xj  =  26,  Xj  =  2,  Xt-26;  X,=  10,  X*  -=  1 1 .  X,  =  20. 

Example.  To  find  the  expanded  representation  of  the  number 

A  =  (3,  3.  j,  J,  J.  J.  o). 

Let  us  compute  the  trace  cf  number  A  in  the  basic  system 

SA  =(12  +  6  +  21+20+  I  4-8)  (mod  23) -22. 

In  this  case  occurred  two  transit  ions/junctions  on  foundation  d7=23, 
whence  »a  =  2.  Let  us  design  nuiwr  ^=-(3.3.3,3.3.3,22).  w.oose  ran*  cf  (S.J7) 
is  equal  to 

rM  A  **54-3-f7— 5— 3-r3  —  2x5  —  16. 

Let  us  prasant  number  ma  in  the  expanded  range,  for  which  let 
us  compute  the  value  cf  the  generalized  sum  of  the  numerals 

(J*  —  72  —  78  —  6  78  —  30  -  —  4-40  =  24  •  31-' 

Whence 

an— i  —  16—7  (mod  3'.) 

OC  GCn-M  —  22. 


i  Thus,  is  obtained  the  expanded  representation  of  the  nuraoer 

;  A'  =(3,  3,  3  ,  3  .  3  .  3  .  22.  22). 

r.  In  ordar  to  switch  over  to  the  number,  which  has  on  foundation  p7  the 

numeral,  equal  to  3,  it  is  necessary  to  adjoin  the  followir.a  minimum 
pseudo-crthogcna 1  number  cf  expanded  range 

;  A?47  =  (0,  0,  0,  0.  0.  0,  4.  13). 
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which  has  multiplicity  k4  7=20. 
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Tc  this  case  will  be  obtained  number  At2)  =  (3,  3,  3,  3,  3,  3,  3,  4). 
Here  wa  clashed  with  the  indefinite  situation,  since 

*47  >  Pi  —  (n—  1). 

i.e.,  either  number  At=(3,  3,  3,  3,  3,  3,  3,  u)  lies/rests  at  tea 
first  interval  and  is  the  unknown  proper  number,  or  it  li^s/rests  at 
the  second  interval,  and  the  unknown  proper  number  is  A2=(3,  3,  3,  3, 
3,  3,  3,  3).  In  this  case,  is  examined  the  alternative  set  of 
foundations,  which  includes  the  foundations,  which  correspond  to  all 
possible  errors. 

Let  the  now  following  arithmetic  operation  be  the  multiplication 
by  the  proper  number  B={3,  1,  1,  C,  11,  15,  8,  1):  (3,  3,  3,  3,  3,  3, 
3,  3)  .(3,  1,  1,  0,  11,  15,  8,  1)  =  {4,  3,  3,  0,  16,  7,  1,  3).  We 
examine  the  obtained  product  (A=(4,  3,  3,  0,  16,  7,  1)  in  the  basic 
system. 

We  find  its  trace 

SA  =(!34-6-r-2lT9-5)  (mod23)=8, 


4  .  . 


3 
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in  this  case  nA  =  2. 


Ss  construct  number  «A=  ( 4,  3,  3 ,  0,  16,  7,  8)  and  compute  its 

rank 


=6-1-3  +  7-1-17  +  4  —  2x10  =  27. 

A 

We  compute  the  generalized  sum  of  the  numerals 


ff*  -96  +  78  +  6- 160 -l 77-  160  =  19  x  31  —  12 


and  we  translate  number  ma 


or 


i.a.,  obtain  number  A*=(4, 


into  the  expanded  system 

CCn-f  1  +  27  =  12 
<Xn+ 1  =  16. 

3,  3,  C,  16,  7,  8,  16)  . 


In  order  on  foundation  for  p7  obtaining  numeral  (**  =  1,  it  is 
necessary  to  number  A'  tc  adjoin  a  minimum  pseudo-orthogonal  numbs 
of  expanded  system 

AJte,7  =  (0,  0,  0,  0,  0,  0,  16,  18) 

of  multiplicity  k16t7=11. 


As  a  result  we  will  obtain  number  A C2)  =  (  4,  3,  3,  0,  16,  1,  1, 

3) .  Since  the  condition 

*ie-7  <  Pi  —  («—  I) 

is  satisfied,  then  it  is  possible  to  claim  that  number  /4(J)  is  prop 
and  tharefore,  is  also  proper  the  initial  number  A=(3,  3,  3,  3,  3, 
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1.  3.). 

§5.5.  Method  of  reflection  onto  the  end/lead  cf  the  range. 

In  this  method  fcr  number  A  =  (a„  a,,  . . . , a„,  X)  it  is  necessary  to 
find  such  value  X  =  an+1,  at  which  A  will  be  a  proper  number. 

Page  253. 

La t  us  multiply  number  A  by  certain  factor  q  so  as  as  a  result 
to  obtain  a  noncritical  number.  But  since  value  of  the  X  initial 
number  is  unknown,  then  it  is  necessary  to  examine  the  process  of 
multiplication  by  the  value,  multiple  Pn+t,  in  order  to  obtain  in  th=> 
product  numeral  on  foundation  Pn+ 1.  identically  equal  to  zero. 

Hence,  if  we  designate 

q  =  vp„+1, 

where  v  -  whole  non-negative  rusher,  then  factor  v  it  is 
expedient  to  choose  as  the  product  of  the  number  of  reasons  fcr  the 
purpose  of  the  decrease  cf  the  size  of  the  zone  of 
uncertainty/indeter minanc  y. 

But  then  factor  q  can  prove  to  be  sufficiently  high  value  and  in 


the  process  cf  multiplication  will  occur  the  transitions/ junctions 
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through  the  numerical  range  ?. 

The  number  of  transitions/ junctions  with  the  multiplication  car 
be  evaluated  on  the  basis  of  the  following  theorem. 

Theorem  5.3.  If  ir  the  standardized/normalized  sys^^m  r  f 

foundations  Pj,  Pz,  . .  • ,  pn,  Pn+\  is  assigned  number  .-1  =  (ot,.  a; . a.,.,)  wi*h 

trace  S.4  and  character  A.i  and  if  with  the  o ulti plication  of  this 
number  by  the  factor 

P  =  vp»*j. 

where  v  -  whole  non-negative  number,  we  obtain  the  product  with 
trace  Sop  and  character  Anp.  then  the  number  of  transitions/  -junctions 
through  the  numerical  range  F  will  be  datermined  by  the 
relationship/ratio 

Q  =  pAA  —  Anp-j-vo**!  —  Y'-i- 1~  i •  (5-12) 

Proof.  Lat  us  present  the  multiplication  of  number  A  by  factor  q 
as  q  of  the  additions  of  very  it  itself  number  A.  Por  aach  addition 
let  us  write  out  the  criterion  cf  the  overfilling 

Q),  i  =  Ax  +  Ax  4-  Hi,  i  —  Yt.  i  —  A* *  —  ?t,  i» 

Q2t  t  “  Ax  —  Aj.4  — '  ^12,  1  T  YS-  I  As.v  52.  1* 

Q?.I,1  =  Ax  -4-  A(,_da  -T  n</-i.  I  t  Yi-i.i  —  A,.v  —  t- 

After  forming  the  loft  and  right  sides  of  these  expressions,  we  will 


obt  ain 
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Taking  into  account  that  l<,A  =  inp  and 

4 

W2 

we  will  obtain  that  a  number  of  transitions/ junctions  through  the 

rang?  is  determined  in  accordance  with  confirmation  (5.42)  of 
t  heorem  . 


Expression  (5.42)  can  be  simplified  on  the  basis  of  th<* 
following  theorem,  which  esca  fe/ensues  directly  from  th=- 
determination  of  the  concept  of  the  trace  of  a  number. 

Theorem  5.10.  If  in  the  system  with  foundations  /h- ■  ■  ■  Pn> 
are  assigned  two  numbers  Aj  and  A*  with  traces  5j  and  s2  res  p«ct  iv-»ly 
and  the-ir  sum  As  with  trace  S3,  then  occurs  the  following 
relationship/ratio: 

S]  r4j,  i  Yi,  i Pn*\  —  S\  Si  \Pn+i-  (5.43) 

Corollary  1.  With  the  addition  of  number  A  whose  trace  SA,  vrry 
with  themselves  g  of  times  occur  the  following  eguality: 

i  Ym.,-2  6m.,— ^  (Sop  +  i  -vSA.  (5.44) 

i»2  i-2  >«2 
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Act  ually/ really,  let  us  designate  the  trace  of  number  (i-1)A 
S,_„  in  accordant  with  (5.43)  we  will  obtain 

Si  -j-  fii_j,  l  —  Yi-1.  lPn+1  =  S|_i  +  Sa  Pn+&-l,  1- 


Summarizing  this  expression  cn  i  with  i=2,  3,  ...»  g,  we 


obtain 


i  <i  « 

Pn+ 1  S  Yi-t.l  —  Pn+ 1  2  6i-!.  1  —  Snp  +  2  ^(-1,  t 

i— »  i  =  2  i— 2 


whence  it  follows  (5.44). 


Corollary  2.  In  expression  (5.44)  left  side  is  integral, 
means  the  expression 


S 


np 


l 


multipl**  Patt¬ 
on  the  basis  (5.44)  the  number  of  t  r ansitions/gur.cticr.s 
the  range  with  the  nr  ''tiplicaticr  cf  number  A  by  q  will  be  de 

i 

Q  =  Q&A  —  Anp  "t  Vl3!nt|  —  vSA  t  ^  -  |Snp  ■+■  2  •  (5  45) 

1—2 

Page  255. 

Por  the  transformation  of  the  obtained  expression  into  t 


th  r oug h 

will 


that 


throug  h 
fired  as 


ha  mor * 
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convenient  for  the  realization  let  us  consider  some  properties  of 
minimum  pseudo-orthogonal  numbers. 


A  minimum  pseudo-orthogonal  number  with  numeral  a j  on 
foundation  pj  ta<as  the  form 

Af<y  =  (0,0 . 0,  a;,  0 - S5.).  (5.46) 

Since  in  numoer  Majj  all  numerals  zero,  except  numerals  cn 

foundations  Pi  and  Pnn<  it  must  be  multiple  tc  value 

p  & 


PjPn+\  Pj 

Let  us  consider  numerical  seauer.ee 


°'7r'2TT'3i- . (5’47) 


It  is  possible  to  claim  that  the  numerical  sequence  in  guestic 
is  the  complete  set  of  minimum  pseudo-orthogonal  numbers  on 
foundation  Pj>  in  other  words,  in  it  are  represented  all  values 

<x,j  =  0,  1  •  2,  . . . ,  Pj  — - 1 . 

Actually/really,  if  cn  foundation  Pj  number  —  has  a 

Pi 

remainder /residue 

a  ~j  (mod  Pj)< 

then  the  remaining  members  of  sequence  on  foundation  pj  have  value 

2a’ (mod pi),  3a' (mod pj) . {p}-  1)  (mod pj),  0  (mo dp,). 

Horeover  any  twc  numbers  of  this  sequence  are  not  congruent 
between  themselves  in  mod ulus/mcd ole  Pi-  Lat  us  prove  this  position 
from  the  opposite. 
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Lat  us  assuma  that  sob®  two  cumbers  of  this  sequence  of 
multiplicity  m  and  n  are  congruent  with  each  ether  in  modulus/module 
pj,  thare  obtains 

ma'  (mod  pj)  =  no.'  (mod  pj), 


or 


(m  —  n)  a'  =  0  (mod  Pj ), 


i.  e. 


(m  —  n)  a'  =  vp}. 


where  v  -  whole  non-negative  number. 


Page  256. 

But  latter/last  equality  cannot  occur,  since  according  to  the 
condition 

m  <  Pj,  n  <  Pj,  a'<pj 

and  none  of  these  numbers  has  common  divisors  with  Pj-  Thus,  any  two 
numbers  of  sequence  (5.47)  are  incomparable  on  modulus/module  Pj- 


These  numbers  in  all  Pi  and  possible  values  aj  a^lsc  p>- ^ 

Hence  numerical 


sequence  (5.47)  is  the  complete  set  of  minimum  pseudo-orthogonal 
numbers  on  foundation  Pj- 
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As  can  easily  be  seen,  the  proved  position  is  correct  for  the 

p 

sequence,  which  begins  from  member  ka.j  . 

Theorem  5.11.  If  in  the  system  of  foundations  ,  p2  , 
pn,  Pn+i  is  assigned  minimum  cseudo-ortho gonal  number 

MajJ  =  (0.  0 . 0.  ih  0,  ....  0,  S*) 

of  multiplicity  £•».;,  then  a  quantity  of  incorrect  pairs  which  forms 
numeral  with  numerals  0,  1,  2,  ...,  Pj—l,  i3  ^qual  tc  the 

multiplicity  of  minimum  p ssudo-cr thcgona 1  number  M*j 

pj-i 

2  6  a*,  =  kaJ.  (5.48) 

S/=o  1  >  1 

Proof.  Actually/really,  m  the  complete  set  of  minimum 

pseudo-orthogonal  numbers  on  foundation  pt  are  numbers  of  all 

3° 

Dossible  multiplicities  cf  value  — ,  namelv 

i  Pj 

0,  1,2 . pj  —  1. 

Let  us  take  an  arbitrary  number  of  this  set /dialing  of  multiplicity 

hjj 

Ms,;  =  (0.  0 . 0,  $j,  0 . 0,  SI). 

Storing/adding  up  initial  number  Ma  ,  with  numoer  we  will 

.Uvj  ,(0,0 . 0,  ('Xj-  P;)  unod  Pj).  0 . S-)  = 

=  -  *H,,)  —  • 


obtain 
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where 


Page  257. 


Ss  =  (SS  -Sp.)  (mod  p.^i). 


If 


than 


ka.j  --  kfi.j  j-  pj, 


i.e.,  th*»  sum  of  such  numbers  is  an  incorract  number,  and  therefor0, 
ctj  and  p,  compose  incorrect  pair.  If 


then 


kttjj  —  kfi  .j  <Z  pji 

■V/v  <£j\ 

J 


i.e. 

Si  =  (S£.-S P;)  (mod p„-,) 


and  numerals  ctj  and  P;  compose  correct  pair. 


In  other  words,  numeral  aj  composes  with  the  numeral  of  any 
number  of  the  sat/dialing  of  mini  mum  pseudo-orthogonal  numbers  or. 
modulus/mod ula  Pi  incorrect  pair  in  that  and  only  in  such  a  case, 
when  the  sum  of  their  multiplicities  is  not  less  than  the  value  of 
foundation  Pi-  But  satisfies  this  condition  only  with  these 

numbers  of  the  complete  set  whose  multiplicities  are 

Pi  —  K}b  Pi  —  k*ji  -  I . Pi  ~  2’  Pj  “  1 1 
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and  such  numbers  in  all  ka ,j. 


By  this  is  proven  ccnfir nation  (5.48)  of  theorem. 

Theorem  5.12.  If  in  the  system  of  the  foundations 

Pi!  P21  •  •  •  1  Pn<  P’l+» 

with  range  P  number  A 

A  =  (at,  <*2,  ....  a . . an,  'Vt). 

it  is  multipliad  by  value  q,  where 

<?  =  vpn+1  =  ~  , 

Pi 

then  a  number  of  incorrect  pairs,  formed  on  foundation  will  be 

defined  as 


(5.49) 


where  through  ^1*  is  designated  the  multiplicity  of  a  minimum 
pseudc-crthogonal  number  with  numeral  a*  on  foundation  P»- 


Page  258. 


Proof.  Considering  the  multiplication  of  number  A  by  value  q  as 
the  addition  of  number  A  very  with  itself  q  of  times,  on  th“  basis  of 
theorem  (5.11)  it  is  possible  to  claim  that  is  also  a  quantity 

of  incorrect  pairs  which  forms  numeral  with  the  set/dialing  of 

the  numerals 


0,  1 ,  2,  3,  4,  ■  • .  i  Pn  2,  Pn  1 . 
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But  such  sets/diaiing  with  the.  multiplication  of  number  A  by  g  it 
will  be  in  all 

vPn+l  __  P 

Pli  P*Pl 

whence  follows  the  confirmation  of  theorem. 

^  Note.  Into  a  quantity  of  inccrrect  pairs  must  net  enter  pairs, 

formabls  by  digit  of  the  initial  number  A  with  the  appropriate 
numeral  of  product,  since  this  pair  in  the  addition  does  not 
participate. 

» 

* 

/  However,  when  Pn¥=  pj  the  corresponding  numeral  of  product  is 

equal  identical  to  zero,  and  with  any  zero  numeral  is  formed  only 
■  correct  pair. 

Corollary  1.  The  sum  of  incorrect  numarals  formed  o’-  all 

foundations  Pv*  where  2,  ...»  n  (jj/  j) ,  is  defined  as 

™  vpn+1  2  2  (5.50) 

i»-t  *  n-t  * 

Corollary  2.  Expression  (5.45)  for  the  number  of 
transitions/ junctions  through  the  range  with  the  multiplication  of 
number  A  on  vpnn  —-jj  can  te  represented  in  the  form 

Q  =  —  Anp  -j-  va,+1  —  vSA  -J- 

+  v£  7f  +  ^( 5np  +  6;),  (5.51) 

l 


J  . , 
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whore  through  6;  is  marked  a  r.umtor  of  incorrect  pairs,  form’d  or. 
foundation  pj. 


Corollary  3.  A  number  of  incorrect  pairs  6,  formed  or. 
foundations  Pi.  Pz<  ■  ■  ■<  Pa  with  the  multiplication  of  number  A  by  •‘■he 
factor 

Vpn+i  =  P, 


will  be  defined  as 


S  =  vpn+12^  =  P2^! i. 

M-l  H-i 


(5.52) 


Page  259. 


In  this  case  expression  fcr  a  quantity  of  overfillings  takes  the  fo 

"  * 

2  =  vp„+1AH  +  von+1  —  vSA -i-  v  y  -Sit,  (5.53) 

since  with  the  multiplication  by  F  we  obtain  the  product,  equal  to 
zero,  which  has  respectively  Snp  =  0  and  Anp  =  0. 

Somewhat  more  complicated  matter  proceeds  with  a  number  of 
incorrect  pairs  on  foundation  Pi<  since  value 

vP«+i  =  ~j 

is  not  divided  completely  into  Pj.  Let  us  designate  whole  part  of 
division  into  pj  through  o, ,  and  the  re  mainder/rssidue  - 

through  q  2.  Than 


V'P"+1  —  <hPi  +  Pz- 
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Theorem  5.13.  If  in  the  system,  calibrated  on  foundations  pj 
and  p„+i,  the  number 

A  =  (otj,  CU,  .  .  .  ,  Ctj ,  .  .  .  ,  Ctni  i) 

is  multiplied  by  value 

then  significant  digit  in  the  product  in  foundation  Pj  coincides 
with  the  same  in  an  initial  number,  and  a  number  of  incorrect  pairs 
8 j  on  foundation  pj  with  the  multiplicity  of  minimum 
pseudo-crthcgom  1  number  kaji  is  determined  by  the  formula 


where 


8/  —  (5.54) 


Proof.  According  to  theorem  conditions  has  the  place 

P 

VP-«M  =  — =  <7,P;-r  1. 

Pj 

Therefore  with  tha  multiplication  of  numeral  zj  of  an  initial  number 
on  v/j„+1  »a  will  obtain 

anp  ==  (qxpj  +  1)  (mod  p,)  s  ay(modp;). 
how  is  proven  the  first  position  cf  theorem. 


i 


i 
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A  quantity  of  incorrect  fairs  cn  foundation  p;-  will  be  defirsi 
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since  the  total  quantity  of  componer.ts/terms/addends  on  foundation 
pj  is  more  than  multiple  Aay  per  unit,  in  other  words,  to  a 
quantity  of  incorrect  pairs  between  an  initial  number  and  a  product. 

However,  this  incorrect  pair  in  be  considered  must  not, 

since  the  result  of  product  as  the  component/ter  m/addend  into  tctel 
sum  doas  not  enter,  that  also  proves  the  confirmation  of  theorem. 

Corollary.  Expression  (5.51)  taking  into  account  (5.5u)  accepts 
the  form 


^  —  VPn+4  Aa  —  <\Up  -4-  van+,  —  vS*  4- 

n  fc. 

+  v  2  77  +  (S°p  +  * V?i>-  (5.55) 

u-l  11 

U*7 


Th®orem  5.14.  if  in  the  system,  calibrated  on  foundations  Pj 
and  Pn+ii  the  numoer 

^  *  (®ll  •  •  •  t  ®fp  •  .  *  »  ®Bi  ®B+l) 

is  multiplied  by  value 

vPnn  =  JJ, 

then  the  trace  of  product  coincides  with  its  minimum  trace  and  *. 
defined  as 

Snp  =  Sip  =»  kajJS *  (mod  pnM),  (5.56) 

where  kajj  -  multiplicity  of  a  minimum  pseudo- orthogonal  number  with 
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numeral  a /  cr.  foundation  pj,  and  5*  -  traca  cf  a  minimum 
pseud c-orthcgcnal  number  with  the  numeral  on  foundation  Pi 
single  multiplicity 


S* 


P 

PjPn+i 


(mod  pn+1). 


c  f  the 


Proof.  Or.  the  basis  of  the  previous  theorem  it  is  Known  that 
significant  digit  in  the  product  in  foundation  Pj  coincides  with  the 
same  in  an  initial  number.  Th e  remaining  numerals  of  product  arc 
equal  to  zero.  Since  the  multiplication  was  produced  to  value 


Page  261. 


VP„+1  =  ~. 


Therefore,  the  trace  of  product  coincides  with  the  trace  of  a 
minimum  pseudo-orthcgoral  number  with  numeral  a j  on  foundation  p;, 
which  according  to  the  condition  have  a  multiplicity  k 0Lj].  Bu*:  *her.  :s 
correct  relationship/ratic  (5.56),  which  is  the  confirmation  of 
theorem . 


Theorem  5.15.  In  the  system,  calibrated  on  foundations  Pi  and 
Pr»+i.  occurs  the  relaticnship/rat io 

<7i  =  xp„+,  -f  pB+1  —  S*,  (5-57) 

p 

where  qj  is  determined  from  expression  — =g,Pj-l;  x  -  a  whcl* 
non-negative  number;  S*  -  trace  of  a  minimum  ps eudo-orthogona  1  number 
with  the  numeral  on  foundation  Pj  of  single  multiplicity. 
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Proof.  Valus  gt,  determined  ty  expression  (5.57),  let  os  or  as 
in  the  form 

<7i  =  *Pn-n  -  p, 

where  x  -  whole  non-negative  number,  while  p<Pn+ 1-  Then 


or 


p 

—  =  *PjPnn  -r  PP;  t  1 
Pj 

P;P  +  1  =0  (mod  Pm-x).  (5.58) 


Under  the  conditions  of  theorem  latter/last  comparison  has  unijue 
solution. 


L? t  us  writs  expression  for  the  minimum  ps^udo-erthegor  a  1  rum 
of  single  multiplicity 

^ -<M . 0 . S-).  <  i-  -4-  S*  £.-P- 

From  this  expression  if  fellows  that 


PjPh+\  ~  S*Pj  -r 1  —  ®jllPi»+t 
or 

Pj (Ph*m  —  5*) -r  I  50  (mod pnrl). 


Then 


P  =  Pn+i  S* 


it  is  the  solution  of  comparison  (5.58),which  proves  confirmation 
(5.57)  of  theorem. 


Corollary  1.  Value  SBp -i- can  be  represented  in  the  form 
SBp  8-  kajjQl  —  xkvjjPn-n  ~  hPn+\  ~~  P> iff  (5.591 

where  h  is  tha  integer  part  of  the  expression 

I  _  r  Pn-M-S*  h  1  (5  601 


I 


Page  2 62. 

Actuall y/reall y,  on  the  tasis  ( S .  56  )  and  (5.57)  value  Snp  4- 

can  be  represented  as 

Snp  -f-  k(Xjj(f\  =  ka^jS*  (mod  Pn+i)  4"  Kpn+1fea^j  *j-  {pn+i  —  S*) 

or,  taking  into  account  (5.60), 

Snp  +  k<x jjqt  —  xka jjPn+1  +  tjPn+i  +  (mod  pn+t)  T 

~  ka  ,j  (pn+t  —  S*)  (mod  pn+i), 

whence 

Snp  +  1  =  *ka.jPn+ 1  -f  hPn+l  +  /W 

Corollary  2,  On  the  basis  of  theorems  presented  above, 
expression  (5.55)  accepts  the  following  fora: 

^  =  yPn+l&A  —  Anp  +  van+1  —  vSA  + 

-v2  Tr+***ji  +  h+ 1 

n-l 

n*; 

or 

^  =»  v(pn+iAA  4-  aB+1  —  SA)  +  v  2  4-  xka  j  +  lj  4- 1  —  A™. 

u-i  p“  } 

(5.61) 

Let  us  find  tnis  value  of  digit  On+i.  with  which  number  A 
arranged/located  in  the  first  interval,  i.e.,  it  is  correct.  In  this 
case  a  maximum  number  of  transitions  through  range  P  is  determined  by 
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a  number  of  transitions  with  the  m u  It ipl icaticn  of  ths  gr=at  =  st 
number  of  first  interval  by  multiplier  vpn+),  ramely: 

i >)**.,  =  w-Z. 

i.e.  value  Q  cannot  take  the  values,  which  exceed  value  v  — i  for  th 
numbers,  arrangad/locat ed  in  the  first  interval. 

Further,  if  a  number  is  arranged/located  in  the  first  interval, 
then  On+i  =  SJ  and  the  character  of  initial  number  Aa  can  take  only 
values  of  0  ar.d  -1,  moreover  the  situation  when  aa  =  — 1,  can  occur,  i 
zero  numerical  range  fall  into  interval  (SA  —  (n  —  2),  SA). 
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Let  us  introduce  the  parameter  9,  defined  as 


0  = 


1,  ec^H  a,  =  0, 

9 

0,  ec^H  a^#0, 


(5.62) 


Key  :  ( 1 )  .  if . 


then 


0=  I  —  Anp.  (5.63) 

Actually/raally,  if  aj  =  0,  the  product  consists  of  some  zero  ligits 
for  which  Anp  =  0,  and  then  0=1. 


But  if  aj¥=0,  then  the  trace  cf  the  product 


DOC  =  81023913  PAGE 

•Sop  ¥=  0, 

and  sine®  digit  cn  basis/tas®  P o.t  in  th e  product  is  identically  >j'ia 
to  zero,  then  regarding  tie  character  w®  obtain 

A„p  =5  1 ,  0  =  0. 


Theorem  S.lo.  (a  the  criterion  of  tr.s  corrtctr.-ss  c  f  a  r 

If  in  the  system,  calibrated  cn  bas®s/has*s  Pj  and  Pn-t.  tr®  nun:®! 

•■*  =  («„  ®2 . a,,  a,..) 


with  trace  SA  and  character  Aa,  then  the  criterion  of  the  cc ::  «c*  r.es  s 
of  the  preset  number  is  preset  is  satisfaction  of  the  condition 

P«*|Aa  4-  —  SA  -r  t  —  0,  (5.64) 

where  t  -  whole  non-negati  ve  rusher,  determined  frea  th®  condition 


’  2  77 +  **«,; 

u-t  * 


/;  T8  =  /V- 


(•' 

npw  v  = 


i  o.bo) 


Key:  (1).  with. 


or  frea  the  condition 


Key :  ( 1 )  .  with . 


VZ  "PH  Pnuv  =  p,  (^S6i 

l*— I 


where  r  -  the  whole  non-negative  number 


r  <v. 
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Proof.  Aft’r  introducing  designations  ir.  accordance  wi*h  ( 5 .  f- 5 ) 
or  (5.6  6)  ,  we  can  (5.5  3)  and  (5.6  1)  register  in  the  form 

Q  =  v  +  anM  —  SA  -f  t)  -r  r. 

Page  264. 

out  value  ,7  cannot  exceed  value  v— 1(  wr.ence  fellows  the  assertion,  cf 
t  heor es . 

Corollary  1.  The  unknown  value  of  digit  a„*„  with  which  number  A 
is  correct,  is  determined  by  the  formula 

»!»♦!  =  (Sa  -  0  (mod  pnn).  (5.67) 

Actua lly/r»ally ,  if  SA  — />o,  then  frem  (5.6aj  it  follows  that 

Pn*  *i».j  >  0. 

Si  r.c° 

Pi- 1  0. 

that  this  rase  ran  have  place  only  under  condition  \A  =  0.  an+l  =  SA  —  /, 

P>»»i>lA  —  <  0. 

which  satisfies  (5.67).  But  it  SA  —  f  <  0.  then^whence,  since  an+1>0, 
can  occur  only  rase  ^A  =  —  1  and  <x„M  =  p»M  u-  SA  —  t,  i.e.  (5.67)  is  correct 
in  this  case. 

Corollary  2.  Dr.  th®  basis  cf  th®  aforesaid,  we  obtain  the 
following  determination  ot  the  valu®  of  the  character  of  th°  initial 


number  A: 


DOC 


81023913 


PAGE 


</33 


,  -  o» 

I  u,  ecjiH  oA  — f>  U, 

^"l  l.&ilH  S.,-f<0.  <s-68> 

Key  :  (1)  .  if. 


Let  us  consider  the  determination  of  value  t  with  the 
multiplication  on  q  =  vpn+1  =  P.  ir  this  case  expression  (5.66)  can  6 
represented  in  the  fort 


tv±r  =  ki—  -rki  —  t  -•  •  +*»—  , 
Pi  Pi  Pn 


where  ^  =  - 


Pn+l 


(5.69) 

•  =rv,  which  is  eouivalent  to  transition  from  the  sys' 


of  bases/bases  P >•  Pj . P**  P»* 1  with  range  P  =  p,  =  pn+^  to  the 


i=i 


abbreviated/reduced  systerr  of  tases/basas  Pi-  Pi . p„  with  range 

V  =  r5h 


Page  265. 

Value  t  in  this  system  is  nothing  olse  but  a  number  cf 

transitions  through  the  range  of  system  with  the  addition  of  the 

members  of  the  right  side  of  expression  (5.69),  and  -  whole 

non-negative  numbers,  which  satisfy  the  expression 

fefOj  (mod  Pi)  =  a,-, 

*  =  1 .  2,  . . . ,  ri, 

where  a*  -  digit  of  the  nuraoeu  being  investigated  on  oasis/base  Pi 
and 

(mod  p,).  6—1.2 . n. 

PiPn  4-t 

or,  which  is  the  same  thing. 
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ki  -j:  ~  KliPi  +  <*.,  (5.70) 

where  x,j  -  w h o  1 3  r.on-negati  ve  number. 

If  we  through  m,-  designate  the  weights  of  orthogonal  bases  i 
the  acbra viat^i/reduced  system  cf  bases/bases,  then  occurs  the 
equ  alit  y 

=  ^aPi  ~r  1 1 

where  y»i  -  whole  non-negative  numbers. 
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number  A'  usually  Is  accurately  unknown,  since  during  the  composi 
of  number  A'  from  the  minimum  pse  ud  o-crthog  onal  components  could 
occur  unfixed  overflow. 

Page  26b. 

But  is  always  known  the  true  rank  cf  number  (a*.  “2.  •  >  • .  a*-,,  S'A),  si"c 
during  engineering  of  this  number  of  the  minimum  numbers  could  no 
have  places  one  disregarded  transition  for  the  range. 

Let  us  designate  the  true  rank  of  this  number  through  Oict- 


Then 


n— 1 

(CCj,  CC 2»  •  •  •  »  CCn-i»  SA)  —  2  - - h  SAf7ln - T l1CTV. 

Pi  Pn 


Whence 


n—  1 

2  *«»*«  =  («..  *2 . «-i.  Si)  -  rHCIv  -  S\mn  —  , 


and,  after  substituting  this  expression  in  (5.71),  we  will  obtain 


tv  -p  r  =  (cti,  (Xc,  S.4)  +  ^mctv  — 
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whence,  if 

When  a„>5x 

Key  :  (1 )  . 

Page  267. 

When  o tn<S'A 

Key:  (1). 

t  hen 


t\  +  r  =  (alf  Oj,  .  SA)  +  ((an-SA)mn)(modpn)— + 


-rv  (ru„—  2  ri  +  [  '  m»]  )  . 


t-t 


an  =  SA,  follows  that 


t  —  r  HCT -  2  ri  ■ 

i-1 


oossibl?  t'wo  c ?. s s : 

i »' 


a)  ‘ec.iH  (o„  02,  . .  ..On.,,  S'A)  +  ((an  —  S\)  run  (mod  Pn)  X 

W  .  V  I  r  ®n  — 

v,  to  t  =  rK„  —  >,  n  4- 1  - 
Pn  “ 

,=  1  ,  , 

fri  CO>~H  (Oj,  Oj,  .  .  >-> A^  ."v(^n  i.mou  Pn)  A 


v  _  V>1  .  vi  i  T  on— Sa  ~\ 

x-^<v-  T0  ri+ L  ’ 

1  (1 

[~>V,  TO  t  =  r„„—  2  rI  +  [  a,>PnSA'm’1]  * 


i*i 


if.  (2) ,  then. 


are  also  possible  two  cases: 

a)^c.iH  (a,,  02,  . . . ,  an.,,  S'a )  >  ((Sa  —On)  m„)  (mod  pn)  —  , 


t  —  rHcr  —  2  r‘  +  [  ^  mn  ]  • 

t-i 

(o 

6)  ec.™  (a,,  o»,  ...,On-JISA)<((SA-atn)m,)(mod^n) 


V 
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Key :  ( 1 )  .  if . 

then 

t  =  ru ct  —  2  ft  T  [  — n  pn  mn  J  ~  1  ■ 
i=! 

Thus,  is  proved  the  following  theorem. 

Theorem  5.17.  If  in  the  stardardized/nor irali zed  system  of  the 
bases/bases 

Pi<  Pl<  •  •  •  ,  Pn<  Pn-t-i 

is  preset  number  A  with  trace  SA  and  with  digits  <*,,  o^,  on 

bases/bases  pu  p2,  ...,pn  respectively,  then  digit  aa+lf  with  which 
number  A  is  correct,  is  defined  from  the  condition 

n 

a«+t=(SA-r,CT+^ri  —  [— ~SAmn]  +  A4)  (mod  pn), 

(5.72) 

where  r„„  -  true  rank  of  number  MA-\  S'a  -  the  trace  of  number  A '  ; 

AfA*  =  (atl  Oa.  a*^,  S'A)  and 

'"PTl 

in  tha  abbreviated/reduced  system  of  bases/bases  Pu  Pi . pn,  of  rar.< 

A  i  is  defined  as 
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,  A*>  U) 

l ,  ecjiH  npH  a„  <r  SA  HMeeT  mccto 

(a»*  ®2>  •  •  •  •  Sx)  <  ((Sx  —  a„)  m„)  X 


—  1,  eaiH  npH  a7l>SA 


y  (mod  n.  1—  . 
<©  '  Pn 

HMeeT  Mecro 


(®ii  “ai  •  •  •»  ®n-n  SA)  +  ((an  — SA)/nn)  x 


, x(mod  pn)JL>v, 
3,  B  ocTaJibHiiix  oryHanx. 


(5.73) 


Kay:  (1).  if  with.  (2).  has  place.  (3).  in  regaining  cases. 


Page  263. 

Note.  Sinca  AfA,  -  number,  comprised  by  addition  (n- 1)  of 
minimum  pseudo-ortncgor.al  numbers,  then  occurs  the  following 
limitation  to  its  value: 

AfA'-ta.Cd.  Sa)<(/i-1)  —  . 

'  Pn 

This  limitation  in  the  majority  cf  the  cases  allows  on  (5.73)  tc 
accurately  determine  value  of  Al.  However,  are  possible  the  critic? 
cases,  when  <*n+i  is  determined  with  an  accuracy  to  unity,  if  «n<SA 
and  in  this  casa 

(S'A  —  an)  mn  (mod pn)  <c rt  —  I, 

or  if  on>SA  and  in  this  case 

(a n-S'A)  mn(modpn)>pn~(n—  I). 

Let  us  illustrate,  based  on  examples,  the  d  ater  minat  i  on  cf  tha 
minimum  trace  of  a  number  by  method  of  the  multiplication  of  an 
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initial  number  to  value  F.  Lot  us  ccnsiier  the  reference  system  of 
numeration  with  bases/basss  pj=5;  p2=7;  P3=11;  p*  =  U;  Ps  =  17;  =  19; 

p7=23;  pa=3 1 ,  with  range  F=1  152  646  495  and  orthogonal  bases  with 


their  weights 


fit  =922  117  196  nr,  =4; 

Sj  =  987  982  710  m2  =  6; 

£3=  104  786  045  m3  =  1; 

£*  =  975  316  265  mt  =  H; 

£5  =  406  816  410  ms  =  6; 

£«  =  424  659  235  m«  =  7 
£7  =  751  725  975  m7  =  15; 

£«  =  37  182  145  m,=  l 

Let  us  compute  minimum  pseudc-crthogcnal  numbers  with  *heir 
multi  pi ici ties. 


On  basis/base  pt  =  5: 

Af„=(J,  0,  0,  0 , 0.  0,  0,  7)  *„  =  4 
Af21=<2,  0,  0,  0,  0,  0,  0,  13)  fej,  =  3 
Af3,  =  (3,  0,  0,  0,  0,  0,  0,  19)  *31  =.2 
.Wtl  =  <4,  0,  0,  0,  0,  0,  0,  25)  ^  =  1 

On  basis/base  p2  =  7 


,M12  =  (0,  1,  0,  0,  0,  0,  0,  5) 

*12  =  4 

^22=(0,  2,  0,  0,  0,  0,  0,  9) 

*22=  1 

Mffi  =  (0,  3,  0,  0,  0,  0,  0,  14) 

*32  =  5 

<Vf42=(0,  4,  0,  0,  0,  0,  0,  18) 

*42  =  2 

5,  0,  0,  0,  0,  0,  23) 

*52  =  6 

•mM  =  (0.  6.  0,  0,  0,  0,  0,  27) 

r* 

II 
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On  basis/base  p 3  =  1  1 ; 


=  a  1 02  39 1 J 


page 


=  10,  0,  1,0,  0.  U,  0,  29) 

=  (0,  0,  2.  0,  0,  0,  u.  26) 

=  {0.  0,  3.  0,  0,  0,  0,  23) 

=  (0,  0,  4,  0,  0,  0,  0.  20) 

=  (0,  0,  5,  0,  0,  0,  0,  17) 

=  (0,0,6,0,0,0,0,15)  ft63~-lu 

=  (0,0,7,0,0.0,0,!2i  k:3  s 

=  (0,  0,  8,  0,  0,  0.  0,  9)  ft,;.  o 

=  (0.  0.  9,  0,  0.  0.  0.  6i  fr,3  1 

=  (0,  0.  10,  0,  0,  U.  1).  3)  ft,.,,  --=  2 


On  basis/base  p4=13: 


Mt4  =  (0,  0,  0,  I,  0,  0,  0,  5) 

Mu  =  (0,  0,  0,  2,  0,  0,  0,  10) 

M34  =  (0,  0,  0,  3.  0,  0,  0.  15) 

/Vf44  =  (0.  0,  0.  4,  0,  0,  0,  20) 

A1S4  =  (0,  0,  0,  5,  0,  0,  U,  24) 

M84  =  (0,  0,  0,  6,  0,  0,  0,  29) 
Mn=(0,  0,  0,  7,  0,  0,  0,  3) 

M84  =  (0,  0,  0,  8,  0,  0,  0,  8) 

M94  =  <0,  0,  0,  9,  0,  0,  0,  12) 
M10.t  =  (0,  0,  0,  10,  0,  0,  0.  17)  * 
Mlll4  =  (0,  0,  0,  11,0,  0,  0,22)  ft 
Mi*.t“(0,  0,  0,  12,  0,  0.  0,  27)  ft 


*,  4-J 

^24  “  6 

2 


On  basis/basa  d5-’7: 


M15  =  (0,  o,  o,  o,  l,  o.  0,  21)  , 

1^2!  =  (0.  0,  0,  0,  2,  0,  0,  10) 

<Mjs  =  (0,  0,  0,  0,  3,  0,  0,  30) 

=  0,  0,  0,  4,  0,  0,  19)  i 

Mbb  =  (0,  0,  0,  0,  5.  0.  o,  8)  1 

Mss  =  (0,  0,  0,  0,  6,  0,  0,  28)  1 

M7s  =  (0,  0,  0,  0.  7,  0,  0,  IT)  / 

M85  =  (0,  0.  0,  0,  8.  0.  0,  6)  / 

M95  =  (0.  o,  0.  0,  9,  0,  0,  26)  1 

Mto,  s  =  (0>  0,  0,  0,  10,  0,  0,  15)  ft,, 

M„,s  =  (0,  0,  0,  0,  11,  0,  0,  4)  ft,, 
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Af,2.  (0.  0,  0,  0,  12,  0,  0,  24)  fcl2l; 

A1|3, 5  —  (0,  0,  0,  0,  13,  0,  0,  13)  kl3, , 

MUlS=(0,  o.  0,  0,  14,  0,  0,2)  A, 4ll 
11,5.4  -(0.  0,  o.  0,  15,  :,  3.  22)  lc15t . 

'M1«.5  =  (0,  o,  0,  0.  16,  0,  0,  11)  Jk16l 
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on  basis/basa  p6=l9; 


M„ 

=  (0,  0 

o 

o 

0 

1,  0,  20) 

*16 

•v^ 

=  (0,  0 

0,  0 

0 

2,  0,  9) 

*38 

•Has 

=  (0,  0 

0,  0 

0 

3,  0,  28) 

*36 

•V'l, 

=  (0,  0 

o,  0 

0 

4,  0,  17) 

*46 

Mm- 

=  (0,  0 

0,  0 

0 

5,  0,  5) 

*56 

'Visa 

=  (0,  0 

0,  0 

0, 

6,  0,  25) 

*66 

m78  = 

=  10.  o, 

0,  0, 

o, 

7,  0,  14) 

*76 

■Visa 

=  (0,  0 

0,  0, 

0, 

8,  0,  2) 

*86 

= (0,  0, 

0.  0, 

0, 

9,  0,  22) 

*96 

M,o, a  = 

= (0,  0, 

0.  0, 

0, 

10,  0,  10) 

*tn.  a 

M,  i.«  = 

= (0,  0, 

0,  0, 

0, 

11,  0,  30) 

*11,6  = 

•M12,8  = 

= (0,  0, 

0,  0, 

o, 

12,  0,  18) 

*12.  6 

Mi3,#  = 

(0,  o, 

0,  0, 

0, 

13,  0,  7) 

*13,8  = 

Mu.  a  - 

<0,  0, 

0.  0. 

0. 

14,  0,  27) 

*!4,  6  = 

««.,= 

(0,  0, 

0,  0, 

0, 

15,  0,  15) 

*15,6  = 

M«,.= 

(0,  o. 

0,  0, 

0. 

16,  0,  4) 

*16,6  = 

M,r.»  = 

(0,  0, 

0,  0, 

0. 

17,  0,  23) 

*17, 6  = 

M„.,= 

(0, 0, 

o,  0. 

0, 

18,  0,  12) 

*18. 6  = 
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on  basis/base  p^=23: 


(0, 

0,  0,  0. 

0, 

0,  1,  11) 

*17  = 

=  5 

%  = 

(0, 

0,  0,  0, 

0, 

0,  2,  22) 

*27  = 

=  10 

Mv  = 

(0. 

0,  0,  0, 

0, 

0,  3.  2) 

*37  = 

=  15 

,V147  = 

(0, 

0,  0,  0, 

0, 

0,  4,  13; 

*47  = 

=  20 

(0, 

0,  0,  0, 

0, 

0,  5,  23) 

*57  = 

=  2 

3*87  = 

(0. 

0,  0,  0, 

0, 

0,  6,  3) 

*87  = 

=  7 

M:-  = 

(0, 

0,  0,  0, 

0. 

0,  7,  14) 

*77  = 

=  12 

3*87  = 

(0, 

0,  0,  0, 

0, 

0,  8,  25) 

*87  = 

=  17 

M„  = 

(0, 

0,  0,  0, 

0, 

0,  9,  5) 

*97  = 

=  22 

3*io,7  = 

(0. 

0,  0,  0, 

0, 

0,  10,  15) 

*10,  7  = 

=  4 

3*11.7  = 

(0, 

0,  0,  0, 

0, 

0,  11,  26) 

*11,7  = 

=  9 

3*,:.; 

-  (0,  0,  0,  0 

>,  o 

.  0,  12,  6) 

*12.7 

=  14 

3*13.  7  = 

=  {0 

1,  0,  0,  0 

,  0 

,  0,  13,  17) 

*13.  7 

=  19 

•'»U.7  = 

-  (0 

',  0,  0,  0 

,  0 

,  0,  14,  27) 

*!  i.  7 

=  1 

'*<5.7^ 

■  (0 

0,  0,  0 

,  0 

.  0.  15,  7) 

*15,  7 

~  6 

3*18,7  = 

=  (0 

',  0,  0,  0 

,  0 

.  0,  16,  18) 

*18.7 

=  11 

3*17.  7  = 

=  (° 

,  0,  0,  0, 

,  0, 

.  0,  17,  29) 

*17,7 

=  16 

3*18.7  = 

=  (0 

,  0,  0,  0 

,  0 

.  0,  18,  9) 

*18.7 

=  21 

3*19.  7  = 

=  (0 

,  0,  0,  0 

,  0, 

,  0,  19,  19) 

*19,7 

=  3 

31  jo,  7  = 

(0 

,  0,  0,  0, 

,  o, 

,  0,  20,  30) 

*20.7 

=  8 

■'*21.7  = 

(0 

.  0,  u,  u. 

u, 

0,  21,  10) 

*21.7  : 

=-13 

•'122.7  = 

(0. 

0,  0,  0, 

0, 

0,  22,  21) 

*22, 7  = 

=  18 
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The  parameters  of  the  abbreviated/reduced  system  of  the 
bases/bases: 

Pi  =  5.  Pj— -  7,  P3=ll,  p*  =  13.  Pt-l  7,  p*=19.  p7=23, 
were  given  during  the  illustration  of  method  the  expansions  o 

Example.  To  find  the  minimum  trace  of  the  number 

M  =  (l,  5,  10,  1,  2,  8,1,  On*,). 


We  compute  the  *rac? 
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S*  =  (7-23-3-r5-r  10  +  2-11)  (mod  31)  =30. 

In  the  abbreviated/reduced  system  we  compute  the  trace  of  numb® 

S-A  =  (1  +  10+  13  +  22+  19  +  3)  (mod  23)  =  22 

and  its  true  rank  /mct1®!-:  5  +  11+5-  6  —  4  =  32— 10  =  22.  we  compute  the  calc 
rank 

n 

2  rj  =  2  +  84-1-^3=14 

i-1 

and  value 

r  22—1  -1  . 

L— m\]=4- 

"Then  the  value  of  the  minimum  trace  of  a  number  is  determined  o 
(5. 72) 

®n+t  =  30  —  22+  14  +  4  + A,  =  26  +  4,. 


Here  occurs  the  inequality 


(S^— an)mn(modp„)-^-  =  I3-^->(n-l)-^-  , 

Pn  P  n  Pn 

whence  A,=1  and  an+,  =  5\  =  27.  Actually/really,  the  number 

.4  =(1,  5,  10,  1,  2.  8.  1.  27)  =  2'V,"M11 


is  correct. 


Example.  To  find  the  minimum  trace  of  the  number 


A  =  (0,  3,  10,  12,  11,  14,  5,  On+i). 
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Lat  us  compute  the  trace 


SA  =  {14  +  3  +  27  +  4  +  27  +  23)  (mod  31)  =  5 
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and  trace  S\  of  number  A' 

S-A  =  (6+13  +  15+3+19)  (mod  23)  =  10, 


true  rank  of  which 


ract  =  3  +  11+6  +  11  +  10  —  2'5  =  31, 


and  the  calculated  rank 


2  #"i  =  1-— 8+2+10+5+1  =27. 

i=l 


We  find 

On  (5.72)  we  determine  the  value  cf  the  minimum  trace  of  number  A 

«n+t  =  5  — 31  +27  + 1  +  a,  =  2  +  Aj. 


Here 


(5A-«n)'nn(m°dpn)-^-  =  2-^-  , 

i.e.  valu°  of  can  have  one  of  twc  values:  0  or  1,  whence  the 
minimum  trace  of  a  number  can  it  can  have  one  of  two  values  *n+t  =  2 
*n+i  =  3.  i.<».  it  occurs  the  critical  case. 


§5.6.  Critical  cases. 

Both  during  the  use  cf  a  method  of  expanding  the  range  and 

during  the  use  of  a  method  of  reflection  onto  the  end  cf  the  rang 

the  sta  ndardized/normalized  system  of  bases/bases  take  th»  place 

indefinite  situations  when  we  use  with  the  number 

A  =  (Ctj,  Otj,  ....  &H,  Otn+i), 

about  which  accurately  unknown,  it  lies/rests  at  first  interval 
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[0,  aP)  or  the  secondly  2&). 

Lat  f(A)  -  parity  of  nuattr  A,  defined  as 

,  tn  u> 

.  1,  ecJiH  hhcjio  A  He*<eTHoe, 

if  (.4)=  ©  (u 

0,  ecjiH  mhc.io  A  MeTHce. 

Key:  (1).  if  a  nuaiber.  (2).  odd.  (3).  even. 

Let  us  consider  number  .4s  =  (alt  a,,  ....at**,,  pn+1),  where 

|i„*,  —  a„+1  —  !  (mod 

Number  Ae  can  be  located  either  in  first  interval  [0,  &), 
number  A  was  located  in  the  second  interval  or  in  latter/last 
interval  [(/Vm—  1) &’•  Pn+ 1&)<  if  number  A  was  located  in  tne  first 
interval. 
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a  llowei/assunei  critical  situation,  i.e.,  it  can  bs  found  ir.  on-  ~  : 
the  first  two  intervals  cf  numerical  range.  Then  are  possible  th® 
following  cases. 

Cas®  1.  Number  .4rt  ®v®n  atd  cermet,  i.  e.  ,  is  located  in  interval 
(0,  iT).  juo-iert  from  the  formal  division  of  nuxbar  into  two  will  ® 
the  number,  also  correct  in  vi?w  of  parity  As.  A  number  G  car. 
regarding  he  found  only  in  cne  cf  the  first  two  intervals  of 
numerical  range.  Then  a  difference  in  the  numbers  G  and  ^  will  ue 

r  ^8 

^  ~  —  (Yl>  Y:>  Yn.  Yn-i)  — 

“ (yi.  Ys-  •  •  •>  Yn.  -^-(rnod  pn.;))  =.- 

=  (°>  0 . 0,  (Yn--%i)  tmodp„.t))  . 

i.e.  if  G  -  correct  number,  then 

( Yn-i  —  1  J  t ir.ijii p-,.i)  --  •  i. 

if  G  -  numDer  of  the  second  interval  of  numerical  range,  th  =  r. 


In  general 


Page  274. 


{  Yn*l  —  (mod  Pn-M )  -  .. 
( Yon  —  (modpn.,)  ..  !. 


Case  of  2.  Number  Ag  odd  and  correct.  Formal  quot: 


Af 


—  will  be  determined  whereas 

Ag  Ag  +  i>(Ag)P 
2  ~  2 


=  **£±y(Ag)0+  l»  +  y»)3> 
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[(Pn+t  —  1) pn+i^)’  and  quotient  tr cm  the  formal  division  of  number  A6 
into  two  will  be 

■*9  ^S+Pn+ (Pn+1—  i)  ^  +  \A^-r  pn+l^ 


where  A/lpC^p  or 


Since  iP  — A/l9<(fr,  that  it  is  possible  to  claim  that  number 
arr  ar.ged/lccated  in  the  latter/last  interval,  i.e.. 


(Pn+i-  l)&<~<Pn„&. 

Then 

(y»+i  -  ^  +  *  (.4#)  )  (mod  p»+1)  >  . 

Summarizing,  it  is  possible  tc  formulate  the  criterion  of  the 
correctness  of  number  Ae  as  fellows:  number  As  correct,  if  occurs  the 
condition 

(Yn>i-?fi  +  't>(^)^pi)  (mod pn-n)  <  I .  (5.74) 

Thus,  in  the  critical  cases  we  can  use  criterion  (5.74)  for 
solving  the  alternative,  what  number  is  the  unknown  correct  number  A 
or  Ag. 


Let  us  consider  now  some  theorems,  which  connect  characteristics 
(of  type  of  rank,  trace,  character,  etc.)  of  numbers  G  and  A. 

Theorem  5,18.  If  in  the  system  of  basss/tases  Pu  Pi,  ■  ■  •.  Pn-  with 

weights  of  orthogonal  bases  ct  «ii.  m2 . m„,  is  preset  number 

A'—(a^,  at,,  ...,On_„  an),  tru=  rank  cf  which  r\ ,  and  parity  \p(A'),  than  ’■h- 
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true  rank  of  number  r  =  (Yi,  y*<  ••••  Ya).  of  the  obtained  by  formal 
division  number  A*  into  two,  will  be  defined  as 

n 

rT—~  ^r\  -f-  V  1  —  thM'll  .  f n . 7 5 1 

i=i 

where  (af)  th  =  re  is  a  function  of  the  parity  of  values  ai- 


Proof.  Let  us  first  demonstrate  theorem  on  the  assumptic 
number  A'  even  i.  e.  ^(/l')  =  0. 


Page  276. 

In  this  case  upon  the  doubling  formal  particular  G  the  transi 
through  the  range  cannot  occur,  i.e., 

r+r  =  2r=,4', 

whence  according  to  the  theorem  about  the  rank  of  sum  follows 

n 

r.\  =  2/-r  —  V  mj\|)  (<*,), 

i=! 

By  this  is  proved  validity  (5.75)  for  fcha  the  even  A’.  Let  it 
initial  number  A'  odd,  i.  e.  ,  ip(/T)=l.  Then  upon  the  doubling  o 
quotient  occurs  one  transition  through  the  range  i.e. 

r+  r=2r  =  /i' 

whence 

n 

^■-a  =  2rr  —  V  m.iffa,)  — 

Consequently  (5.75)  is  correct  for  the  the  odd  A’. 

Theorem  5.19.  If  is  preset  the  system  of  bas es/bas ■•’s  Pi,  Pz 
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with  weights  or  crthcacnal  bases  of  mum2,...,mn  and  the  expan 

system  of  bases/bases  Pi<  Pi . pn,  pn±,  with  weights  of  orthogonal 

bases  of  mt,  m2 . mn,  mn+ ,  is  Krcwn  value  oA.  -  the  generalized  sun  of 

the  digits  of  the  number 

A'  =  (<xt,  o2 . a„), 

the  value  err  of  the  generalized  sum  of  the  digits  of  the  number 

r  =  (Yi>  Y2.  •  •  • ,  Yn), 

the  obtained  by  formal  division  number  A'  into  two,  will  be 
determined  from  the  condition 

•t  u 

°r  =  —  (a.i --Pn+i^i  rni\$('zi)~V  .  (3.76) 

Proof.  Since  according  to  the  condition  a  number  G  is  obtained 
by  the  formal  division  of  number  A»  into  two,  tnen  for  all  i=1,  2, 
...  n  takes  the  place 

a,- -Pitted 

- 2  ‘ 

Page  277. 


Regarding  the  generalized  sun  of  the  digits 

n  ^ 


f  tfljPn-M  —  mi  ^ 

/ai-p.y  (a,)  \ 

l  Pi  ) 

l  2  j 

Tl 

=  j  (a-v  ~  2  , 


which  coincides  with  assertion  (5.76)  of  theorem. 


Corollary  1.  If  the  values  cf  the  generalized  sums  cr  the  dig:. 


of  numbers  A'  and  G  are  presented  in  the  form 
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gr/ 

a-i=y.ip^i—qv, 

CTr  =  x2Pi+i~  <7r. 

where  xi>  x2<  <7.v.  <7r  -  whole  non-negative  numbers,  moreover 

g A'  <  Pn+i, 

Pr  <  Pn+1, 

then  occurs  the  equality 

n 

qr  =  y  (g.4-  -  2  (ai))  (mod  ?'>-»)• 

1=1 

Actually /r Bally,  condition  (5.76)  car.  De  represented  in  t.i 

n 

2x2Pn+i  —  2qr  =  xipn+l  —  qA.^-prtTi  ^  — 

1  =  1 
n 

—  2  vn(tb  (otj), 

)=t 

or 

2qr  =  pn^(  2x,  —  x,  —  2  m4"  (*•>)  ~  </-•»•  —  2  mjifea.' 

Page  278. 


After  introducing  the  designations: 

x3  —  2x3  —  x,  —  2  (a,), 

:-t 

n 

g  =  g.v  -f  2  ^(a,). 

i=1 

we  will  obtain 

2?r  =  pn+i*s  -f  q. 

Since  pnu  -  odd  basis/base,  and  on  the  left  side  of  the 
expression  will  cost  even  number,  then  it  is  possible  to  claim 
values  x3  and  g  have  identical  parity.  Then,  if  *j  and  q  -  cv°n 
values,  takes  the  place 
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<7r  —  Pn~ I  -?p  T 


£ 

2 


or 


<7r  =  ^(modPn+1). 


If  *3  and  g  -  odd  values,  then  has  the  place 

9r -p^&^+Estt+l 


or 

Pr  =  ~q  (mod  />„*,). 


Hence  n 

<7r  *  y  {^'+  2  'M1  (<*<))  (modpre+1), 

t=»i 

which  coincides  with  (5.77). 


Theorem  5.20,  Tf  in  the  expanded  system  cf  the  bases/bas® 

Pit  Pit  •  •  •  *  Pnt  Pn-H 


is  obtained  by  rhe  °xpansicr.  cf  range  the  number 

A'  =  (*u  a . ,  On,  an+i) 

of  parity  (>!'),  than  for  th«=  number 


r  =  (Yl.  Y* . Yn.  Yn+t)i 


where 


Yi  =  -y-(mod  /?,), 


®n+4nc\oe*.c  *  JW  1.  2, 

the  value  of  digit  Yn+t^  with  which  a  number  G  is  correct, 
determined  from  the  condition 


it  is 


ffU+iVn-M^  "•*+£±.'*1*')  (mod  pn+i).  (5.78) 


Page  279 
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Proof.  The  value  of  digit  Yn+f  of  a  number  3  in  the  expanded 
representation  is  defined  as 

m»+iY»+i  =  j  (<7a'  —  -h  \p(/l'))  (mod /?„+,), 
whence  and  fellows  conf ir roaticr.  (5.78)  of  the  theorem# 


Corollary.  In  the  standardized/normalized  system  of  basss/oase 
condition  (5.78)  accepts  the  fern 

Vn-H  =  (mod  p„^).  (5.79) 

The  criterion  of  the  correctness  cf  number  Ae,  talcing  into  account 
(5.79)  and 

Pn-M  =  ttn+l  —  I  (mod  pn+i). 


an  example  the  form 

(— ^  + 1 (/!6)  )  (mod  p*+1)  <  I  (5.80) 

can  be  formulated  as  follows:  if  the  parities  of  numbers  A  also  /46 
coincide,  then  correct  is  a  number  A.  If  the  parity  of  numo-.rs  A  al 
differ«»nt,  then  correct  is  number  Af. 


Let  us  consider  how  can  be  determined  the  parity  cf  a  number  A 

For  forming  the  number  of  form  MA  =  («t-  •  •  •  >  a"-‘’  Sa^  stor«d/adc=- 

up  the  minimum  numbers,  which  are  the  constants  of  system.  After 
designating  through  the  function  of  the  parity  of  the 
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multiplicity  of  corr? spending  com  por.ent/term/addend,  it  is  pcssibi? 
to  claim  that  the  parity  cf  number  Adx  will  be  defined  as 

»— i 

♦  Mi)-  2  ♦  (kij) (mod 2). 

Further  was  conducted  the  expansion  of  number  Afx,  but  in  this 
case  a  number  did  not  vary  in  the  value  and,  that  maans  did  r.ct  varv 
its  parity. 

For  forming  the  number  A  tc  number  MA  they  adjoined  constant 
M$n  of  parity  tp(Afgn).  since  in  this  case  the  transition  through  the 
range  is  impossible,  then  the  parity  cf  a  number  A  will  be  defined  is 

n-1  __ 

’♦>04)  =  (S  ♦(£<;) i* ^ (A^pn)) (mod 2).  (5.61) 

i=*i 

Page  280. 


For  determining  the  parity  let  us  consider  value 

N'=  —  y»+t)  (mod  pn+\), 

which  determinas  a  number  of  intervals,  which  divide  ths  numbers 

r  =  (Yl-  Y2 . Yn,  Yn+t) 


P'  —  /  Pnt-i  x 

2  ~  (Yl.  Y: . Yn.  —  (modp„*,)j  . 

In  this  case  are  possible  the  following  cases. 


Case  1.  If  .V*  <  — ,  then  upon  the  doubling  of  a  number  3 1  does 
not  have  a  point  of  emergence  for  the  range,  but  obtained  as  a  resul- 
cf  doubling  number  A  over,  i.e.,  tp (^4e)  =  o. 
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Case  of  2. 
takes  place  for 
doubling  number 


If  A" >  — J  ,  ther  upon  the  doubling  of  a  number  3* 
the  range,  and  therefore,  obtained  as  a  result  of 
Ae  cdd,  i.e., 


Case  cf  3.  If  v  -  ~ 1  then  in  accordance  with  the  tntor®? 

2 

about  the  parity  of  a  number  we  have 

W'lfi)  =  0MP*+1)  -  -h  (a))  (mod  2),  (5.82) 

where  \.  -  number  of  incorrect  digits  in  number  Ag. 


Now  can  be  formulated  the  third  version  cf  the  criterion  of  the 

correctness  of  the  number:  if  A’ < frtLZ-1 ,  then  correct  is  number  Ag.  If 

A' > Pn+i  + 1  then  correct  is  number  A.  If  A'  =  fo-tc- 1  ,  then  when 
2  ’  ^ 

correct  will  be  number  A,  and  when  ^(/4#)  =  0  correct  will  be  rumour  A 


Let  be  preset  the  basic  system  cf  the  bases/bases: 

p,  =  5:  p;  —  7;  p3  =  II:  p,  -  13;  p5=I7;  p6  =  19;  P7  =  23, 

with  range  .^  =  37182145.  parameters  cf  which  are  given  on  page  2U9.  As  the 

expanded  system  let  us  take 

Pi  =  5.  p2  =  7:  p3  =  1 ! :  p4^!3;  p5=!7;  p„^19;  P:  =  23;  p8  =  31 . 

Range  of  this  sy  stem  ?■*-  M52646495.  The  parameters  of  this  systrm  are 
given  on  page  268. 


_  ifiniK]  r . 
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For  the  basic  and  expanded  systems  of  valua  >..  accept  the 
following  values: 

/.t  —  2!.  /.;  =  26.  /. ji  2.  /.,  —  26.  /.•  — lu.  >.0  --  1 1 .  X7  =  20. 

Example.  To  determine  the  number  of  the  interval  in  which 
located  the  number 

1  =  <<'.  !.  4.  2.  16.  i  1.  21.  9>. 

Page  231. 


Let  us  find  first  values  *n*e  with  which  the  number 

A  —  (0,  1.  4.  2,  16.  13.  21.  ac„.t) 

it  is  correct,  i.a.,  it  is  ar ra nged/located  in  the  first  in*erv 
let  us  find  the  trace  of  this  number  SA  in  the  basic  system 

Sx  =  (2-8-21-9-2J)(mod23)  =  15. 

In  this  case  occurred  two  transitions  through  basis/bas?  p*  =  23, 
•ix=-2-  Thus,  in  the  basic  system  it  is  possible  to  form  th*  numb 

Ma={0,  I,  4,  2.  16.  13.  151. 


rank  cf  which  is  agual  to 

rM  -  1  ~  5-5-  IT  —  lu  —  2  5  28. 

Lat  us  compute  generalized  sum  of  the  digits  cf  a  number  A 

cta  =  26  -  8  -  52-160-  143-.»l  =  23-31  -24. 


Cense  guer.tly 


Then 


q  —  24. 


On.!  =  (24  —  28)  (mod  31 )  =  27. 
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We  form  the  expanded  representation  of  number 

MA  =  (0,  1,  4.  2,  16,  13,  15,  27). 


In  order  on  foundation  for  p7  obtaining  digit  at7=21,  it  is 
necessary  to  the  obtained  number  to  adjoin  the  number 


W7  =  (0,  0,  0.  0,  0,  0.  6.  3) 


of  multiplicity  k7  =  7. 


Since  has  place  —  n  —  i,  then  the  obtained  sura 

.4;  =  4f  t  —  M7  =  CO.  I  4  ■>  Ifi  p  0|  ^f|) 

is  the  unknown  correct  number. 


Actuall y/reall y 


-4,=(0,  1,  4,  2.  16,  13,  21.  30)  =  15- 10». 


i.e.  it  lies/rests  at  the  first  interval  of  the  expanded  system.  A.n 
initial  number  A  is  located  in  interval  Itos.  n^f). 


Example.  To  determine  the  digit  cr8,  with  which  the  number 

4,  =  (3.  3,  3,  3,  3,  3.  3) 

will  be  correct  in  the  expanded  range.  Let  us  compute  the  trace  of 
number  At  in  the  basic  system 

=  (12  —  6  — 21  —  20  —  1  -3)  (mod  23)  =  22. 

In  this  case  occurred  two  transitions  through  basis/base  p7 ,  i.e.. 


•■’i--’.  We  form  number  V,.v 


-  m.  3,  22 


J 


i 
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Page  282. 

Let  us  determine  the  value  of  the  generalized  sum  of  the  digits 

(jA  =  72  +  78  +  6 -f- 78 -f  30  +  33 -f- 440  =  24  •  31  —  7, 

whence. 

a,.,  =  (7-16)  (mod  31)  =  22. 

Thus  obtained  the  axpanded  representation  of  a  number  ma 

Ma  =  (3,  3,  3  ,  3,  3,  3,  22.  22). 

As  constant  a,  It  must  be  selected 

A?7  =  (0,  0,  0,  0,  0,  0,  4,  13) 

multiplicity  tc7  =  20.  Here  cccv  cs  the  critical  situation 

k,  >ft  —  n  +  l, 

i.e.  that  obtained  of  number  (3,  3,  3,  3,  3,  3,  3,  «) 

lies/rests  either  at  the  first  cr  in  the  second  interval.  As  can 
easily  be  seen  in  this  case. 

n—  I 

Then,  ^ (^2)  =  2  ^ (rn<Ki ^  =  0, 

i=i 

Yn+l  =  2- 

^  =  1  (mod  31)  =  17. 


Let  us  find 
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whence 

S'  — 15, 


i.e.  it  occurs  the  case 

y  __  Pn+ i  —  I 
2 


After  using  the  theorem  about  the  parity  of  a  number,  we  will 
obtain. 

*  Ms)  =  (3)  +  ♦  (S .  )  +  *  (X))  (mod  2). 

P 

Hers  ^(3)  =  !.  Let  us  find  the  values 


tf>(SA  )  =  <1  J-0—  l-M-f  0J-  0~0)  (mod  2)  =  1 . 
0 

^(X)  =  (0-rl  ->-l  -f  1-1  +0+1)  (mod  2)  =  0. 


we  obtain  ^ mp)=o.  According  to  the  third  version  of  the  criterion  of 
correctness  we  establish  that  a  correct  number  is  a  number. 

.4  =  (3,  3,  3,  3,  3,  3,  3,  3). 

Is  actual/real,  A=3<P. 


Page  283. 

§5.7.  on  nonmodular  operations. 

The  nonmodular  operations  include  the  operations,  which  carry 
positional  character,  i.e.,  using  with  the  va lua  of  entire  number  as 
a  whole,  but  not  with  its  representations,  undertaken  according  to 
the  independent  foundations  isolated/insulated.  From  this  point  of 
view  nonmodular  operations  relate  to  a  number  of  positional 


_ 
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operations,  i.  a.  ,  most  difficult  operations  in  the  system  of  residual 
classes . 

Further  difficulty  creates  the  circumstance  that  the  arithmetic 
unit,  which  works  in  the  residual  classes,  is  expedient  to  realize  in 
the  form  of  the  independent  blocks,  which  work  on  the  independent 
foundations  and  those  not  virtually  connected.  Therefore  the 
algorithms  of  the  execution  of  nonmodular  operations  must  be 
constructed  on  the  basis  of  their  realization  in  the  nonpositional 
arithmetic  unit. 

The  examinad  in  present  chapter  methods  of  numbering  of  the 
interval  in  which  is  arr anged/lccated  a  number  or,  which  is  the  same 
thing,  the  methods  of  determining  the  minimum  trace  of  a  number,  make 
it  possible  to  obtain  the  evaluation  of  the  number  being  investigated 
in  its  value  with  an  accuracy  to  the  value  of  interval,  which,  in 
turn,  makes  it  possible  to  find  the  efficient  algorithms  of  the 
execution  of  the  majority  of  nonmcdular  operations.  Widely  can  be 
used  for  the  same  purpose  the  traced  in  Chapter  3  criterion  of 
overflow  for  the  addition  of  numbers. 

Let  to  us  be  preset  the  regulated  system  of  bases/bases 
pu  p»,  •  •  •  ■  Prt<  whose  numerical  range  &  is  decomposed  on  Pn  intervals  by 


value 
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As  second  computer  zero  let  us  select  the  point  of  numerical 
range  pn~tl  CL .  The  numbers,  arranged/located  in  sub-ranges  [0,  P'*~I 
and  [  - - ~ -1- y- .  3s).  wa  will  consider  numbers  of  different  signs.  Lat  us 
agree  for  the  certainties  of  a  number,  which  lie  at  sub-range 
fo.  2~ ~ or  at  the  intervals  with  numbers  0.  1.  2 . —  ,  to  consider 


it  negative,  and  the  numbers,  which  lie  at  sub-range  ['*?£•*)  or 
at  the  intervals  with  numbers  p?~l  ,  ^4^- . Pn— 1.  -  positive. 


Page  284. 


But  then  a  question  about  the  determination  of  the  sign  of  a 
number  is  reduced  to  numbering  of  the  interval  in  which  is 
arranged/located  a  number.  Any  cf  the  examined  in  present  chapter 
methods  of  determination  of  the  number  of  the  interval  in  which  i3 
arranged/located  a  number,  automatically  determines  its  sign,  and 
during  the  use  of  a  method  of  the  evaluation  cf  intervals  the  sign  of 
a  number  can  be  determined  already  in  the  stage  of  determination  of 
the  type  of  the  criticality  of  a  number,  since  first  type  critical 
number  is  always  located  in  the  intervals  to  the  left  of  ^  and, 
therefore,  this  number  negative.  On  the  contrary,  second  type 
critical  number  is  located  in  the  ranges,  close  to  J1.  to  the  right  of 
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-~i,t4is  number  positive. 

Let  us  consider  the  now  arithmetic  comparison  of  two  numbers. 

Let  be  preset  two  numbers  A  and  B  is  required  to  determine,  which  of 
the  numbers  is  more.  Let  us  determine  by  cne  cf  the  described  above 
methods  of  the  number  of  the  intervals  in  which  are  arrangad/located 
these  numbers. 

Lat  number  A  be  is  arranged/located  in  intarval  of  jx,  and 
number  3  -  in  intarval  of  j2.  Then  in  the  case  of  j  j2  the  operation 
of  arithmetic  comparison  can  be  realized  simply  by  the  comparison  of 
the  numbers  of  intervals,  namely,  if  j,>j2,  then  A>3,  and  if  j,<j2, 
then  A< B.  Ezception/eliminaticn  comprises  case  jt=j2.  Here  for 
determining  the  larger  number  it  is  necassary  to  determine  number  j3 
of  the  intarval  in  which  is  arr an ged/locatad  difference  A-B.  If 
0<  /3<  than  difference  is  negative,  and  hence  A<B.  If 

/3<  Pn,  then  difference  positive  and  A>  B. 

And  finally  if  A-B=0,  then  numbers  A  and  B  are  identical  with 
respect  to  valua  and  sign. 


ffonmodular  operations  include  also  tha  operation  of  the 
translation  of  numbers  of  one  numeration  system  into  another,  most 
frequently  of  decimal  or  binary  into  the  system  of  residual  classes 
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and  vise  versa-  The  translation/conversion  frcm  any  positional  system 
into  the  system  of  residual  classes  dees  not  represent  wort. 

Let  be  is  preset  the  representation  of  nunber  A  in  the 
positional  numeration  system  in  the  form 

.  4 .unpt-.atp-a... 

where  pn  -  basis  of  system,  and  value  a,  satisfies  inequality 

0  <at  <  p,  i  —  0,  1,  2,  .  .  n. 

Page  285. 

Having  a  set  of  constants,  represented  in  the  residual  classes  and 

corresponding  to  numbers  0,  1,2 . pn,  it  is  possible,  by  computing 

consecutively/sarially  values  a<p'  and  storing/adding  up  them  in  the 
arithmetic  unit,  which  worts  in  the  system  of  residual  classes,  to 
obtain  the  nonposit iona 1  representation  of  a  number. 

Just  as  simply  is  produced  the  trans  la ticn/con  version  from  the 
system  of  residual  classes  into  the  positional  numeration  system. 

Let  in  the  system  of  bases/bases  Pu  P2,  .  p.,  be  is  preset  number 


A  =  (a,,  a, . uj,  which  is  the  numerator  of  the  proper  fraction  whose 

denominator  t  Is  required  number  A  to  present  in  the  form  of  correct 
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binary  fraction,  namely: 

A  =  2_1e,  -  2"-e2  -  ... 

The  conversion  indicated  can  be  carriad  oat  by  the  following 
sequence  of  operations. 

First  step/pitch.  We  compute  sum  o £  A*  A=  2A  and  simultaneously 
compute  the  criterion  of  overflow  whose  value  is  high-order 

digit  of  the  binary  notation  of  a  number,  i.e. 

"2A  =  el- 

Second  stap/pitch.  we  compute  sum  2A*2A=4A.  The  value  of  the 
criterion  of  overflow  is  the  digit  of  the  second  after  comma  bit. 

—  e2- 

Hepeating  this  process  of  s  of  times,  wa  will  obtain  the  binary 
notation  of  number  A  in  the  form 

A  —  2’1e1  4-  2' —  ■  ■  ■  —  2'  tv 

where 

Si  —  Q;i  v  *  =  ^  '  . S- 

In  this  case  can  be  easily  written  the  routine  of 
translation/convarsion,  based  on  this  method.  It  in  essence  will 
consist  of  the  the  consecutive  of  an  addition-calculation  of  the 
criteria  of  overflow  and  shif ts/sbears  of  the  obtained  digits  of  the 
binary  equivalent  of  this  fraction. 


Let  us  consider  the  now  interrogatory  method  of  obtaining  the 


binary  equivalent  number. 

Lat  number  ,4  =  (a„  a2 . ci»)  be  the  numerator  of  the  proper  fraction 

whose  denominator  iies/rests  within  the  limits 

Page  286. 

It  is  required  to  find  the  binary  equivalent  of  number  A.  Let  us 
present  equivalents  in  the  residual  classes  of  the  binary  values  2’ 

2}=(tf\  i4J) . A 

/= i,  2 . t. 

Let  us  compute  difference  in  the  residual  classes. 

A  —  2‘  =  A(. 

Let  us  determine  sign  sign  A,  value  At.  The  inverse  value  sign  Afwill 
be  binary  high-order  digit  of  the  binary  equivalent  of  a  number 

=  sign  A,. 

Further,  fcom  A,  or  from  the  restored/reduced  with  negative  At 
number  A  subtrahend  is  equivalent  in  the  residual  classes  of  binary 
value  2'~*.  In  this  case  we  obtain  value  A(-,-  The  inverse  value  of  sign 
A1-1  is  the  following  digit  of  the  binary  equivalent  of  number  A 

e2  =  sign  A(_t. 

Analogously  are  determined  the  remaining  digits  of  the  binary 


equivalent  of  an  initial  number.  The  procedure  indicated  can  be 
organized,  also,  without  the  restcration/reduction  of  negative 
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reaainder/residue.  For  this  together  with  the  equivalents  in  the 
residual  classes  of  values  &  by  equivalents  in  the  residual  classes 
of  values  2i  it  is  necessary  to  have  equivalents  of  two's  to 
complements. 

As  the  modification  of  this  aethod  let  us  consider  the 
translation/conversion  into  the  binary-coded  decimal  system. 

Let  o P  lies/rests  within  limits  10*  <  S'  <  10*+1.  let  us  talte  set 
4  (sO)  the  constants,  which  are  equivalents  in  the  residual  classes 
of  the  values: 

c0i  =  I  O’, 

Cji  =  2  - 10*, 

c2i  =  2M0‘. 

Cji  =  2s*  !0\ 

i  =  0,  1 ,  2,  . . . ,  s. 

Page  287. 

Subtrahend  from  A  value  c„.  If  difference  is  positive,  than  c» 
is  determined  the  senior  tetrad  of  binary  equivalent,  if  difference 
is  negative,  from  A  is  subtracted  c2>.  If  difference  during  this 
subtraction  is  positive,  then  the  digit  of  senior  tetrad  is 
determined,  otherwise  froa  A  is  subtracted  c„.  Even  if  in  this  case 
the  digit  of  senior  tetrad  is  not  deterained,  froa  A  is  subtracted 
c0j.  Continuing  further  this  process,  we  obtain  the  binary-coded 
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decimal  equivalent  of  number  A. 

Let  us  consider  now  the  algorithm  of  the  rounding  of  number  A: 

A  =  «2 . a„), 

to  r  of  significant  digits  r<u. 

In  the  positional  system  with  basis/base  p  number  A  will  be 
represented  in  the  form 

4  =  61pm-1  +  6spm-*+...+6n,  =  (61I  6* 

The  rounding  of  number  A  to  r  of  significant  digits  on  basis/base  p 
consists  in  the  replacement  of  digits  6m.  dm_,,  ....  6r+i  by  zero.  La  other 
words  the  rounded-off  to  r  digits  number  A  will  take  in  the 
positional  numeration  system  the  following  form:. 

A>kp  =  (^i*  62.  ...,6r,  0,  0,  ....  0). 

Prom  an  arithmetic  point  of  view  this  rounding  is  subtraction  from  A 
of  the  rounding  off  number  a,  where 

fl  =  (0,  0,  .  . . ,  0,  fi r+i»  ®r+2>  .  •  • ,  6„). 

Whan  A  is  Integer,  the  execution  of  the  operation  .of  rounding  is 
finished  with  the  procedure  indicated. 

But  if  A  is  fraction,  by  kA  to  this  procedure  is  adjoined  even 
crossing  out  of  zeros,  obtained  in  the  end  digits  of  a  number. 

Arithmetically  this  crossing  out  is  nothing  else  but  the 
division  of  a  number  on  pm-r. 
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Thus,  the  realization  of  the  operation  of  rounding  leads  to  the 
following  procedure: 

1)  is  revealed/detected  the  rcunding  off  number  a: 

2)  is  revealed/detected  difference  A-a; 

3)  are  divided  A-a  into  p’n-r. 

It  is  possible  the  process  of  rounding  indicated  to  implement 
consecutively/serially,  namely: 

1)  to  determine  the  next  digit  6f; 

2)  to  subtract  Si  from  A; 

3)  to  divide  difference  A—  6,  into  p. 

Page  288. 

Analogously  to  act  with  the  obtained  result 
consecutively/saria lly  (n-r)  of  times. 
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L3t  us  consider  now  on  the  basis  of  the  theory  of  ranks  the 
process  of  division  into  10  in  the  absence  in  the  composition  of  the 
bases/bases  of  the  di vide rs/denominators  of  nuaber  10,  i.e. ,  in  tha 
absence  of  zero  values  among  the  digits  of  the  di vider/denoainator , 
represented  in  the  selected  system  of  bases/bases.  Then  division  can 
be  produced  step-by-step.  When  dividend  is  multiple  10,  result  will 
be  exact  quotient.  Let  us  consider,  which  is  result  in  the  case,  the 
code  dividend  is  not  multiple  10. 

Assume  it  is  necessary  to  divide  number  A  into  10  and  let 
A*  1 0s  +  t .  Dale  it  is  step-by-step  A  to  10,  we  will  obtain 

lOs-ff-A^  „  ,  t~k&> 

a~  fo  5  '  io 

Thus  t  -  kfr  it  shares  by  10.  If  we  take  for  simplicity  such 
bases/bases  that  the  last  figure  eP  would  be  equal  to  1,  then  in  this 
case  sum  t*k=10  or  t=10-k.  As  far  as  value  is  concerned  k,  then  this 
the  difference  in  the  ranks  of  a  number  10a  and  actual  dividend, 
i.e.,  for  obtaining  the  latter/last  decimal  digit  of  actual  dividend 
should  be  computed  the  rank  of  product  10a.  Thus,  it  is  possible  to 
determine  the  value  of  the  last  figure  of  the  decimal  representation 


A  as  follows: 
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1)  we  divide  step-by-step  dividend  by  10; 

2)  we  coapute  the  rank  of  quotient; 

3)  is  coaputed  rank  10a  (but  thereby  we  determine  the  last 
figure  of  actual  dividend). 

Let  us  illustrate  the  given  method  of  determining  the 
latter/last  decimal  digit  of  dividend. 

Lat  us  taka  numeration  system  with  bases/bases  Pi=3;  p2=7; 
p3*11.  The  range  of  system  will  be  defined  as  &  =  3-7-u  -  231.  By 
orthogonal  basas  will  be  Bt=154,  B2=99,  B3  =  210,  and  their  weights 
respectively  a,  =  2,  m2=3,  m3=10. 

Example.  To  find  the  latter/last  dacimal  digit  of  number  A=(2, 
0,  8)  with  rank  rA  =  8.  Number  10  in  the  selected  numeration  systam 
will  be  represented  10*  (1,  3,  10)  with  rank  rt0=1l.  Dale  it  is 
step-by-step  A  to  10,  we  will  obtain  a*(2,  0 ,  3).  It  is  easy  to 
coapute  the  rank  of  number  a:  r..  =4.  The  rank  cf  a  number  10a  will  be 
defined  as 


Page  289 
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Here  the  difference  of  the  ranks  cf  number  A  and  number  10a  is  equal 
to  zero,  whence  it  follows  that  the  latter/last  decimal  digit  of 
number  A  is  equal  to  zero,  i.e.  A  is  multiple  10,  and  the  obtained 
result  is  true  quotient.  Is  actual/real  A=(2,  0,  8)  =  140. 

Example.  To  find  the  latter/last  decimal  digit  of  number  A=(2, 

5,  8)  with  rank  rA  =io  and  to  round  cff  it  to  cne  decimal  digit.  Dale 
A  to  10,  we  will  obtain  a={2,  4,  3).  Let  us  compute  its  rank  -  =5. 

He  compute  the  rank  ri<y% 

0— -[$]*-[“  Mu]1"1' 

Hence  k  =  10-3=7,  t=10-7=3.  The  last  figure  of  decimal  representation 
exists  3=(0,  3,  3).  After  subtracting  from  A  number  3,  we  obtain  the 
number 

(2,  5,  8)  —  (0,  3.  3)  =(2,  2.  3j, 

which  during  the  division  into  10  gives 

(2,  2,  5) :  (1 .  3,  10)  =  (2,  3.  6)-17. 

Thereby  is  carried  out  the  rcunding  of  number  173  to  one  digit. 

Until  now,  was  examined  the  rounding  of  a  number  in  the  residual 
classes  to  one  decimal  digit.  However,  rounding  can  be  conducted 
immediately,  also,  on  the  arbitrary  quantity  q  of  digits.  For  this  it 
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is  necessary  to  divide  an  initial  number  not  into  10,  but  into  I0?. 

Let  us  consider  an  example  with  the  rounding  to  two  decimal 
digits.  In  this  case  for  the  divider/denominator  is  accepted  a  number 
1 02= 100= (  1 ,  2,  1)  ,  with  rank  rl00-2. 

Example.  To  find  the  latter  /last  two  decimal  digits  of  number 
A=(2,  3,  8)  with  rank  r^=9  and  to  round  off  it  to  two  decimal  digits. 

Dale  is  step-by-step  number  A  to  100,  we  will  obtain  quotient 

a  =  (2,  3,  8) :  (1,  2.  !)  =  (2.  5.  8). 

As  can  easily  be  seen,  its  rank  is  equal  to  'a  ~  io.  let  us  compute  the 
rank  of  value  100a 

'«-IOOr.-[^]8-[^]3-[“]l  0.-65. 

Then  a  difference  in  the  ranks  of  actual  and  rounded-off  dividends 
will  be 

k  —  rA  —  r  ioca  =  '*■ 

Latter/last  2  digits  are  computed  from  those  considerations 
so  that  k«231*t  would  be  finished  by  two  zero.  If  bases/bases  were 
selected  then  so  that  the  latter/last  2  digits  .*>  would  be  01,  then  t 
would  be  equal  to  100-k.  In  this  case  the  lattar/last  2  digits  of 
product  74*231  are  94  and,  therefore,  t=100-94=06. 

Thus,  the  latter/last  2  digits  A  are  06=  {0,  6,  6).  Subtrahend 
from  A  number  06 


(2.  3.  8)  — (0,  6,  6)  =  (2.  4.  2) 
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we  divide  result  for  100,  i.e.,  {2,  4,  2):(1,  2,  1)=(2,  2,  2).  He 

will  obtain  the  quotient  (2,  2,  2),  which  is  the  rounding  of  number 
(2,  3,  8)  to  2  decimal  digits. 

Page  290. 

Proa  all  that  has  been  previously  stated,  it  follows  that  the 
described  procedure  of  rounding  can  be  carried  cut  to  any  numerical 
length.  Since  in  this  case  are  conducted  the  operations  above  the 
ranks,  then  it  is  expedient  to  represent  ranks  in  the  same  system  of 
residual  classes  so  that  all  operations  would  be  conducted  uniformly. 

The  nonmodular  to  operations  include  the  shifts/shears  of 
mantissa  to  tha  left  and  to  the  right  on  q  of  digits. 

In  the  positional  system  with  basis/base  p  the  shift/shear  of 
mantissa  is  to  the  left  produced  by  the  appropriate  displacement  to 
the  left  of  the  code  of  mantissa  and  by  replacement  by  zero  newly 
appearing  to  tha  right  digits.  Prcm  an  arithmetic  point  of  view  this 
indicates  multiplication  A  on  p1.  Knowing  the  representation  of  number 
pq  in  the  systam  of  residual  classes,  it  is  possible  by 
multiplication  A  by  this  number  to  obtain  the  rasult,  equivalent  to 
shift/shear  on  q  of  the  digits  in  the  positional  representation  of 
number  A.  The  possibility  of  multiplication  immediately  on  pq  (i.e. 
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the  knowledge  of  representation  in  the  system  of  the 
remainders/residues  of  value  p«  for  any  q)  is  analogous  to  the 
presence  of  the  register,  which  shifts  the  coda  to  any  numerical 
length. 

It  is  possible  to  realize  multiplication  on  pi  by  the 
consecutive  multiplications  q  of  times  by  number  p,  represented  in 
the  system  of  residual  classes.  Here  it  suffices  to  only  know  the 
appropriate  representation  p.  This  path  is  analogous  to  the  presence 
of  register  with  the  shift/shear  of  the  code  to  one  digit. 

Example.  Bases/bases:  p*  =  2;  p2=5;  p3=7;  p*  =  23.  Let  A-13*0,  3, 

6,  13).  it  is  necessary  to  shift  number  A  to  the  left  by  2  decimal 
digits,  i.e.  ,  P"  =  loo  =  (0.  O,  2,  8);  4CS,  =  yMOO  =  U,  3.  6.  13)  (0,  0.  2.  8)  =  (0.  0.  5.  12).  IS 
actual/real,  4C„,  =  <0.  0,  5,  12)  =  1300. 

Using  a  number  10=  (0,  0,  3,  10)  it  is  possible  the  same 
operation  to  fulfill  consecutively/serially 

dean  =  (-4-10)  10  =  ((! ,  3.  6.  13)  (0,  0,  3.  10))  (0.  0.  3.  10)  = 

=  (0,  0,  4,  15)  (0,  0,  3,  10)  =  (0.  0,  5,  12). 

The  shift/shear  of  mantissa  cn  q  digits  is  to  the  right  produced 
by  the  displacament/aovement  of  the  code  of  mantissa  on  q  of  digits 
to  the  right  with  the  rejection  of  digits  low-order  q  digits  and  by 
replacement  by  zero  newly  appearing  to  the  left  q  digits. 
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The  arithmetic  content  of  this  operation  is  of  the  subtraction 
of  the  number,  formed  lew-order  q  digits  and  division  of  the  obtained 
difference  on  io’. 

In  conclusion  let  us  consider  the  algorithm  of  the  execution  of 
the  frequently  mat  operation  of  dividing  the  number  A  into  one  of  the 
basis  Pi  of  the  system  of  bases/bases. 

Page  291. 

In  the  case  of  dividing  the  nuaber  A  into  basis/base  pit  whan  the 
minimum  trace  of  dividend  is  unknown,  determination  by  its  method  of 
nulling  can  be  combined  with  the  determination  of  the  digit  of 

A 

quotient  —  from  basis/base  Pj 

Pi 

Let  in  the  system  of  bases/bases  Pv  Pz . Pn  be  is  preset  number 

A  =  (a i,  <*2,  0,  al+{,  .  quotient  of  the  division  of  which  into 

basis/base  p,  ace  =  y: . yR). 

Let  Ma,  =  (a,,  a'2n . 0,  a,L\ . in’  1  small  from  the  numbers, 

which  separate  on  p>  and  those  having  digit  on  basis/base  p,. 


i 
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Through  Alai  =  (0,  a*,  . 0,  0',+! . air*),  let  us  designate  snail 

of  the  numbers,  which  separate  into  p4  and  p>.  in  which  a2  -  digit  on 
basis/base  p2  and  so  on  up  to  Afan  =  (0,  0,  an).  Let  us  designate 

through  vP  the  digit  on  basis/base  Pi  of  nusber  .  (/=1,  2, 

Then,  carrying  out  in  the  process  of  nulling  the  addition  of  digits 
vV’  through  modulus/nodule  we  obtain  unknown  digit  y<- 

Of  course  it  is  possible  in  a  similar  manner  to  obtain  digit  V/ 
also,  during  the  pair  nulling. 

Assuee  now  we  should  number  A  divide  into  the  product  of 
bases/bases  Ph  Pit  . . .  pik  =  It  is  possible  to  lead  in  parallel 
division  into  each  of  Pi9  (q  =  1,2,  ....  ft)  and  to  join  the  results  of 
division  on  the  basis  of  lemma  about  th9  division  into  the  product  of 
numbers.  However,  is  feasible  another  path  which  is  advisable,  when 
the  composition  of  the  bases/bases,  entering  ?,  is  fixed/recorded, 
which  occurs,  for  example,  with  the  rounding.  In  this  case  the 
process  of  division  into  P  can  consist  of  two  stages:  the  1st  stage  - 
redaction  of  number  A  to  the  form,  which  separates  into  p,  1. e. , 
nulling  digits  on  bases/bases  Pu,  Pit,  . . pik;  the  2nd  stage  - 
determination  of  the  digits  of  the  quotient  A*:  P  from  the 
bases/bases,  entering  P,  by  nulling  digits  on  the  bases/bases,  not 
entering  P. 

The  retaining  digits  A*:P  are  obtained  by  step-by-step  formal 
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Lat  us  consider  the  execution  of  these  stages. 


Page  292. 


The  1st  stage  is  realized  on  the  basis  of  nulling  nuaber  k  by 


■iniaua  numbers  of  fora: 


=  . . a?0)  -  The  snail  number,  which  has  digit  a*,  on 

the  basis/base  ptl-f  ... 

=  (a<V,  ....  0,  . . . ,  aiq . a"*’)  _  SBan  from  the  numbers,  which  have 

digit  cn?  on  basis/base  pt,  and  multiple  to  product  P«„,  Pi»  •••>P<,-r 


As  a  result  of  executing  this  stage,  organized  by  nulling  on  one 
digit  or  in  one  step  on  two  digits,  is  obtained  the  number 

/4'  =  (P„  k,  ....0 . 0 . p»), 

having  zero  in  the  bases/bases,  entering  P,  and  least  differing  from 
A  from  all  numbers  of  this  form. 


thm  2nd  stage  is  realized  by  nulling  number  A*  by  minimum 
tmbers  of  following  fora: 


i 
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it  Pi0,  ....  0 . 0,  “  snail  Cron  nuabers,  aultiple  P, 

which  haws  digit  0t  on  basis/base  pt  and  so  forth  ap  to 

__  »— t 

Afft»=*(0,0,  ...,0 . p»)  -  snallast  of  the  aunbers,  nultiple  FT  p,f  which 

Ost 

have  digit  ft,  on  basis/base  Pn- 

To  each  nuaber  MB)  corres ponds  iy=s(y^ . y^)  the  nuabec,  which  is 

digits  on  the  bases/bases,  entering  P,  quotient  Mfj 

T~’ 

As  a  result  of  executing  this  stage  with  nulling  of  digits  on 
the  bases/bases,  not  entering  p,  with  the  help  of  appropriate  nuabers 
MBj  is  produced  tha  addition  of  nuabers  r;,  which  gives  as  a  result 
r*(Y<i.  ••  ••Yi*)’ *  th*  nuaber,  focaed  by  the  unXnown  digits  of  quotient 

=-on  bases/basas  ptl,  pt„  ....  Pv  As  far  as  digits  are  concerned 

.4' 

reaaining  than  they,  as  has  already  been  Indicated,  they  are 
foraed  by  the  focaal  step-by-step  division  of  tha  corresponding 
digits  A*  into  ligits  P- 

Page  293. 

Let  us  not*  that  this  second  stage  is  actually  tha  variety  of 
the  process  of  expanding  the  systea  of  bases/bases,  i.e. , 
deteraination  froa  the  digits  of  a  nuaber  on  soae  preset  bases/bases 
of  the  values  of  its  digits  on  any  other  bases/bases. 
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Let  us  consider  the  use/application  of  this  nethod  based  on  specific 
exaaple. 


Let  be  preset  the  systea  of  the  bases/bases: 

Pi  =  3,  p2  =  5,  03  =  7,  04=11,  0s=13 

vith  range  #»=I50I5. 


As  the  divider/denoainatcr  let  us  select  the  product  of 
bases/bases  p3p*,  l.e. 

P  =  0304  =  7.11  =  77=(2,  2,  0,  0,12). 

The  ainiaua  nuabers,  necessary  for  the  nulling  on  bases/bases  p*  and 
p4,  are: 

Af„  =  (l,  1.  1,  1.  1)  M43  =  (2,  2,  0,  3,  I) 

Mn=( 2,  2,  2,  2,  2)  M*4  =  (l,0,  0.  4.  5) 

Af33  =  (0,  3,  3,  3,  3)  Mt5  =  (  1,  4,  0,  5.  10) 

Ms*=(l,  4,  4,  4,  4)  Mm  =  (I,  3,  0,  6.  2) 

^*=(2,  0,5,  5,  5)  Mt7  =  (  1,2,  0,7.  7) 

M3,  =  (0,  1,6,  6,  6)  Af4»  =  (0,  3,  0.8.  11) 

Aftl  =  (2,  1,  0,  l ,  4)  Mtg  =  (0,  2,  0,  9,  3) 

^4j-(2,  0,  0,  2,  9)  Mii0  =  (Q,  1,  0,  10,  8) 

The  ainiaua  nuabers,  necessary  for  conducting  the  second  stage 


Af„  — (1,  4,  0,  0,  II),  ripH^STOM  r„=-(2,  2) 
Af«  =  (2,  2,  0,0,12)  r,2=(l.  1) 

A4j,  —  (0,  1,  0,  0,  10)  r2l  =  (3,  3) 

« < 0,  2,  0,  0,  7)  =  (6.  6) 

M»=(0,  3,  0,  0,  4)  r23=  (2.  9) 


are: 
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Mit — (0,  o,  o,  o,  i) 

rM=<6. 2) 

Ma=( 0.  0,  0.  0,  2) 

rS2=(2, 4) 

A4m-(0,  0,  0.  0,  3) 

.rs3=(5, 9) 

Msi  =  (0.  0,  0,  0,  4) 

rw=(4.  o) 

Mss  =  ( 0,  0,0.  0,  5) 

Fss  =  (4,  5) 

Mm  =  ( 0,  0,  0,  0,  6) 

r5S  =  (3,  7) 

Mi7  =  ( 0,  0.  0,  0.  7) 

r.-o.  i) 

=  ( 0,  0,  0,  0.  8) 

r5»  *  (2. 3) 

tojt  =  (0,  0,  0,  0.  9) 

r»«(2. 8) 

.W510  =  (0,  0.  0,  0.  10) 

r,l0=(i.  io) 

M5ll=(0t  0.0,0.  11) 

r5n  =  (i.  4) 

,WM2=(0,  0,  0,  0.  12) 

r5,,=(0. 6) 

(Cay:  (1).  is  this  case. 


Page  294. 


Exaapie.  Td  divide  nuaber  h- { 2,  1,  2,  3,  2)  into  the  product  of 
bases/bases  P-p3p*=77. 

The  1st  stage.  Let  us  lead  nulling  digits  on  bases/bases  p*  aad 


Nulling  digit  on  basis/basa  pj=7:. 

Afjj~(2,  I,  2.  3,  2)  — (2,  2,  2,  2.  2)-(0,  4,  0.  I,  0). 

Nulling  digit  on  basis/base  p4*ll:. 

4.  0,  1,  0)— (2,  1.  0,  1,  4)«(1.  3.0.  0,  9). 


J. 
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As  a  result  is  obtained  nusber  A',  aultiple  p. 

The  2nd  stag9.  Obtaining  the  digit3  of -the  quotient 

__  (1.3,  0,0.  9) 

P  ~(2.  2,  0,  0,  12)"  • 

Let  us  first  of  all  point  out  the  digits  of  quotient  on  the 
bases/bases,  not  entering  P: 

V,  =  -j-(mod3)  =  2, 

Yj2— |  (mod  5) -4, 

9 

Y4«j5(modl3)=»4. 

Lat  us  null  digit  on  basis/base  p»*3: 

At-A'-Mu-Q,  3,  0,  0,  9>— <1,  4,  0,  0,  II)~(0,  4,  0,  0,  'll), 

ri-r„-(2,2). 

Lat  us  null  digit  on  basis/base  p*=5: 

<4,«4-Af*-(0,  4,  0,  0,  II)— (0,  4,  0,  0,  1)-(Q,  0,  0,  0,  10), 

ri-r,+rM-(2,  ^+(5,  i)-(o,  sk 


Lat  us  null  digit  on  basis/base  pj*l3: 

A|-A»-A(»||-«, 

r»-r*+rllo-(o,  3)+a,  io>-<i,  2). 


Pinal  quotient 


jll- _(j.  3,  o.  0,  9) 
T  7575,(5,6, 12) 


(2.  4.  l,  2,  4). 
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Page  29  5. 

Chapter  6. 

COMPONENTS  OP  COMPUTERS  IN  A  STSTEH  OP  RESIDUAL  CLASSES. 

§6.1.  Adders  oa  the  arbitrary  aodulus/aodule . 

Ia  the  positional  nuaeration  system  the  execution  of  arithmetic 
operation  assuaas  the  consecutive  processing  of  the  digits  of 
operands  according  to  the  rules,  determined  by  the  content  of  this 
operation,  and  it  cannot  be  coapleted  until  are  deternined 
consecutively/serially  the  values  of  all  digits  of  result  talcing  into 
account  all  connections  between  the  digits. 

In  the  systee  of  residual  classes  each  of  the  digits  of  a  nunber 
is  treated  indapandantly  and  the  tiae  of  the  execution  of  entire 
operation  is  deternined  by  the  tine,  necessary  for  obtaining  of 
result  on  the  greatest  basis/base. 


Lat  us  consider  the  aethodolcgy  of  the  construction  of  the 
adders,  which  worlc  on  the  arbitrarily  preset  aodulus/aodule,  carried 
out  on  bistable  eleaents.  The  use /application  of  the  obtained  results 
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to  the  eleaents/calls ,  which  have  is  aore  than  two  stead ys-state,  it 
can  only  siaplify  the  ciccuit  realization  of  the  dev ices /equips# at  in 
question. 

Lsana  6.1.  Through  any  cross  section  of  adder  in  the  process  of 
adding  two  nuabers  in  the  generalized  positional  nuaeration  systea 
cannot  pass  aore  than  one  transfer. 

Page  296. 

Deteraination.  The  aodulus/aodule  of  adder  we  will  call  ainiaua, 
different  froa  zero  nach  nuabers  whose  addition  (or  subtraction)  to 
the  contents  of  adder  does  not  vary  its  value,  i.e. , 

A±M»A,  (6.1) 

where  A  -  contents  of  adder. 

Lat  us  point  out  the  series/row  of  th9  basic  properties  of  the 
aodulus/aodule  of  adder. 

Property  1.  In  the  adder  with  aodulus/aodule  M  the  result  of  sua 
cannot  exceed  the  aodulus/aodule  cf  adder. 

Aotually/raally ,  let  the  result  of  the  sua  of  two  nuabers  A  and 


v 
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3  exceed  aodulus/aodule  h,  i.e.  ,  a*B>h.  Then  the  result  of  sue  can  be 
represented  in  the  fora  A*B=c*s,  where  cd,  or  in  accordance  with 
(6. 1)  ve  will  obtain  a*b=c<h. 

Property  2.  If  N  -  aodulus/acdule  of  adder,  and  k  -  arbitrary 

A  +  kM  =  A. 

integer,  then  Actually/really  on  (6.1) 

A±kM  =  A±M±M±...  ±M  =  A. 

h 

Property  3.  The  aodulus/aodu le  of  adder  is  its  second  zero. 
Assertion  follows  froa  the  deteralnation  of  the  aodulus/aodule  of 
adder. 


Property  4.  The  adder  of  inverse  code,  which  works  in  the 

polyadic  positional  nuaeration  systea  with  bases/bases  «i,  .is . nk, 

has  a  aodulus/aodule  H,  equal 

M  =  ■  •  •  ji»—  1.  (6.2) 

Actually/really,  addition  to  the  consents  of  tha  adder  of  value 
"1.  aa  n*  equivalent  io  output  of  unity  into  the  feedback  loop 
without  a  change  in  the  contained  adder. 

Property  5.  The  aodulus/aodule  of  the  adder  of  the  inverse  code, 

which  works  in  the  polyadic  positional  nuaeration  systea  with 
bases/bases  nit  ntf  . . nh,  is  the  nueber  whose  digits  on  each  of  tha 
bases/bases  n,  are  equal  to  %—  1  (i  =  I,  2 . ki. 


Por  the  proof  of  this  assertion  let  us  consider  nuaber  B, 
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registered  in  the  pclyadic  positional  numeration  systea  in  the  fora 

5  =  (a„  oj . ak). 

Its  value 

B  =  a,.n2Ji3  . ..  n*  +  ...  n*+...  +ah.lnk  +  a*. 

Page  297. 

If  digits  of  the  nuaber  in  question  are  equal  to  »i  —  1,  we 
will  obtain 

B  =  l)n2  ...  re* 4-  ...  -fa*—  I  =  M. 

In  particular,  for  the  binary  number  systea  where  _  n8=  =»n*  =  2  w® 

obtain 

M  =  2*-l  =(l,  1 . 1,  |); 

for  the  ternary  systea  n,  =  n2=  •  •  •  =r'»=-  3 

M  =  3*  —  I  =  (2,  2 . 2.  2) 

and  finally  for  the  deciaal  systea. 

M=  10*-  1  =(9.  9 . 9,  9). 

Thus,  binary,  ternary  and  deciaal  adders  have  the  fixed/recorded 
value  of  the  aoiulus/aodule:  2'“*—  1,3*  —  1,  10*  —  1,  which  excludes  the 
possibility  of  the  arbitrary  assignment  of  aodulus/aodule  and  causes 
the  following  sequence  of  executing  the  operation  of  the  additinn: 

a)  foraation/education  on  the  adder  of  sua  a+b; 


J 
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b)  the  comparison  of  sua  a  +8  with  the  value  of  basis /base  p,: 

c)  the  correction  of  sun  by  subtraction  P>>  if  occurs 
relationship/ratio 

The  sequence  of  siailar  type  operations  usually  is  realized  in 
the  arithaetic  units,  intended  for  the  work  in  the  decinal  systan, 
but  constructed  on  the  basis  binary  eleaents/cells. 

Is  feasible  the  version  of  the  acceleration  of  the  operation  of 
addition  due  to  the  doubling  of  eguipaent.  In  this  version  the 
addition  of  tvo  reaainders/residues  a  and  0  is  produced  on  tvo  adders 
siaulta neously :  on  one  is  implemented  the  operation  a*0,  on  the 
second  a  +  p  —  pi. 

In  the  case  when  on  the  second  adder  result  is  positive  (is 
examined  the  addition  of  tvo  positive  reaainders/residues),  it  is 
accepted  for  the  true;  if  result  is  negative,  then  for  the  true  is 
accepted  the  result,  obtained  in  the  first  adder. 

If  the  nodulus/aodule  of  adder  differs  froa  the  basis  of  systea 
to  the  saall  value,  the  ccrrectlon  of  result  can  be  soaevhat 
siaplif ied. 


J 
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Lat  us  considar  possible  situations  with  the  addition  of  two 
positive  numbers  <x  and  0. 

Page  298. 

Case  1.  Tha  aodulus/oodule  of  adder  exceeds  per  one  unit 
appropriate  basis  Pi  of  system,  i.e.,  M  ~  pti-  l . 

In  this  case  are  possible  the  following  relationships/ratios 
between  the  result  of  addition  and  the  value  of  the  basis  of  the 
system: 

a)  if  a  +  p<pi,then  corrections  are  not  required; 

b)  if  a  4-  p  =  pi,  then  contents  of  adder  it  is  extinguished; 

cl  if  «+0=f1,  then  in  the  presence  of  negative  zero  adder  it  is 
set  unity  into  the  low-order  digit  of  adder  with  the  simultaneous 
extinguishing  of  ramaining  digits; 

d)  if  then  result  of  operation  C  it  will  prove  to  ba 

equal  to 

C  =  o  +  P  —  M  =  a  +  P  —  px—  l=a  +  ($  —  1  (mod  pi), 

i.e.  is  less  than  the  true  pec  unit,  in  this  case  in  the  adder  carry 
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circuit  froa  tha  output/yield  of  the  high-order  digit  is  thrown  to 
the  inpat  of  the  second  digit  of  adder. 

Case  M  2.  The  aodulus/aodule  of  adder  n  per  one  unit  is  less 
than  the  appropriate  basis  p,  of  system,  i.  e. 

/V#  ==  /7,  —  I. 

In  this  case  appears  the  need  in  the  corrections  of  the 
following  character: 

a)  if  then  corrections  is  not  required; 

b»  if  a  +  0=spfI  then  we  obtain  the  result,  equal  to  M,  with  the 
preliainary  output  of  transfer  frca  the  high-crder  digit,  contents  of 
adder  is  extinguished; 

c)  if  a*0=N,  then  the  circuit  of  analysis  to  the  negative  zero 
adders  extinguishes  contents  with  the  the  siaultaneous  recording  into 
adder  -1; 

♦ 

d)  if  o  +  p  >  Pt.  then  we  obtain  the  result  of  operation  of 

addition  C  in  the  fora 

C  =  o  +  P  —  =  (mod  pt), 

i.e.  is  obtained  the  result  of  nore  than  true  per  unit.  Adder  in  the 
case  in  question  can  be  carried  out  with  extended  carry  circuit  froa 
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the  high-order  digit. 

Thus,  if  the  aodulus/eodule  of  adder  and  the  basis  of  system  is 
separated  per  unit,  the  correction  of  result  can  be  realized 
relatively  simply. 

Page  299. 

The  noticeabla  complication  of  correction  with  a  difference  in 
the  modulus/module  of  adder  from  basis/base  P<  already  per  two  units, 
forces  us  to  seek  the  new  methods  of  the  construction  of  adders, 
namely  in  the  direction  of  the  new  organization  of  inter bit/interbyte 
connections. 

Let  the  adder  consist  of  n  of  the  bits,  designated  respectively 
through  ru  r2>  .  .  rn  with  an  increase  of  the  precedence  of  digits.  Let 
us  agree  that  the  input  of  each  digit  of  adder  will  be  designated  by 
index  i,  and  output/yield  -  by  index  j.  Let  us  designate  through  X(j 
the  connection  between  output/yield.o  of  digit  with  input  n  of  the 
digit  of  adder.  Thus,  the  presence  of  connection  XtJ  ensures 
connection  on  transfer  rJ  of  digit  not  only  with  rj+i’  but  also  with 
rf  the  digit.  Lat  us  consider,  which  of  the  connections  Xt]  must  occur 
so  that  the  n-bit  binary  adder  would  work  on  mod  ulus/mod ula  Pi<  so 
that  would  be  satisfied  the  condition  M  =  p<-  The  block  diagram  of 
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adder  is  represented  in  Fig.  6.  1. 


Let  the  value  of  basis/base  Pi  be  preset  in  the  fore 


Pi  ~  2B-1s„  +  2n-*sn_1 4- ...  -f  2s,  -r  st, 
where  " 

s*  =  0,  i, 

A=  1,  2,  n. 


If  contents  of  addar  0L  takes  the  fern 

Gl  =  2B"1/„  +  2n'*/n_t  +  . . .  +  2 /,  +  /,. 

where 

u — o,  i, 

*-l.  2,  ....  n. 


the  condition  of  the  equality  the  aodulus/aodule  of  adder  to 
basis/base  p,  on  (6.1)  will  be  registered  in  the  fore 

h  +  Si  +  Cj-|  +  Xij  ~  It, 


where  through  c,  is  designated  the  transfer  froe  the  i-th  into  the 
i*1  digit  addar  or 

Si  =  C|_,  -f -Xi), 

1  =  1.  2,  ....  n. 


(6.4) 
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Pig.  6.1.  Block  diagraa  of  adder  with  the  additional  constraints. 

Page  300. 

On  the  basis  of  relationship/ratio  (6.4)  can  be  formulated  the 
following  lemma. 

Laama  6.2.  In  "n"  the  discharging  adder  of  inverse  code 
R  (rt,  rs,'.  .  .^rn),  which  works  cn  preset  modulus/nodule 
.M  =  2n~lSn  —  ...  -t-  2s2  -1-  s,,  additional  constraint  can  occur  only  in 

digits  ru  which  correspond  to  zero  values  sr»  in  the  digits, 
corresponding  to  single  values  ij>  additional  constraints  must  be 
absent. 

Determination.  The  weight  of  digit  rt  of  adder  is  called  the 
value,  which  is  determining,  cn  hew  much  is  changed  the  numerical 
value  of  the  contained  adder  with  a  change  in  the  digit  of  this  digit 
per  one  unit. 

The  given  above  recording 


Gl  =  2n~lln  + ...  +  2lz+lt 
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of  the  contained  adder  is  the  presence  of  additional  constraints  can 
be  used  only  as  the  syabolic  indication  of  contents  of  the  bits  of 
adder,  but  no  longer  is  detereined  the  value  cf  nuaber  L,  since  the 
introduction  of  additional  constraints  Xu  changes  the  weights  of 
single  digits  ru  included  by  these  connections,  and  the  value  of 
entire  nuaber  L. 

To  a  question  about  the  effect  of  one  additional  constraint 
not  the  value  of  the  contained  adder  answers  the  following  theorea. 

Theorea  6.1.  (fuaber  L  =  (*».  h . *»)►  *hich  describes  contents  of 

the  binary  adder  of  inverse  code  R—(rt,  r2,  ..  r,)(  during  the 

introduction  to  one  additional  constraint  between  the  output/yiald  of 
the  j  digit  and  the  input  of  the  1  digit,  is  reduced  by  value 

»l 

=  2  ■  im2  .  (6.5i 

Page  301. 

Actually/raally,  after  designating  the  weight  of  the  a  digit  of 
the  adder  through  £m’  we  will  obtain  that  in  the  absence  of  additional 
constraints  value  Gt  of  nuaber  L,  represented  on  the  binary  adder. 


will  be 


DOC  *  81023914 


PAGE  j/f/ 


Gl-  Z  Img, 

msi\ 


where  im  -  nuaber  of  unity,  which  art  contained  in  the  ■  digit. 

The  introduction  of  additional  constraints  XtJ  translates  the 
nuaeration  systea  of  the  adder  in  question  free  the  binary  into  the 
polyadic  whose  basis  are  determined  by  the  character  of  connections. 

If  the  basis  of  polyadic  positional  systea  are  .it,  n2 . and  they 

are  arranged/located  in  the  ascending  order,  than  unity  of  the  a 
digit  of  nuaber  L  =  [I,.  l-_,  .  .  /»).  represented  in  this  systea  has  a 

weight 

m-t 

Sm  36  Z  ■ 

t-t 


Hence  the  value  of  nuaber  L  is  defined  is 

<k-  £  u] ru. 

m— 1 

Let  occur  one  additional  constraint  X1;,  which  coabines  the 
output/yield  of  the  j  digit  with  the  input  of  the  1  digit,  i.e. , 
joining  the  digits  with  ouabers  i,  i+1,  ...,  j  into  the  single  digit, 
which  works  on  basis/base  nu.  Then  the  weight  of  each  digit  with 
nuaber  j  and  less,  it  will  be  defined  as 
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The  weight  of  digit  with  Quebec  j+1  and  sore  will  be  defined  as 

gm  =  2i~1nij2m~>~1  =  2m+i~l~2Xi), 
m  =  /4- 1 . n. 


Page  302. 


As  can  easily  be  seen 


whence 


where 


•ii>  =  2M+'  -  I, 


gm  —  2m~i  -2®. 


6  =  m  -  i  —  j  —  2, 


or  in  general  fora  for  any  digit  of  the  adder 

gm=*2m~1  —2e6mJ, 


where 


(v 

_ f  0,  ec^H  m<j, 

mJ  ~  j  J,  ec-7H  m  > /, 


Key:  (1) .  if. 

whence  valne  GL  will  be  defined  as 

CL-iw"- *-  2  We. 
m“l  "»«•>+ 1 

At  the  saae  ties  in  the  absence  of  additional  constraint  value  GL  of 
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number  L  is  equal  to 

GL  =  S  W"-1, 

«-l 

i.e.  with  one  and  the  saae  coding  of  number  L,  its  value  due  to  the 
introduction  to  one  additional  constraint  X,  is  reduced  by  value 


« 


2 

m“j+l 


that  also  composes  the  assertion  of  theorem. 


Lat  us  consider  some  corollaries  of  this. 


Corollary  1.  The  value  of  number  L  mill  not  be  changed,  if 
additional  constraint  XtJ  is  undertaken  from  the  output/yield  of  the 
high-order  digit  of  adder.  Actually/really,  with  j=n  we  will  obtain 

AGL  =  0. 


Corollary  2.  Humber  l  =  (lx,  lz,  . .  /j,  which  describes  contained 

n-bit  adder  of  inverse  code  with  one  additional  constraint  Xtj  can 
accept  not  more  than  n*i-j  different  numerical  values,  which 
correspond  n+i-j  to  the  possible  constructions/designs  of  adder, 
which  correspond  to  the  preset  modulus/module. 

Artually/raall y ,  the  presence  of  one  additional  constraint  XtJ 
indicates  that  the  group  cf  (j-i»1)-th  digit  works  on  mod  ulus  /nodule 
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*ij  =  2,*l+l  —  1.  Beiaining  n-j*i-1  digits  are  equal  between  themselves. 
Kith  the  transfer  nf  any  of  these  digits  with  the  group,  which  worts 
on  aodulus/aodule  •**«.  the  aodulus/acdula  of  adder  does  not  vary, 
since  it  is  equal  to 

W  =  ni;2’t'j+1-1-  1 

and  it  does  not  depend  on  the  nutual  location  of  digits. 

Page  303. 

In  all  the  possible  positions  of  the  group,  which  worts  on 
aodulus/aodule JTg  with  respect  to  ether  digits,  there  can  be  n-j*i-1. 
In  each  construe tion/design  of  adder  nuaber  L,  which  describes  its 
contents,  will  in  general  tate  the  new  nuaerical  value,  deterained  by 
the  location  of  the  j  digit. 

Lat  as  illustrate  the  aforesaid  based  on  exaaple. 

Bxaaple.  Lat  us  consider  four-bit  adder  cn  aodulus/aodule  n~11. 
Lat  us  introduce  additional  constraint  X34  between  the  output/yield 
of  the  fourth  and  the  input  of  the  third  digit. 

Version  1.  j*4,  i*3,  n*4,  *2*-1»3,  the  aodulus/aodule  of 

adder  m  =.  «,;2*  -  i  «  n.  The  block  diagraa  of  adder  is  represented  in  Pig. 


6.2 
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Let  with  the  adder  be  is  registered  number  L=(1,  0,  1,  0),  which 

for  tha  construction/design  in  question  has  a  value  gl  =  10.  which 
coincides  with  its  value  in  the  binary  nuober  system,  since  is 
satisfied  condition  j=n.  let  us  consider  the  remaining  possible 
constructions/designs  of  adder,  which  work  on  the  sane  mo dul us/module 
M=11. 


St* 

Version  2.  j=3,  i=2.  «a.  Pig.  6.3.  Here  number  value  is  equal  to 

A 

aL  =  8,  since  acl  =  2. 

* 

version  3.  j=2,  i*1.  See  Pig.  6.4.  Here  we  obtain  4A.  =  2,  )ce,c£=»* 
the  agreement  of  number  value  in  the  second  and  third  versions  of  the 
constructions/designs  of  adder  is  explained  by  the  fact  that  in  the 
preset  number  L  they  took  lj  =  0,  and  then  &gl  in  both  versions  is 
identical.  Thus,  although  a  number  L  is  preset  for  all  cases  in  one 
and  tha  same  fora,  it  takes  different  numerical  values  depending  on 
the  location  of  the  group,  encompassed  by  additional  constraint. 


F<i  • 

I  i  5  \Gl  -  0. 


l3icc<.  olva<\ruiYi  C  £  t\dci 


.e  ■<"  o 


Vh-e  lUodu/U 
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CDrollary  3.  The  modulus/module  of  adder  daring  the  introduction 
to  one  additional  constraint  XiJt  is  reduced  by  value 

A/U«2u*-a  2  sm2m, 

m=j+t 

where  sm  -  value  of  the  m  digit  of  a  number,  which  describes  th~ 
value  of  mod  ulus/mod ule .  Fespectively  by  the  same  value  is  reduced 
the  range  of  the  represented  cn  the  adder  numbers. 


Determination.  By  the  independent  additional  constraints  will 
understand  such  additional  constraints,  each  cf  which  contains  the 
group  of  the  digits  of  adder,  encompassed  by  no  other  additional 
constraint,  i.e.  ,  additional  constraints  Xu  aa<iXm,n  we  will  call 
independent  variables,  if  are  satisfied  the  following  conditions: 


m  >/. 


Por  the  case  when  on  the  adder  is  introduced  s  of  the 
independent  additional  constraints,  can  be  formulated  the  followirg 
theorem. 
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Theorem  6.2.  Number  L  =  (/,,  /2 . 4).  describing  contents  cf  *■  he 

n-bit  binary  adder  of  inverse  cede,  during  introduction  s  of  the 
further  independent  connections  between  the  outputs/yields  of  digits 
with  index  jt  and  th<=  input  of  digits  with  index  it,  where  t  =  1,  2, 
....  s,  is  reduced  by  value  L ,  where 


agl  =  2  2  **  2  (-  dp 

1—1  it-rt  p=l 


■  +e7  -<P-l)(m-l) 


V  . V* 

■  -*>«p 


Fig.  6.4.  Block  diagram  cf  adder  cn  the-  modul  us/mcdula  11  u.'i+kAGc 

Page  305. 

Here  0„=/n-f 2,  i,^  =  n. 

Proof,  for  tha  digits  with  numbers  m,  which  satisfy  the 
condition 

1  </n<  /„ 

weight  it  is  defined  as 

£m  =  2™-‘. 

For  the  digits,  in  which 

/t -f 1  <  m  <  /., 

the  weight  is  equal  to 

£m  =  2m~'  —  201, 

&i=k  -fij  —  /  —  2. 

For  the  digits  whose  number 

h  +  1  <  m  <  h< 

weight  will  be  defined  as 

=  2m_l  —  2®1  —  29’  +  28l','9»-(m- 1  > 

For  the  digits  in  which 


it  +  I  <  m  <  ;4, 
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as  can  easily  be  sa«n,  weight  is  equal  tc 

gm  =  2m_1  —  2®1  —  2s*  —  2®*  +  2®‘+0*-(m- 1  >  _|_  2ei+e»-<’"-  i )  ± 

-j_  _  2®l+®*+®J—  2(n«— 1  > 

continuing  this  process  fer  the  digits  whose  numbers  satisfy  the 
condition 

it -r  I  i, 

we  will  obtain  the  value  cf  the  weight 

Srm  =  2m-1  — (29l-h26*+  . . .  -f  29‘)  28l+0*~(m-1> 

28l+fls-(m-1)  _l  20«-i+0(~(m-1> 

_ ^26l+0>+83-2(m-l) 

J.  (  __  l)P(O9lJ'02“'  •  ^ 

o.  90«-p-M  +  '  •  •+*(-(P-tKm-l) 

,  28»+®*+-  ' 

=  k  -r  it  —  it  —  2, 

Page  306. 

"taking  into  account  that  the  weight  of  a  number  on  the  adi  = 
without  the  additional  constraints  is  defined  as 

Oi-J,  W""1,  (6.8) 

we  will  obtain  the  decrease  of  the  value  of  number  &gl,  coincidir. 
with  (6.7). 

Example.  Are  preset  two  additional  constraints 

xti,iX  and  xlf  jt,  moreover  j2  =  n. 
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In  this  case 


where 


"•M+i 


0,=m4-(,— /i— 2. 


For  the  five-digit  adder,  which  works  on  modu lus/module  *  =  17,  w  have 

<«=2,  /(  =  3,  i2  =  4,  /2  =»n«=  5. 

The  block  diagram  of  adder  is  represented  in  Fig.  6.5.  In  accordance 
with  (6.7)  we  will  obtain 

AOi-2i*+4/,. 

Example.  Let  be  given  three  independent  additional  constraints 
on  the  sev^n-digit  adder,  moreover  j3=n.  In  accordance  with  (6.7)  we 


ha  ve 


aGt.=  2  /m28*+  2  (2®I  +  2®*  —  2®i+®»— (m— 1))_ 


Fig.  6.6  depicts  the  block  diagram  cf  the  adder,  which  works  cn 
modulus /module  fl  =  53.  Here  i  v  =  2,  ji=3,  i2  =  u,  j2-5,  i3=6,  j  3=n=  7, 
02  =  m-3,  0  2=m-  3. 


Then 


5  7 

AGl=2  Wm-3-2  hn  (S’"-* -2"-*)  =  2/, +4(^14/, +  28/,. 


w 
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Pig.  6.5.  31ock  diagram  cf  adder  cn  the  modul us/raodule  17  w;i4h 
AGt  -  2Zt  +  4/(. 

Page  30  7. 

Is  not  deprived  of  interest  the  construction/design  of  aider 
with  the  dependent  additional  constraints  one  of  which  contains 
another. 


Theorem  6.3.  Number  I=(4/« . /„),  describing  contents  cf  th»  n-b 

binary  adder  of  inverse  code,  during  tha  introduction  of  twc 
additional  constraints  X\ tjv  of  thosa  satisfying  to  the  conditio 


*1^*2!  y»>/ 2« 


is  reduced  by  value 


JL/"2*,+  S  U01,  (6.9) 

where 

0i  =  md-i,— — 2,  /=  1,  2. 

Proof.  For  the  digits  with  numbers  m,  which  lie  within  tha 
limits 

h<m<  jt. 


we  will  obtain 


gm  —  2m~l  —  29t. 
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For  nhe  digits  with  the  numbers 

it  <  m  <  n, 

of  weight  have  the  values 

^m  =  2m"1  — 2e‘  — 2®1. 

Har.c*,  ta<ing  into  account  (6.8),  we  will  obtain 


AGl=  ij  /m28,+  2  lm( 20,  +  26l)  = 

m«>rH  i 

=  2  «*  +  2  lm29\ 

m— jj+l 

which  coincides  with  (6.9). 


fig.  6.6.  Block  diagram  of  the  summator  with  respect  to  module  53 
with  \Gl  =  2/*  +  4/,  +  14/,  +  28lj. 

Page  308. 

Corollary.  If  constraint  Xltj,  is  connected  to  the  high-order 
digit  of  adder,  i.e.,  ji=n,  then 

*Gl=  2  /m29*. 

Let  us  consider  the  case  of  three  additional  constraints  »ach  c 
which  is  connected  with  that  following. 

Theorem  6.4.  Number  L  =  (/,.  l2,  . . /„),  describing  contents  of  the 
binary  adder  cf  inverse  cede,  during  the  introduction  of  three 
additional  constraints  A't,,,,  X(^f,  X^,,  of  those  satisfying  to  th® 
conditions 
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*1  ^2  ^  t*3i 

ii  it  /*3» 

is  reduced  by  value 

AGl=  2  lm  2*'+  2  lm  2e’  +  2  ln2»\  (6.10) 

Proof.  For  we  have  £m  =  2m_1,  for  j3<a.$j2  we  will  obtain 

g„i  =  2m~l  —  l03. 


If  j  2<  j  t  * 

gm  =  20*  (2e,_8*  (2m_  1  -e*  —  1 )  -  1 )  =  2m- 1  —  20‘  —  2e’. 


and  finally  for 


CtC-urs 


grn  =  2’“~  ‘  —  2U1  —  26j  —  26j, 

ulher»c.£-  dGx,  oOt  ofetd-\f\ 


which  coincides  with  (6. 1C) 


AGt=  2  U6’-)-  2  L(  2e*  +  2e*)  + 

n 

V  ^ 


Taking  into  account  the  uniformity  of  proofs,  it  is  possible  to 
formulate  general/comaon/total  theorem. 

Page  309. 

Theorem  6.5.  Number  Z.  =  {/,.  /2 . /„),  the  describing  content  of  the 


binary  adder  of  inverse  cede,  during  introduction  s  of  additional 
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constraints  A'*,.,,.  Xir, . Yf,;.  or  these  satisfying  the  condi*icn 

ii  ^  h  ^  ■  C  / 1  ;  /*2  ■'  •  •  •  x  j si 

is  reduced  by  value 

A<?t=  i  lm2°l  -r  V  /m2°*  -f .  .  .  —  2  /m2°\ 

^1=  1  m  =  _.  -  I 

«5.!l) 

Theorem  is  proven  analogously  with  previous. 

Example.  To  find  the  correction  of  the  value  of  number  iCj..  if 
connections  *iWv  xiJt'  xhJs  satisfy  the  conditions 

/.  ^  /f.  /»  ^  /..  i  ■(  '  / 1 . 

Let  us  first  find  the  weight  distribution  of  the  digits: 


for  i  <  m  <  jz 


for  h  <  m  <  it 


for  ii<?  ™ -< h 


for 


Whence 


i’m  =  2m'1; 


8m  —  2m_1  —  2®*: 


Pm  =  2'"  —  201  _  2®*: 


8m  =  2m_‘ — 20>  —  2®*  —  2®’ 


2®i+0j— ■ 'n-n 


A°t=  2  ^20,~  2  W9*-  v  ,  2e,_ 


—  2  lm  (201  —  2e»)  2®s— »T7»- • 


i 
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Example.  To  find  the  corcecticn  of  the  value  of  number  aG/.,  if 
constraints  xilh,  xi«j  satisfy  the  conditions 

M  ^  <2>  *S  ^  j 2*  it  -  /ji 

i.e.  constraint  A'isij  contains  independent  between  themselves 
constraints  . ...  Let  us  find  the  weight  distribution  of  the 

digits: 

for  1  <"•</;,  gm  =  2m_1; 

for  /2<m</3  gm=:2,'‘-i-28*; 


for  /J<m</,  =  2m“l  —  2a*  —  2®J ~ 2°*~®3“',n- 1 >■ 

for  /l  <  "i  <  n  gn  —  2m~l  —  2®1  —  2*1 _ 203  -f-  20,^0s_(m_  1  >, 

whe  nee 

AGt-  2  im20l+  2  We*+  2  fm26*— 

n»ji+i  rn—Jt+1  mwjj+l 

.  n 

—  2  /w2e*+0*'*<m“,). 

Page  310. 

Example.  To  find  the  correction  of  the  value  of  number  a Gl,  if 
constraints  xhJt-  x<v,’  xt,j,<  satisfy  the  conditions: 

‘3^  h’  it  h>  lit  /s* 
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i.e.  constraint  X(sjt  and  xt4il  are  r.ct  dep3nded,  and  constraint  X(dl 
contains  constraint 

Let  us  find  the  weight  distribution  of  the  digits: 


for  gm- 2m~»; 


for  gm  =  2m~l — 2®*; 

for  /!<«</,  =  2m_1 — 2*1 — 2®*; 

for  ii<m< jt  2®1— 2®»— 2**4- 

+-  2®»+**— <"— 1 ). 

for  U<m^n  gm=  2m-J-2®1-2®*-2e*-2®«+2#‘+,*-<m-,>-f. 

+.  o8i+8i-(m— 1)_|_  281+84— (m—  1 )  _|_ 

+.  2*1+84— <m—  t)  _j_  284+84— (m—  l) _ 

—  281+84+84 -2<m—() _ 2^1+84+84— 


whence 

L =■  2  U2e,+  2  /'»2e*+-  2  'm2**  + 

m”)l+l  m—jt+1  rrua>|+i 

+  2  ‘m2e*+  2  'm29*+9*-(m-'»  +- 

+  2  '■»  2*»+9»-<m-‘>+  2  /w(29‘+9«-<m-«'  + 
*""#*+!  ™»J4+  1 

+.  281+84— (™—  1 )  j8»+84— (m—  t ) _ 

_  281+84+84-  *<m—  I )  _  281+84+84-  Wm- 1 
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§6.2.  Types  cf  addars  and  the  execution  of  operations. 

Almost  for  each  oasis/nas®  caD  be  proposed  different 
constructicns/da  signs  cf  adders,  which  are  characterized  fcv  r h » 
character  of  additional  const ra in ts,  and  therefore,  and  the  value  cf 
correction  \GL.  Let  us  consider  adders  with  M<103,  moreover  for  each 
of  them  fcr  tha  purpose  cf  the  decrease  of  redundancy  we  will  chocs= 
such  construction/design  in  which  AGL  would  be  minimum. 

Adder  on  basis/base  p-3.  The  block  diagram  or  adder  is  depicted 
in  Pig.  6.7.  The  basis  cf  syste«  p-22-1=3  is  realized  on  the  binary 
adder  without  the  redundancy.  Additional  constraints  it  is  net 
required  Xu  —  Q.  Respectively  ,  =  0. 

Adder  on  basis/base  p*5.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.8.  The  use  cf  additional  constraint  XfJ,  wnera 
i  =  2,  j=3  it  makes  it  possible  tc  cbtain  &GL  =  0,  in  this  case  the 
mod ulus/module  of  adder  will  te  defined  as 

M  =  n,nt—  1  =5. 

since  her®  ir  t=2 ,  and  r2  =  2  2-  1  =  3. 

Adder  cn  basis/base  p=7. 


I 

i 

i 


i 


i 


i 


aawfci  urn-  "wn 


Fig.  6.7.  Fig.  6. 8. 


Pig.  6.7.  Block  diagram  of  adder  cn  modal us /module  3. 

Fig.  6.8.  31ock  diagram  of  adder  cn  modu 1 us /module  5. 

Page  312. 

The  block  diagram  of  adder  is  represented  in  Fig.  6.9.  Is  used 
ordinary  three-digit  binary  adder,  since  the  basis  of  system  p=2J-l=7 
on  the  binary  adder  is  realized  without  the  redundancy.  In  this  cas®, 
is  logical  XtJ  —  OdGt  =  0. 

Adder  on  basis/base  p=  1 1 .  The  block  diagram  of  adder  is  giv®n  in 
Fig.  6.10.  The  use  of  additional  constraint  Xtj,  where  i=  3 ,  j=u,  it 
makes  it  possible  to  obtain  AGj.  =  0.  In  this  case  the  modulus/module 
of  adder  will  be  defined  as 

M  =  —  1  =  11, 

where  »r  t  =»2  =  2;  *3=22-1=3. 

Adder  on  basis/base  c=13.  The  block  diagram  of  adder  is  depict®.! 
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*0 


in  Fig.  6.11.  Is  built-in  additional  constraint  Xt 
In  this  case  AGL  —  0.  Sodulus/mcdule  of  the  adder 

M  =  —  1  =  13, 


where 


where  »i=2;  ira  =  23-1=7. 


Fiq.  6.9.  Fig.  6.10. 


Pig.  6.9,  Block  diagram  of  adder  cn  modulus /module  7. 


Fig.  6.10.  6 loc k  diagram  of  adder  cn  mol ulus/module  11. 


Fig.  6.11.  Block  diagram  cf  adder  cr  mod  ulus/  mod  ule  13. 

Page  313. 

Adder  on  basis/bas«»  p=17.  The  block  diagram  of  add°r  is 
represented  in  Fig.  6.12.  Are  here  introduced  the  additional 
const ra ints 

A,-,,. 

where  /,  =  /2  =  j3  =  n;  «,  =  2;  t2  ==  3;  /3  =  4;  AGL  =  0. 

The  modulus/module  cf  adder  is  dafined  as 

M  =  {(.-vr,—  !}  .-t,—  l. 

Here  ir%  =  22-1  =  3;  rl  =  r2  =  r3=2. 
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If  the  basic  criterion  of  the  selection  cf 
constructing/designing  the  adder  was  tendency  toward  the  decrease  of 
a  number  of  constraints,  then  it  is  expediant  to  use  the  diagram, 
depicted  in  Fig.  6.13.  Are  here  introduced  two  additional 
constraints:  A',.-.,  where  it-2:  ji=3:  i2=U;  j2  =  5.  In  this  case 

AGl  — 4.  The  mcdulus/nodule  cf  adder  is  determined  by  value 

M  =  —  1  =  i  7. 

where  tr ,  =  2;  ir2  =  ir 3  =22- 1=  3. 

Adder  on  basis/base  p=19.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.14.  Are  introduced  additional  constraints 
A'i,;,,  in  which  j  2  =  j  ^  -  5  ,  ij-3,  12=4,  thanks  to  which  AGL-0.  rh<? 

modulus/module  of  adder  will  be  defined  as 

M  =  (.-t4jt3  —  1 )  n2n,  —  1  =  19. 


where  *r«=22-1  =  3;  vl-wz  =  w3=2 


_ *«.. 
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Fig-  6.12.  Block  diagram  of  adder  on  mod u  lus/ modu le  17. 


1 — - i 

LI 

■G- 

-{Er~ 

-i  r’  - - [  r>  — —  r* — ' 

Fig.  6.13.  Block  diagram  of  adder  on  mod  ulus/ modu  le  17. 

Page  314. 

Adder  on  basis/base  p=23.  The  block:  diagram  of  adder  is  giver,  in 
Fig.  6.15.  Is  built-in  additional  constraint  Xu,  where  i  =  4,  j=5,  in 
consequence  of  which  we  obtain  AGl  =  0  and  the  modulus/module  3-  th? 
adder 

M  =  .i1n2.’T3.n<  —  1  =  23. 

Here  **  =  3;  »  l=r2  =  r3  =  2. 

Adder  on  basis/base  p=29.  The  block  diagram  of  adder  is  given  in 
Pig.  6.16.  Is  introduced  additional  constraint  XtJ.  where  i=2,  1  =  5, 
thanks  to  which  AGL  =  0  and  the  modulus/module  of  the  add=r 

M  =  nj.tj  —  I  =  29, 

where  *2=2*-1=15;  *1=2. 

Adder  on  basis/base  p  =  3 1 .  The  block  diagram  of  adder  is  depict *d 
in  Pig.  6.17,  Binary  five-digit  adder  with  the  feedback  works  on 
modulus /mod ula  S  =  25-1  =  3  1  with  correction  AGL  =  0. 
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Fig.  6.14.  Block  diagram  of  adder  cn  modulus/module  19. 


Fig.  6.15.  3lock  diagram  cf  adder  c;  modulus/module  23. 


Fig.  6.16.  Block  diagram  of  adder  on  modulus/module  29. 

Page  315. 

Adder  on  base  p=37.  The  block  diagram  of  adder  is  represented  in 
Fig.  6.18.  Adder  can  be  carried  cut  by  the  addition  cf  one  bit  to  the 
adder,  which  works  on  modulus/module  19,  and  by  the 

inc lusicn/connection  of  feedback.  Then  the  modulus/module  of  adder  is 
defined  as 

M  —  —  1  =  37, 

where  14=  19;  n,  =  2;  AGL  =  0. 

Adder  on  basis/base  r=41.  The  block  diagram  of  adder  is  giver,  in 
Fig.  6.19.  Are  introduced  additional  constraints  X„JS, 

moreover  ji  =  j2  =  j3=6r  it  =  2,  i2  =  3,  i3=5.  In  consequence  of  which 
AGL  =  0  and  tha  modulus/module  cf  the  adder 
<W  =  ((n,ntn3- 1)^-1), 1,-1  =41 
with  »5  =  3,  v,=*r?  =  r1  =  ir4=2. 


DOC  =  81023915  PAGE  QtO 


Fig.  6.17.  Block  diagram  of  adder  on  modulus/module  31. 


Fig.  6.18.  3locn  diagram  of  adder  on  modulus/module  37. 


Fig.  6.19.  3lcs/c  diagram  of  adder  on  mod u lus/module  41. 

Page  316. 

Adder  on  basis/base  p=43.  Elcck  diagram  cf  the  adder  is  shewn  in 
Fig.  6.20.  Are  built-in  additional  constraints  Xilh  and  Xitiv  where 
jx  =  j2  =  6;  i !  =  3 ;  i2=5.  In  this  case  the  modulus/mod ule  of  adder  is 
equal  to 

M  =  (*5*4*3  —  1 )  *2*1  —1=43, 
where  rs  =  22-1=3;  »•  x  =  * 2- * 3= * *=  2. 

Adder  on  basis/base  p=47.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.21.  Additional  constraint  Xih  where  i  =  5,  j=6, 
ensures  AGL  =  0.  In  this  case  the  modu lus/module  of  adder  will  be 


M  —  *,*4*3*.*,  —  I  =  47 
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with  irs=3,  *  i~w  2~v  3  =  ir  ^-2, 

Adder  on  basis/base  p=53.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.22.  Are  introduced  two  additional  constraints 
*«./..  Xitiv  in  whi=h  ii  =  2;  i2  =  4. 


T 
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Pig.  6.20.  Block  diagram  of  adder  on  modulus/module  43. 


Fig.  6.22.  Dice*  diagram  ct  adaer  on  modulus/module  53. 


Page  317. 

In  this  case  AGL  =  0  and  the  medulus/module  of  adder  will  be  dafir.Pd 

as 

M  ~  (n4njn2  —  I  )\-rt  —  1  =  53, 
whera  r*=23-1=7;  irl=w  2~w3=2, 

Adder  on  basis/base  p=59.  The  block  diagram  of  adder  is  giver,  in 
Fig.  6.23.  Is  introduced  additional  constraint  XtJ,  in  which  i  =  3,  j  =  6, 
thanks  to  which  \GL  =  Q  and  the  ncdulus/aodule  of  the  adder 

M  =  ixjixjjt,  —  1  =  59 


with  tr3=2*-1  =  15#  w j  =  » 2=  2 
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Adder  on  basis/base  p  =  61.  The  block  diagram  of  adder  is  given  in 
Fig.  6.24.  Occurs  one  additional  constraint  XtJ  with  i=2 ,  j=  6 .  rr  this 
case  &Gl  =  0  and  thp  aodulus/module  of  the  adder 

M  =  ninz—  1  =61 
with  rr2  =2  s-  1  =  3 1 ;  ir  t  =  2  . 

Adder  on  basis/base  p=67.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.25.  Occur  four  additional  constraints: 

Xh A'^j,  Xi3h,  XUjt,  where  j  i  =  j  2=  j 3- j  4=7 :  i»  =  3;  i2  =  4;  i3  =  5;  i*  =  6,  thanks 
to  which  XGL  =  Q  and  the  modulus/module  of  adder  is  determined 
M  —  (((n,n5  —  1 )  .nt  —  1 )  .t3  —  1 )  .T..-T,  —  1=67, 
where  t6  =  3;  ir1=r2=r3  =  r4  =  B-s=2. 
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Fig.  6.23.  Blcck  diagram  cf  adder  cn  aodulus/acdule  59. 


Fig.  6.24.  3loc*  diagram  cf  adder  cn  mod  ulus/ nod  ule  61. 

Page  318. 

The  same  modulus/module  can  te  realized  cn  the  adder, 
represented  in  Fig.  6.26,  but  fcr  it  AGL=16. 

Adder  on  basis/base  f=71.  The  block  diagram  of  adder  is  given  in 
Fig.  6.27.  Adder  has  three  additional  constraints:  X^,  Xitit,  in 
which  "j  i  =  /j=:/j  =  7,  i,  =  4,  ij  =  5,  i,  =  6,  &GL  =  0  and  modulus/module  is  equal  to 

Af  =  ((*,*, -  1)  «*-  ’.)  .W*i -1=71, 
where  rfc  =  3;  z=w3~ir^-t  «=2. 

Adder  on  basis/base  p=73.  The  block  diagram  of  adder  is  given  in 
Fig.  6.28.  Adder  has  four  additional  constraints  and  aod ulus/module , 
characterized  by  the  relationships/ratios 

it  ~  it =  is =  /*  ™  7,  (j  *  2,  ij  »  3,  i|  ■  5,  i|  =  6,  ACt  ■  0j 
M  =  (((*«**  —  I )«««,—  l)«j-  1)*,— 1  *73, 
n,«3, 


Fig.  6.25.  Block  diagram  cf  adder  on  tha  mod  ulus/ nodule  67  u  i-Jh  aGl 


IS 


£3— i. 


ri  k-H  rt  k —  n 


3lock  diagram  of  adder  on  aodulus/aodule  67  iti+h  AGt  =  16. 
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Xi -hare  i  1  =  j  2=  j  3=7  ;  i  i  =  3 ;  i2=4;  i,  =  6;  thanks  tc  v 
Ao'1,  =  u  and  the  aodulus/mccule  cf  adder  will  be  defined  as 

=  1 )  —  1  =83 

with  v^-3,  #1  =  ff2=ir3  =  ir4=»5  =  2. 


Fig.  b .  2  9 .  Blocit  diagram  cf  adder  cn  mod  ulus /module 


73. 


79. 


Fig.  6.30.  Bloc*  diagram  cf  adder  cn  mod  ulus/ module  33. 

Page  320. 

Adder  cn  basis/base  p=89.  The  bloc*  diagram  of  adder  is  given  in 
Fig.  6.31.  It  is  realized  by  three  additional  constraints: 

A'i,;,,  Xiiiv  Xisjt,  -here  ji  =  j2  =  j3  =  7:  ii  =  2;  i2=J  i3*6.  In  this  case 
\Gz.  —  Q,  and  the  mod ulus/mcdule  of  adder  is  determined 
M  =  ((jtaJtj.VT,—  1 )  .i2  —  1 )  .n,  —  1  =  89, 

=  3;  ij  =  jij  =  ij  =  =  jtj  =  2. 

Adder  on  basis/base  c=91.  The  block  diagram  of  adder  is 
represented  in  Fig.  6.32.  For  the  realization  of  adder  it  is 
sufficient  two  additional  constraints;  moreover 
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jt  =  j 2="»  -t-3*  i2=6.  Then  AG-— 0  and  tne  *od ulus/module  cf  ad 
equal  to 

M  =  —  1 )  .ijn,  —  1=91 


with  rfc  =  3;  r  1=»2  =  r3  =  i-4=  irs  =  2. 


■* 
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As  the  illustration  let  us  satisfy  the  addition  of  two  numbers 
on  the  adder  with  aoc ul us/aod ule  “=53. 


Example.  To  sua  the  numbers 

3  =  42  =  101010 


a  r.d 


0  =  45=  101 101 


di  e  r ,  which  wor'<s  or. 

modu lus/mod  ula 

101010 

101101 

1  >riopa3p*AHaii  CVMM* 

lX*il  1  1 

i'6butoa  nepeHOca 

i  i 

USaHeccHM  nepeiiaca 

n  n 

'  ( hdCyioMpouiiae  aopaapajHofl  cyuuM  c  nepeHocatiw  lOuOlO 


Key:  (1).  Step-by-step  sum.  (2).  Carry  output.  (3).  Recording  of 
transfer.  {■*).  Addition  cf  step-by-step  sum  with  transfers. 


Is  cotainei  the  result  of  addition  &=  1  0  00^  1  C= J  4  .  Actua 1 ly/rea 1 1 v : 

i*3=d7  (mod  53)  -34. 


Let  us  consider  the  execution  cf  the  operation  of  subtraction  on 
the  adder  of  inverse  code  with  additional  constraints. 

Usually  the  operation  of  the  subtraction  of  a  number  3  iron  a 
nueber  a  er  tn a  adders  is  i  mn leme nted  by  the  addition  cf  a  r.umner  x 
with  the  aldition  of  a  numoer  i  tc  the  a odu lu s/ioduie  of  aai^r,  i .  - . 
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a  —  ft  =  a  -i-  ft, 

where 

fi  =  M -ft. 

on  the  binary  aiders  without  the  additional  constraints  the  addition 
of  a  number  0  to  the  value  of  the  icd ulus/mod  ule  of  adder  is  realiz-! 
simply  by  the  in  version  cf  a  nuirber  3. 

The  introduction  cf  additional  constraints  translates  adder,  as 
it  was  shewn  aarliar,  into  the  polyadic  numeration  system  with 
bases/bases  n!f  .  .  nk,  where  the  inversion  of  a  number  differs 
somewhat  from  its  addition  to  the  modulus/module. 

Page  322. 

The  fact  is  that  the  inversion  cf  the  digit,  undertaken  or.  basis/base 
-i,.  is  the  f c rmation/ed ucaticn  of  addition  to  nit  while  we  shoull  have 
an  addition  from  *t  —  1.  In  ether  words,  the  inversion  of  the  digits, 
included  by  additional  constraints,  exceeds  the  addition  cf  digits  on 
their  modu lus/aoduie  per  unit,  whereas  the  inversion  of  the  digits, 
not  encompassed  by  additional  constraints,  coincides  with  their 
addition  to  tha  mod  ulus/mcdule.  Her.ce  the  addition  of  a  number  car.  be 
obtained  as  follows: 


-  on  the  additional  constraints  of  adder  is  adjoined  unity; 
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-  cbtaired  c ode  is  inverted. 

Ia  the  adders  in  which  requirement  AGL  =  0,  the  addition  of  unity 
is  exposed/persistantly  facilitated  by  the  fact  that  the  additional 
constraints  usually  proceed  only  from  the  high-order  digit,  '.'-nee  the 
addition  of  unity  according  to  the  additional  constraints  is 
equivalent  to  the  imitation  ct  transfer  from  the  high-order  digit. 

Lat  us  consider  the  execution  of  the  operation  of  subtraction  on 
the  adder,  whim  works  cn  mod ulus/oodule  1=53. 

Example.  To  subtract  from  a  number  at  a  nuaosr  3,  if  a=u7=10ll1l, 
(3  =  2  5=01  1001.  Let  us  compute  value  of  3t ,  which  is  obtained  aft->r 
addition  to  a  number  of  unity,  according  to  the  additional 
constraints 

0=01 1001 
1  1 

p,  =  100011 

Let  us  find  by  inversion  the  addition  f  of  a  number  >3:  3=011100. 

Let  us  find  the  difference 

=«+$= toi  m-pomoo-*  oiouo=»  22. 

Actually/really,  ot-£  =  u7-  25  =  22.  The  operation  cf  subtraction  3-x,  with 
which  the  minuend  is  lower  than  the  subtrahend,  must  give  the 
addition  of  a  number  a-£>0  to  the  mcdulus/mod  ul  a  of  adder. 
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An  example.  To  subtract  trcm  a  number  3  a  number  a,  if 
a =4 7=  1011  11,  0=2  5  =  0 1  1001. 

Let  us  compute  value  alt  which  is  obtained  after  addition  to  a 
number  <x  cf  unity,  according  to  the  additional  constraints 

a=  101111 
1  1 

a,  = liiuCl 

Let  us  find  the  inversion  cf  a  number  a:  7=000110. 
Actually/really,  7=6=53-47. 

Let  us  find  the  result  of  subtraction  fi-a 

P— ct~p-a« 0110014-000110  =  011111,  i.e.  p-7-31 

Actually/really, 

P  —  i  =  25  —  47  =  53  —  25  —  47  -  3 1 . 

Page  323. 

Let  us  consider  the  execution  of  the  operation  of  multiplication 
on  the  adder  with  AGL  =  0. 

Let  us  designate  through  a  and  3,  correspondingly,  the 

multiplicand  and  the  multiplier, 

a  =  2n'1a„  +  2n'*a*-i  —  ...  —  2 a3  -M,, 

3  =  2,‘-l67,  +  2n-»fcn-)  r  ...  -26,-6,. 

Then  the  product  of  operands  is  defined  as 

a3  =  (a2n-i)6r,-f-(a2n'2)6n.1-r  . . .  -~(a2)b2  -  ct6,. 
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When  SGL  =  0  we  work  with  the  binary  code  whose  value  completely 
corresponds  to  the  weights  cf  the  bits,  so  that  the  shift/shear  of  a 
number  to  the  laft,  if  it  dees  not  appear  transfer  from  the 
high-order  digit,  is  equivalent  to  multiplication  by  the  binary 
basis/base,  while  in  the  presence  cf  transfer  result  is  ccrrsct-d  to 
the  value,  equal  to  the  mcdul us/mcdule  of  adder.  It  should  be  noted 
that  both  with  the  operations  of  addition  and  subtraction  and  with 
the  execution  of  shift/shear  cn  the  adder  with  the  additional 
constraints  is  possible  the  f crmaticn/educaticn  of  the  result,  which 
differs  from  tha  un know r  by  value  mcdulus/mod ule  of  addar. 

Actually/raally ,  in  accordance  with  special 

featuras/peculiarities  examined  above  of  the  nod  ulus/mod ule  of  aider, 

* 

the  latter  is  represented  in  the  form  [1  —  1  tor  i=l,  2,  k. 

Since  the  modulus/module  is  the  second  zero  adders,  its  presence 
assumes  the  extinguishing  of  elementary  adder  with  the  output  of  i 

unity  of  the  transfer  into  the  more  high-order  digit.  ‘ 


Naturally  the  report/event  indicated  cannot  be  carried  out, 
since  transfer  can  be  caused  only  by  tha  number,  which  exceeds 
modulus/module  at  least  per  unit. 
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It  is  here  interesting  tc  rote  that  the  construction/design  c f 
adder  with  AGL  =  0,  performed  by  the  introduction  of  additional 
constraints  from  the  cutpot/yield  cf  the  high-order  digit  of  adder, 
entity  of  the  limitation  indicated  does  not  vary.  Actually/really, 
reducing  of  additional  constraints  tc  the  high-order  digit  of  adder 
permits  to  expect  for  correction  on  the  modulus/module  only,  if 
contents  of  adder  exceeds  value  2n  —  1.  i.  e.  they  can  take  place 
2“  —  i  —  M  of  those  not  corrected  on  aodulus/mcdule  .1  of  results  of 
operation. 

Page  324. 

The  advantage  of  the  fulfillment  of  the  operation  of 
multiplication  on  the  adder  with  additional  constraints,  is  defined 
by  the  fact  that  on  it  is  required  one  correction  of  final  result, 
and  the  others  ace  implemented  automatically  cn  preset  modulus/modul  = 
Pi,  while  on  the  adder  where  are  absent  additional  constraints,  it 
will  be  required  in  the  worse  case 

]  =  Pi  —  2 

of  corrections.  In  this  case  grows  respectively  the  discharge/digital 
configuration  of  adder. 

As  the  illustration  let  us  give  an  example  of  the  multiplication 
of  numbers  on  the  adder,  which  works  cn  mod ul us/mod ule  M=19. 


f  (Pi  —  1)  (Pi  — 1) 
l  Pi 
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Example.  To  compute  product  oflE,  where  the  multiplicand 
a=13=01101;  and  multiplier  (3=15=01111- 


Since  the  low-order  digit  cf  the  multiplier  zero,  to  the  addtr 
will  be  brought  in  multiplicand  0  1101,  Further  multiplicand  i~ 
shifted/sheared  to  one  digit  tc  the  left,  i.e.,  2a=1l010. 


Since  the  second  digit  zero,  the  moved  one  digit  multiplicand  is 
adjoined  to  the  contents  cf  adder. 

^°CoaepwHMoe  cyM.vaTopa  0  1  1  0  1 

(^CjBHHyTOe  MHOWHMOe  2a  110  10 

0  0  1  I  1 

*^3aHeceHHe  nepeHoca  qepe3  aonoflHwrefli»Hhie  cbmh  1  1  1 

(tqacniqHoe  npoHaaeaeHHe  10  10  0 

Key;  (1).  Contents  cf  adder.  (2).  loved  multiplicand  2a.  (3). 

Secordir.g  of  transfer  through  additional  constraints.  (4).  Partial 

product . 


The  third  digit  of  multiplier  is  also  different  from  zero.  In 
connection  with  this  to  the  contents  of  adder  must  be  adjoined  the 
multiplicand,  moved  to  the  left  one  more  digit,  i.e.,  22*a. 

/nnp«  BTOW  2*-<z  10  10  0 

<:'a  SaaeceHM  nepenocoB  1  l  1 

0  0  0  0  1 

I  1  1 

0  1110 


f^rioBTopHoe  aaHeceBHe  nepenocoB 
(**)PesyaiTaT 
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Key:  (i).  In  this  case  22«a.  (2).  Recording  of  transfers.  (3).  1 

Repeated  recording  of  transfers.  (4).  Result.  ! 

i 

Let  us  count  tha  next  sun  of  partial  products. 

'I''  MacTH>woe  npotuBepeHHe 
lJ.)CjBHHVTOe  MHOWHMOe 

f3'3aHeceHHe  nepeHOCOB 
(^)HacTHHHoe  npoasBeAen;'-:- 

Key:  (1).  Partial  product.  (2). 
transfers.  (4).  Partial  product. 


10  10  0 
0  1110 

oooio 

l  l  l 

0  1111 

Moved  multiplicand. 


(J)  .  Recording  of 


Pourth  digit  cf  the  multiplier  zero, 
compute  the  partial  product 

(l )  3iHeceHHe  nepeHocoB 

Key:  (1).  Recording  of  transfers. 

Page  325. 

Thus,  was  obtained  the  result 

<X0  =  11000  =  24  =5  (rood  19). 

Actua lly/really ,  result  is  accurate,  s.oce  by  testing  in  the  decimal 
system  we  obtain 


Let  us  find  23«o=11100.  Let  us 


0  1111 
1110  0 

0  1  0  I  1 
1  1  1 
110  0  0 


a0  =*  13- 15  =  195  =•  5  (mod  19). 
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Given  earlier  lemma  6.1,  which  claims  that  through  any  cross 
section  of  binary  adder  with  the  addition  of  two  numbers  cannot  pass 
more  than  one  transfer,  fcr  the  adder  with  the  additional 
constraints,  which  works  cn  the  arbitrarily  preset  modulus/module,  is 
in  general  net  applied. 

The  process  of  addition  on  this  adder  of  two  numbers  a  and  3, 
which  satisfy  condition  a<M,  f< S,  consists  of  the  following 
o  pe  rations: 

-  step-by-step  addition  cf  numbers  A  and  3  with  th° 
f ormation/educaticn  of  transfers; 

-  addition  of  step-by-step  sum  with  the  obtained  transfers; 

-  addition  of  the  obtained  result  with  the  transfers  of  further 
circuits  Xu  and  feedback  loop  in  the  presence  of  transfer  from  the 
output/yield  of  the  higb-erder  digit  cf  adder. 

On  a  number  of  possible  transfers  for  the  adders  with  tha 
additional  constraints  can  be  fcrsulated  the  following  lemmas. 

Lemma  6.3.  Through  any  cress  section  of  adier  with  s  additional 
constraints  XiJ,  working  cn  modulus/module  fl  and  with  AGL  =  0,  in  -.he 


DOC 


81023915 


PAGE 


sn 


process  of  adding  two  numbers  a  and  3»  tfhich  satisfy  the  condition 

*<M,  f><M,  (6.12) 

Can  pass  not  more  than  two  transfers  and  cannct  take  the  place  of 
more  than  one  transfer  from  the  cutput/yield  of  the  high-crder  Jig 
of  aidar. 

(!t-PU  =  211-2. 

Proof.  On  (6.12)  th«=  greatest  possible  sum  tak.es  the  form 

From  the  high-ordar  digit  mere  than  one  transfer  leave  cannot,  sir. 
after  carry  cutput  contents  of  adder  0L  is  reduced  by  value- 

AGL  =  2n—  1  —  2  Xi/gt 
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Page  326. 

Here  g,  -  weight  of  the  group  of  the  digits,  included  by  constrain 
Xij,  ar.d  in  the  extreme  case  GL  is  equal 

Gt  =  2M  —  |  _  2"  +  2  Xijgi. 

•  is*i 

Let  us  ccnsidar  now  how  is  changed  the  aodulus/module  of  sing! 
polyadic  digits  and  entire  adder  upon  inc lusi cn/connectior.  of  s 
additional  constraints,  which  begin  from  the  high-order  digit  of 
adder.  The  mod ulus/module  of  the  digits  of  adder,  included  by 
low-order  additional  constraint  X,„,  is  equal  to 

.M<1>  =  2n-il+1 _ i. 

Upon  the  inclusion/connecticn  of  following  on  the  precedence 
connection  Xzn  -9  will  obtain  the  tsodulus/aodula 

M<2'  =  2"-,*+‘  —  1  —2*1-**. 

Upon  the  inc  lusi  on/conr.ectior.  of  the  third  connection 

M(3)  -  2"-<*+‘  —  I  —  —  21*-4*, 

Upon  the  inclusion/connection  of  connection  with  number  s  we  will 

obtain  the  acdulus/module 

Af<"  =  2"~‘«  -  I  -  2~‘*  S  2**, 


The  total  mcdulus/mod  ule  cf  adder  with  the  feednacit  will  be  equal 
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Taking  into  account  that  in  the  case 

2  Xugt  —  2  21*  1 

i=i  *»i 

in  question  from  (6.12)  and  (6.13),  we  will  ottain 

t 

Ot  =  2B  —  3-  V^r'^o" 

i.e.  th0  second  trar.sf«r  from  the  high-order  digit  is  impossible. 

Page  327. 

Any  digit  of  adder  participates  maximum  in  two  additions,  one  of 
them  -  this  is  the  addition  of  operands,  the  second  -  addition  with 
the  cod°  according  to  the  additional  constraints,  since  the  cod? 

j 

according  to  tha  additional  constraints  enters  the  addition  net  mere  j 

i 

than  one  time.  But  with  each  susmation  is  feasible  only  the  ora 
transfer  through  the  cross  section  of  adder,  that  also  proves  the 
assertion  of  lemma. 

On  a  number  of  possible  transfers  in  the  case  of  unccrrected 
operands  can  be  formulated  the  following  lemma. 

Lemma  6.u.  Through  any  cross  section  of  n-bit  adder  with  the 
additional  constraints,  connected  to  tha  high-order  digit  of  adder, 
in  the  process  of  adding  two  numbers  a  and  d,  that  satisfy  the 
condition  a  <  2B  —  1 ,  p < 2"  —  1 , 


I 

J 
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can  pass  not  mors  than  three  transfers  and  not  more  than  two 
transfers  can  leave  the  fcigh-crder  digit  of  adder. 

Proof.  Actually/really,  let  us  consider  the  case  of  the  addition 
of  greatest  numbers  a  =  2"  —  1,  0  =  2"  —  1,  whose  sum  a  T  P  =  2"+1  -  2.  ?h3 
minimum  modulus/module,  realized  or  the  n-bit  adder,  obviously,  is 
not  less  2n"\  since  for  the  realization  of  a  modulus/modul  e  less 
even  per  unit,  it  would  be  sufficient  have  (n-1)  -digit  adder. 

But  then  already  in  the  presence  of  two  transfers  from  the 
high-order  digit,  contents  of  adder  will  be  GL  —  2”  —  2  and  the  thirl 
transfer  from  tne  high-order  digit  of  adder  is  impossible.  On  the 
strength  of  the  fact  that  the  adder  participates  in  three  additions, 
a  quantity  of  transfers  in  the  cress  section  cf  adder  cannot  be  more 
than  three. 

§6.3.  Bases  cf  tabular  arithmetic. 

Determination.  By  the  tabular  realization  of  the 
relations hi  p/ratio 

Zi  =  f(xt,yt)  (6.14) 

let  us  agree  to  understand  the  organization  of  such  table  in  which  to 
each  combination  of  input  values  x*  and  yt  corresponds  one  and  only 
one  value  of  output  quantity  zt. 


I 
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It  is  loyiral  that  the  access  to  such  a  taale  in  terns  cf  values 
xt  ar.4  y ,  assumes  appearance  at  its  output/yield  of  value  zt. 

The  idea  of  the  use  cf  tables  in  the  computers  is  not  Ir. 

the  storaqe  of  machines  are  built-in  the  tables  of  the  values  of 
initial  values,  cable  of  different  constants,  values  of  elementary 
functions,  etc. 

Page  323, 

There  ire  many  circuit  embodiment  of  ths  tables,  which  realize  these 
or  other  logical  functions,  Fcr  example,  the  widespread  schematic  of 
decoder  for  the  n-bit  binary  code  realizes  2*  the  possible 
combinations  cf  the  codes.  With  the  more  gene ral/more  commcn/x>ra 
total  approach  to  the  schematic  cf  decoder,  assuming  the  realization 
of  any  possible  binary  combination  at  its  2"  outputs/yields,  we  will 
obtain  2*”  different  output  functions.  In  this  case,  naturally,  will 
not  be  withstood  the  one-to-one  correspondence  between  the  numoer  of 
combinations  of  input  values  x(  and  yt  with  output  z,,  but  value  24 
characterizes  the  functional  completeness  of  decoder  diagram. 

Studying  questions  of  machine  arithmetic,  we  will  be,  in 


DO  C  = 

esse.nce,  interested  in  the  tatular  realization  of  re  lationsh  i  r  'z  at  i  c 
(6.  14)  ,  on  the  oasis  of  the  fact  that  xit  yt,  zl  for  all  possible  values 
of  i  are  whole  non-negative  numters. 

[0,  X)  -  the  range  cf  a  change  in  value  x,; 

[0,  Y)  -  the  range  of  a  change  in  value  yt\ 

[0,  2)  -  the  range  of  a  change  in  value  z,. 

Then  a  nuiber  of  possible  mutual  combinations  x,  and  y,  -ill 
be  defined  as  by  XY.  The  condition  for  one-to-one  correspondence  x,yt 
to  values  z,  will  determine  the  requirement 

Z<XY.  (6.15) 

Assuming  subsequently,  that  the  values  of  input  values  lie/rest  at 
one  range  [0,  X),  we  will  obtain  2<XZ. 

Determination.  By  redundancy  J  of  table  we  will  understand  the 
difference  between  a  number  ct  possible  combi  rations  of  input  valuas 
and  number  of  the  permissible  values  of  output  function,  i.e. 

J  =  X*-Z.  (6.16) 

The  redundancy  of  table  directly  characterizes  its  design  concept  an  i 
indirectly  its  electrical  parameters,  rf  Z<X*r  then  this  means  char¬ 


sets  XY  and  Z  are  no* 


cne-tc-cr.e ,  i.e.. 


to  this  combination 


•*■!  •  \)i 
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corresponds  one  and  only  one  value  z,,  i  n  J  to  t.nis  value  z,  ca* 
correspond  r.ot  only  one  combination  xt  and  yt.  In  this  case  ca-  be 
set  the  task  about  the  selection  cf  constructir.g/designinq  the  tablc, 
which  will  maxe  it  possible  maximally  to  decrease  a  quantity  cf 
i uplicat °d/backed  up/re  in  forced  results. 

Page  32  9. 

Determination.  3v  j  assembly  let  us  agree  to  understand  the  part 
of  the  table,  which  realizes  relaticr.shi p/ratio  z,  =  f  (Xj,  yj). 

Obviously,  in  general  a  number  of  assemblies  of  table  will  b=> 
defined  as  N  =  X*.  This  is  correct,  when  is  realized  each  pcssitl- 
ccmbir.atior.  cf  input  values,  and  then  the  outputs/yields  cf 
assemblies  are  joined  according  to  the  rules,  determined  by  the  form 
of  the  function  f.  Functicn  f  characterizes  ccntents  cf  operation, 
while  sets  X  and  Y  determine  the  ranges  of  input  values  and  from  the 
content  of  operation  they  do  ret  depend. 

Determination.  By  coefficient  cf  the  use  of  table  let  us  agree 
to  understand  the  expressed  in  the  percentages  ratio  of  a  juaiticv  cf 
possible  output  values  to  a  quantity  of  assemblies  of  table,  i.  e . 

v  =  £  100%.  (6.17) 

Value  j,  reciprocal  tc  the  coefficient  of  use,  we  will  call  the 
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coefficient  of  redundancy,  i.e. 

<o  =  Y  IOO°o.  (6.18) 

Let  us  consider  for  an  example  of  the  characteristic  of  tan 
which  realizes  two-component  operation  in  the  binary  positional 
numeration  system.  Operands  Xi,  Uj  and  values  cf  possible  results 
operation  lie/rest  in  the  ranee  [  C,  X)  ,  where  \=  2".  der.ee  a  rum! 
possible  combinations  of  input  values  or,  which  is  the  same-,  a  - 
of  assemblies  of  table  will  be  defined  as  N  =  Xl  =  2tn.  But  possitl 
results  cf  operation  lie/r^st  at  the  same  range,  as  initial  valu 
Hence  the  redundancy  of  table  will  be 

J  =  2"  (2n  —  1 ). 

The  coefficient  of  use  is  defined  as 

v  =  J^.%»27-n“o. 

the  coefficient  of  redundancy 

o) «  2n‘70u. 

As  we  see,  the  characteristics  of  tables  are  exponential 
functions  from  a  number  of  input.  Therefore  the  execution  of 
arithmetic  operations  in  the  positional  machines  by  purely  tabu! 
methods  realized  up  to  now  m  vi»w  cf  an  enormous  quantity  of 
required  equipment. 


Page  330. 


Actua llv/really ,  if  we  consider  the  arithmetic  unit,  which  werhs 
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the  binary  positional  numeration  system  and  which  uses,  for  example, 
with  30-digit  numbers,  i.e.,  n=  30 ,  then  for  the  tabular  realization 
of  any  operation  will  be  required  table  with  a  number  cf  assemblies 
N  =  260a1  0l  a.  Its  redundancy  also  will  be  defined  as  J«!018.  Th  a 
coefficient  of  utilization  will  be  v=l0-9“a,  i  .a . ,  it  will  bc 
necessary  to  construct  the  in  practice  unrealizable  ccn struct  inn 
wnich  will  be  used  by  10~q  percent. 

Qualitatively  different  results  we  will  obtain  upon  transfer  tc 
the  system  of  residual  classes.  Fcr  the  realization  of  the  same  rang 
on  the  order  cf  230  cr  1C9  to  us  to  sufficient  use  a  system  cf 
bases/bases  3,  7,  11,  13,  17,  19,  23,  25,  29,  greatest  of  which 

requires  for  th=  storage  5-bit  tinary  register. 

For  the  realization  of  operations  on  the  greatest  Dasis  p=2)  of 
numeration  system  in  question  is  required  the  table,  whose  inpu-  and 
output  data  vary  in  the  range  [0,  29),  i.e.  ,  a  number  of  assemblies 
of  such  table  will  be  defined  as  N=292  =  841,  and  the  coefficient  of 
its  use  will  be  v  =  -^%  =  3,3%.  Fcr  the  realization  of  operations  on 
the  smallest  basis/base  p=3  wall  be  required  the  table  with  a  number 
of  assemblies  N  =  32-=9,  and  the  coefficient  of  the  use  of  this  f.arl° 
will  be  defined  as  v  =  -^%  «  33,3%. 

The  given  above  calculations  cf  the  characterizing  table  values 
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ar?  given  ir.  the  most  gereral/mcst  common/most  total  plan/lay  cue, 
without  t ha  account  to  the  cc trm utation  of  input,  which  for  the 
majority  cf  operations  occurs,  without  the  account  to  the  pcssioil? 
of  using  special  coding,  the  organization  of  work  in  the  second 
step/stage,  etc.  Subsequently  let  us  see,  that  the  enlistment  of  in 
further  information  can  s ubst antia 1 ly  improve  construct  ion/ design  a 
characteristics  of  table. 

From  that  stated  above  it  is  evident  that  the  questions, 
connected  with  the  execution  cf  arithmetic  operations  by  tabular 
methods,  it  is  expedient  to  examine  only  in  application  to  the 
arithmetic  units,  which  work  in  the  residual  classes. 

Further,  the  series/row  cf  the  operations,  realized  by 
arithmetic  ones  by  de  vice/equ  ipire  rt ,  does  not  require  the 
use/application  of  two-input  tables.  For  example,  the  realization  c 
such  functions  as  e*,  In  x,  all  trigonometric  functions,  the 
calculation  of  the  value  cf  polynomial  with  the  constant 
coefficients,  ate.,  requires  the  use  only  of  the  single-input  table 
whose  ccnstruction/design  is  significantly  simpler  than  tvo-inout. 

Page  331. 

In  them  we  deal  concerning  one  argument,  which  are  changed  in  f.ia 
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range  [0,  X)  and,  naturally,  is  i xplemen ted  only  the  number  of 
assemblies  of  tables  which  is  intended  for  the  realization  cf  output 
quantities  zt  from  the  range  [0,  Z).  Here  almost  always  N  =  Z.  In  this 
case  are  obtained  redundancy  J  =  o,  coefficient  of  use  v  =*  100%. 
Therefore  subsequently  it  is  proposed  to  concentrate  attention  only 
in  the  twc-input  fables  and  to  consider  the  series/rcw  of  :h= 
consida ra tiers  which  car.  be  drawn  fer  simplification  in  their 
construct ions/designs  and  improvement  in  the  characteristics. 

Let  us  consider  the  realization  of  the  operation  cf  th- 
multiplication  of  digits  at  and  p,  by  tabular  method  on  simple 
basis/base  p,.  Let  us  make  table  cf  the  numerical  values  cf  product 
OjPi  (mod  where  numerical  values  a,  will  be  iaposited/pcstpone  d 
along  the  horizontal,  and  the  numerical  values  of  second  cofactor 
pi  -  on  the  vertical  line.  Ir,  the  points  cf  intersection,  we  will 
indicate  values  a,Pj  (mod  Pj).  Fig.  6.34  gives  this  table  for  pt  =  u.  As 
can  easily  be  seen  this  table  is  symmetrical  relative  to  left  and 
right  diagonals,  and  it  is  alsc  symmetrical  relative  to  vertical 
lines  and  horizontals,  which  pass  between  numbers  ~~ 1  and  -£•- . 
Actually/really,  symmetry  relative  to  la  ft  diagonal  is  determined  ny 
the  commutation  of  operation,  symmetry  relative  to  right  diagonal  is 
determined  by  the  fact  that 

(P;  —  a,)  (pi  —  p,)  =  a, P(  (mod  p,). 

Symmetry  relative  to  vertical  line  and  horizontal  is  determined  by 
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the  fact  that  the  sum  of  symmetrical  numbers  is  multiple  p..  i. 

aft  +  at  (pi  —  p,)  =  0  (mod  pt). 

<*;P,  —  (Pi  —  a-i)  P,  =  0  (mod  p, ). 

In  such  a  way  as  to  restcre/reduce  table,  sufficient  to  have  an 
information  only  about  its  eighth  part.  Hence  appears  the  r^al 
possibility  to  shorten  the  table,  which  realizes  the  operation 
multi  plication. 


For  the  solution  of  the  problem  indicated  it  is  considered 
advisable  to  use  the  special  ccdirg  cf  numbers  u  and  ft,  -  th 
so-called  "ccda  of  tabular  multiplication". 

Page  332. 

Values  a ,,  lying  in  the  range  ^y~)  -  can  be  coded  by  arbitrar 
method.  Values  a,,  lying  in  the  range  Pi—  l]  ,  are  ceded  a 

Pi  —  af. 

For  a  difference  in  the  ranges  is  built-in  index  va.  which 
determined  as  fellows: 

J  OP^CJIH  0  <  at  <  Pi-~  1  , 

{  I  ,^eC.1H  <  CL,  <  Pi . 

Key:  ( 1)  .  if. 
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Thus,  if  is  preset  number  a,,  then  for  obtaining  the  value 
pi— at  it  suffices  to  invert  index  ya. 


Theorem  6.6.  If  two  numbers  A  and  B  are  preset  on  basis/bas* 
pt  in  the  code  of  tabular  mul*  ip  lication  A,  =  (ya,  %),Bt  =  (yb.  Pi),  then  in 
order  to  obtain  the  product  of  these  numbers  cn  modul  us/m  cd  ul  -  Pi, 
suffices  to  obtain  product  a,{5;(modpi)  in  the  code  of  tabular 
multiplication  and  to  invert  its  index  r  if  ya  is  excellent  from 
Yb.  i*  -  • 

AtBt  (mod  pt)  =  (y t,  atfit  (mod  pt)),  (6. 1 9) 


w  he  re 


Key:  (1 )  .  if. 


(6.20) 


Proof.  Let  us  consider  all  possible  combinations  of  the 

relationships/ratios  between  ya  and  ys: 

O'ecjiH  ya  =  Ya  =  O^Vo  AtBt  (mod  pi)  ss  aftt  (mod  pt); 

QecJW  Y«  =  Ys  -  1  Pto  AtBt  (mod  pi)  m  (p,  —  a()  (pt  —  00  X 
x  (mod  pi)  s  a,pt  (mod  pt); 

Key:  (1 )  .  if.  (2)  .  then  . 


If  Ya  —  I .  while  yb  =  0  cr  ya  =  o,  while  yb=I.  that  one  and  the  same 

in  view  of  the  commutation  of  multiplication,  then 
AtBt  (mod  pt)  =  a ,  (pt  —  fy)  (mod pi)  »  (pt—at)  (5(  (mod  pt)  = 

=  Pt  —  atPt  (mod  pi). 

i.e.  is  necessary  the  inversion  of  the  index  cf  product  a,p.  (mod  p .). 
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the  basis  of  tn a  theorem  cf  table  given  above,  that  realizes  th-: 
operation  of  multiplication,  car  be  structura  lly/constructior.ali  y 
reduce!  four  times.  If  we  additionally  take  into  account  the 
commutation  of  the  operation  cf  multiplication,  then  during  the 
preliminary  determination  of  larger  cf  the  cofactors  table  can  be 
reduced  two  more  times. 

Page  3J3. 

As  the  illustration  let  us  consider  the  layout  of  the  tabl-;, 
which  realizes  the  execution  cf  the  operation  of  multiplication  on 
oasis/base  p  =  11.  The  numerical  table  cf  product  a,fli(modii)  is  giv^n  in 
Fig.  o.34.  The  vertical  and  horizontal  axes  of  symmetry  are 
arrar.gec/locatei  between  —7 1  =5  and  =6.  Let  us  write  out  all 

values  of  the  code  of  tabular  multiplication  for  p=  1  1.  Code  a,,  as  it 
is  sail  above,  can  be  selected  with  any  method.  Of  it  it  is  rsguir? 
only  so  that  it  would  mutually  unambiguously  correspond  to  this  digit 
of  basis/base.  For  simplicity  let  us  take  binary  positional  the  code. 
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Value  0  an  1  pi=u  v?  do  net  cede,  since  multiplication  by  tb.  ass 
values  gives  zero,  and  in  this  case  operation  will  be  performed  mcr 
rapid  by  the  simple  analysis  of  operands.  If  necessary  these  values 
can  be  also  connected  with  the  table. 

Let  us  shew  now  based  on  examples  that  with  the  use  of  thi  cod 
of  tabular  multiplication  for  the  operands,  undertaken  from  the 
different  squares  of  numerical  table,  always  result  we  will  obtain 
the  left  square  which  must  be  virtually  realized. 

Example.  Let  us  multiply  digits  ar=3  0=4,  i.  e. 

a0  (mod  I J)  =  (0, oil). (0,100)  (mod  11)  = 

=  (0,001)  (mod  11)  =  (0,001). 

Here  were  multiplied  digits  with  the  zero  indices.  To  result  is 
assigned  zero  index. 

Example.  Digit  a=8  tc  multiply  by  the  digit  0=3: 
a0  (mod  H)  =  (l,  001). (0,  011)  (mod  11)  =  (1,  010). 

Since  in  the  operation  participated  the  digits  with  the  different 
indices  that  the  index  cf  result  it  must  be  inverted,  i.e. 

«0  (mod  11)  =  (0,  010). 

Actually/really, 


00  =  8-3  (mod  U)  =  2  (mod  11). 
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Example.  To  multiply  digit  a=7  by  the  digit  3=10: 
a?  (mod  Il)  =  (l,  100)- (I,  001)  (mod  11)  =  (0,  100). 

In  the  operation  participated  the  digits  with  the  identical 
indices,  that  means  result  dees  net  require  correction. 

Let  us  consider  the  row  tabular  realization  of  the  operation  n 
addition  and  let  us  determine  the  form  of  the  code,  most  convenient 
for  beth  operations. 

During  the  tabular  realization  of  the  operation  of  addition  us 
it  can  interest  the  circumstance  that  for  determining  the  value  of 
the  digit  of  sum  is  net  required  the  knowledge  of  the  digits  of 
operands  separately.  3oth  the  step-by-step  addition  and  transfer  th 
are  determined  by  the  collective  state  of  the  digits  cf  the  operand 
which  have  identical  number. 

Page  335. 

In  this  case  for  the  step-by-step  addition  it  is  important  to  know, 
identical  they  or  different  ones,  for  forming  the  transfer  are 
important  to  know,  are  both  digits  single,  for  the  propagation  of 
transfer  it  is  important  to  know,  are  these  digits  different.  Thus, 
the  table  of  addition  car.  be  noticeably  abbreviated/reduced,  if  to 
its  input  will  be  given  net  the  n-tit  binary  operands,  but  the 
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certain  r.-bit  cod?  -  the  so-called  "cods  of  the  tabular  addition", 
®ach  of  digits  of  which  can  have  three  values:  one  of  then  kt0 
occurs,  if  both  i-th  digits  of  operands  zero;  kiU  if  they  single,  and 
k.p,  if  the  ccrra sponding  digits  of  operands  are  different. 

If  the  i  digits  of  the  operands  of  addition  are  designated 

through  a,  and  ft,  then,  obviously, 

£io  =  ®iAPi»  | 

kti  =  a,  A  Pi.  _  >  (6.21) 

kip  =  ®i  A  ft  Va<  A  Pi-  J 

The  increase  ir  number  of  sets  of  table  is  determined  by  the 
fact  that  it  is  now  necessary  he  realize  not  2,n,  while  3" 
assemblies. 

Further  simplification  in  the  table  is  possible,  if  we  use  net 
only  values  fe,0,  kn,  kip,  but  also  their  inverse  values,  in  this  cas=  is 
obtained  sufficiently  idle  time  the  logical  description  of  table. 
Thus,  for  instance.  Fig.  6.35  depicts  the  logical  description  of  th* 
table,  which  realizes  the  execution  of  the  operation  of  addition  on 
mod  ulus/ module  p(  =  29. 

in  the  logical  description  of  table  for  the  brevity  instead  of 
designations  kl0,  kn,  k,p  are  accepted  designations  fc0,  klr  kp  with 
th«*  indication  of  th«ir  inverse  values  k„,  kt,  kp.  Through-lines  ir  the 
separate  cages/oalls  of  table  indicate  the  independence  of  result 


v  . . 
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from  the  values  of  the  co  rres  j.o  nd  i  n  g  digits  of  operands.  3y  ir.iex  a 
the  markedly  collective  value  cf  the  low-order  (first)  digits  of 
operands,  indices  b,  c,  d,  e  designate  the  collective  values 
respectively  of  the  second,  third,  fourth  and  fifth  digits  of 
operands.  All  assemblies,  which  relate  to  one  digit  of  result,  ara 
joined  at  the  output/yield  by  of  cafe. 

Let  us  recall  that  for  the  addition  on  the  modulus/mcdu le 
indicated  in  general  it  is  required  23n  the  assemblies,  where  n  =  5, 
i.e.,  M  =  210=1G24  to  assem  'dies.  In  Fig.  6.35  is  descnoed  the  tanie, 
which  realizes  the  same  operation  only  108  by  assemblies. 


-*K 
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i  pa3pnA  p«3y.ThT*Tt 


2  paspHA  pe*y^tkT«T«  1  3  p«np*A  pesyginaTi 


4  p*3psA  peayAbTara 


S  pa3prfa  p«3yAbnTa 


ko  *1  I 


—  kp 

k  0 

~ 

— 

kp 

k  l 

*»  1  - 

—  kp 

*0 

*i 

— 

*P 

*1 

*0  1  — 

’0 

*1 

Sp 

*1 

*»  r 

k\  j  k\ 

*0 

*» 

*1 

*0 

*1 

*0  *  1 

—  *p 

*1 

— 

*p 

*• 

*9  - 

-  kp 

*1 

— 

kp 

*0 

*1  - 

*i  kp 

Em 

*0 

— 

kp 

*1 

*1  - 

*P 

k  i 

-  *9 

tt„ 

kp 

’■i  ;  *p  j  *i 

*1 

— 

ko 

— 

■  i  *  r>  i  *  p 

_■  j  *0  *P 

*1 

*9 

*0  ! 

*•> 

*0 

“P 

— 

k  , 

kp 

*i  ! *o  i  *p 

*p  1  *p 
*p  j  *p 
*i  4p 

k  i 
*1 
kp 

-  kp 

-  kp 

ko  kp 

ko 

kp 

ki 

*1  - 
kp  - 

kp  *o 

kp  j  *P 

kp 

EIO 

k} 

kp  ko 

*i  |  kp 

kp 

*0  *p 

*0 

kp  ko 

kp 

kp 

*p  kj 

*0 

kp  ko 

kp 

kp 

*1  kp 

*• 

kp  > 

*1  *P 


I  *p  *• 


on  moduliis/"io:a 


*p  *p 

kp  ko  *0  *0 

*p  *p  —  *0 

kp  k  i  ko  k0 

kp  ko  *o 

kp  k\  ko  to 

kp  k\  k0  kp 

kp  ko  ;  *o  kp 

kp  *o 

*1  *0  *0 

*1  kp  *1 


rig.  b.J5.  Logical  description  cf  table  of  addition 
29. 

Key:  (1).  ...  digit  of  result. 
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It  must  be  noted  that  the  code  of  tabular  multiplication  is  r.c 
in  ?r inciole  suitable  fcr  the  use  in  the  operation  of  addition,  sin 


"SJR 
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one  of  the  bits  of  this  cede  is  symbol  y. 

Let  us  Icon,  how  it  is  necessary  to  convert  this  code  so  that  it 

could  be  used  and  as  under  tacular  addition.  To  value  Pi~l  t ha  code 

2 

nonotcnicallv  increases,  °ach  step/pitch  varying  per  unit.  ?ha  symbol 
T  cf  it  is  equal  to  zerc.  9«gir  rira  from  value  1  to  p,  ~~  l.  ir.  *he 

code  appears  tha  symbol  y=“\,  and  the  value  of  the  code  begins  to 
decrease.  If  we  in  the  presence  of  symbol  r=1  will  invert  the  working 
part  cf  the  code  in  order  to  ensure  his  build-up/growth  in  the  value, 
then  for  using  th®  obtained  code  as  the  code  of  tabular  addition  it 
is  necessary  to  determine  the  weight  of  digit  y.  The  latter  is 
produced  simply. 

If  wo  through  gy  define  the  weight  of  digit  y  and  to  assume 
that  the  working  part  cf  the  cede  is  preserved  on  (n-l)-bit  register, 
then  the  inverse  value  cf  the  cede  cf  number  fir 1  will  be  d°fin-d  as 

2»-i_  1 -fizJ  , 

and  weight  value  it  must  satisfy  following  relationship: 

gy+ 2-i_i_PL^!  =  £l±i, 

w  he  nee 

gy  =  Pl  +  \-  2"-1. 

Thus  can  be  cbtainad  the  code  general-purpose  both  for  the  tabular 
multiplication  and  for  the  tabular  addition. 
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It  is  necessary  tc  again  note  that  on  the  strength  cf  zhs  fact 
that  the  operations  in  the  tabular  arithmetic  are  realized  simply  by 
the  sample  of  the  value  cf  result  in  terms  of  the  values  of  input 
value.s,  but  directly  arithmetic  operations  it  is  net  produced,  in  th- 
tables  there  can  be  suitable  almost  any  ceding.  Special  coding  r.  as  bv 
its  target  only  reduction  of  the  sizss/diaensior.s  c i  tables. 

* 

In  general  constructicn/desigr.  and  fundamental  characteristics 
of  tables  are  determined  by  the  range  of  input  values. 

Page  333. 


In  connection  with  this  is  net  excluded  the  possibility  of  transition 
in  the  process  of  executing  the  operation  to  smaller  rice  or  to  oh? 
work  cf  arithmetic  unit  directly  in  the  higher  step/staue  cf  the 
system  of  residual  classes.  Let  be  giver,  numeration  system  with 
bases/bases  Pi,  P2,  ■  .  pn  and  range  &>t  in  which  number  A  is 

represented  in  the  form  A  —  (au  az . a*).  Digit  a,  on  basis/fcasc 

Pi  (t  =  1,  2 . n)  let  us  present  in  the  second  step/stage  of  system, 

i.e.,  let  us  select  the  new  system  cf  the  bases/bases 

Pi,  Pz,  •  •  ■  >  9»,. 


with  the  range 


11  Pi, 

1 


which  would  ensure  at  least  the  nenappea  ranee  of  the  result  of  ar.y 
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cbv’C'JS  that 


6, 

computer  ooeraticn.  above  digit  a,  for  the  range,  jilt  is 
that  as  the  greatest  result  ol  adding  two  remainders/residues  or. 
modulus/mcd ule  pt  canrct  exceed  values  2p\  —  2,  we  they  must  have 


Qf  >  2p(  -  2; 

since  a  product  of  two  remamaers/residj es  on  modulus/raodule  pt  it 
cannot  excsed  (p4  —  l )*,  then 

Qt>  (Pi-1)*. 

It  is  logical  that  the  basas/bases  of  the  second  step/stag®  must 
satisfy  the  condition 

qi<Pu 

/  —  1,2,  . .  •  i  t  ~  1 ,  2,  .  • .  f  ft. 

In  the  case  of  applying  the  second  step/stage  of  bases/bases  is 
considered  by  advisable  initial  numbers  by  program  of  the 
translation/conversion  to  represent  immediately  in  the  second 
step/stage,  arithmetic  unit  to  construct  without  the  straight /direct 
and  reverse  decoders  as  the  device/eauipment ,  which  works  only  in  th 
second  step/staje.  And  only  the  final  results  of  calculations  should 
De  program  translated  through  first  stage  to  the  decimal 
representation  for  the  final  output  from  the  computer.  During  this 
construction  the  fundamental  characteristics  cf  tables  noticeably 
will  be  improved. 


Actually/really,  a  number  cf  assemolies  of  each  table  decreases 


by  value 


(6.22) 
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Redundancy  decreases  cn 

a,  *, 

AJ=Pi(pi- i)~  2  qJ(qi-\)  =  AN-pi+  2  It-  (6.23) 

j-t  i=.i 

The  coefficient  cf  the  use  of  +able  in  the  second  step/stag®  3  one 
is  mere  than  in  tha  first,  where  6  is  d-finod  as 

», 

Pi  2  <h 

9  =  -4r--  (6.24) 

2  9; 

i-i 

Ir.  this  case,  undoubtedly,  will  be  increased  the  general/ccmmon/ro 
discharge/digital  conf ig uraticr.  of  a  number  during  its  storage  rn 
binary  register,  since  increases  the  total  number  of  bases/bases, 
which  do  not  coincide  with  the  mcdulus/module  of  binary  register. 

Let  us  consider  based  on  example,  as  vary  tabular 
characteristics  upon  transfer  tc  the  second  step/stage  cf  bas=s/ba 
for  the  operation  of  addition.  Examination  let  us  conduct,  not  usi 
consideration  about  simplification  in  the  con structicn/de sig n ,  sin 
they  are  not  connected  with  the  value  of  basis/base. 

Example.  Lat  be  preset  in  first  stage  basis/base  p  =  50.  A 
quantity  cf  assemblies  will  be  defined  as  N=5C2=2500.  Let  us  s-'lsc 
the  following  bases/bases  of  the  second  stap/stage: 


?t  =  3,  i72  =  5,  £73  —  7. 


_ 
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Here  Q= 3»5«7=  105>2p . 

From  (6.22)  it  follows  that  in  this  case  a  number  of  assemblies 
of  table  decreases  by  value 

AA^  =  2500  — (9  +  25  +  49)  =2417. 

Redundancy  cr.  (6.23)  decreases  ty  value 

A.7  =  2417-50+ 15  =  2382 

relative  to  .7  =  2450,  ar.d  the  coefficient  of  use  in  (6.24)  will  to 
improved  0  once  where 

e  =  50115 

83  a’ 

i.e.  almost  by  an  order. 

The  digits  of  the  second  step/stage  of  bases/bases  can  b  =>,  ir. 
turn,  they  are  represented  in  the  third  step/stage.  For  example, 
digit  a}  on  basis/base  <7;  can  te  represented  in  tne  system  with 

f 

bases/bases  Pi.  P2,  •  •  Pi  with  range  /?  =  []  Pi.  -ha*  satisfies  the 

i=t 

requirements  with  respect  to  the  second  step/stage  which  satisfied 
the  second  step/stage  with  respect  to  the  first. 

Page  340. 

So  can  be  introduced  the  fourth  and  higher  step/stage.  In  this  rasa 
is  ensured  the  naxioum  minimization  of  tables  and  ar«  improved  their 
characteristics,  but  increases  the  binary  discharge/digital 
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configuration  of  entire  rumber. 

Th e  limitation  of  an  increase  in  the  number  of  step/stag'?  is  *• 
formulated  previously  condition  cf  the  fact  t  bat  any  basis/nase  cf 
higher  step/stage  p;  must  be  less  than  the  basis/base  of  previous 
step/staga  qit  i.e.,  Pj<<h  for  ell  j  and  i. 

As  an  example  let  us  consider,  in  w  hat  highest  step/stage  of 
bases/bases  can  be  represented  the  greatest  number  on  the  two-digit 
basis/base. 

Example.  To  find  the  highest  step/stage  cf  bases/bases  for 
executing  the  operation  cf  addition  with  base  of  first  stage  n=io. 
One  of  the  possiole  versions  cf  the  second  step/stage  it  can  be 

?1=2.  ?2  =  3,  <73  =  5,  <7*  =  7. 

The  range  of  system  Q= 2» 3»5»7 =2  10 ,  i.e.,  is  satisfied  the  ccn  lit ion 

Q>2Pi  — 2. 

Thus,  already  in  the  second  step/stage  we  pass  to  the  bases/bases 
maximum  from  which  q*=7.  In  this  case  a  number  of  assemblies  in  the 
second  step/stage  will  be  defined  as  N&=22t32 ♦52+72=87,  and 
redundancy  j<t>  -  as 

,7i*>  =  87 -17  =  70. 

Transition  to  the  third  step/stage,  without  having  affected 
basis/base  q,,  q2,  q3,  will  uake  it  possible  to  express  the  laximum 
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basis/Ddse  q*=7  in  the  system  nf  the  bases/bases 

Pi"  =  3,  =  5 

with  range  R  =  15,  in.  this  case,  as  can  easily  be  seen,  is  satisfied 
the  condition 

*>a?4-  2. 

Thus,  in  the  third  step/stage  w«  wcric  with  the  oases/bases: 

P?'-2,  pi"  =  3.  p/' =  5,  p<"  =  3;  pi"  =  5, 

in  which  superscript  indicates  the  equipment  with  the  corresponding 
basis/base  cf  the  previous  step/stage.  Transition  to  the  fourth 
step/stage  is  impossible.  The  total  number  of  assemblies  ir.  the 
latter/last  system  will  he  defined  as 

=  2* -f  3*  +  5* + 3*  +  5*  =  72 

with  the  redundancy 

0^=72—18  =  54. 

Example.  To  find  the  highest  step/stage  cf  bases/bas^s  for 
executing  the  operation  cf  multiplication  with  the  basis/base  cf 
first  stage  p=99.  For  one  of  the  possible  versions  of  the  second 
step/stage  can  be  accepted  q  2  =  3,  92  =  5,  $3=7,  g*  =  1  3 ,  gs=l3,  with  range 

Q=  1 50  1 5 .  Since  (p-1)2  =  9604,  then  is  satisfied  the  condition 

<?><p-D* 

Page  341. 

For  the  third  step/stage  can  be  selected  the  following 


bases/bases 


Pj  —  2;  p2  =3;  Pj  =  5;  pt  =  7, 
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with  rang?  R =2»3 «5* 7  =  2 1 0  ,  sine®  is  satisfied  the  condition 

R>(<h- 1)*. 

Thus,  in  the  third  step/stage  we  will  ootain  the  system  of  +ha 
oases/bases 

Pi1’  =  3;  pi1'  =  5;  p‘33>  =  7;  p‘4"  =3;  p‘s41  =  5;  Pi‘ '  =  7; 
p7*>  =  2;  Pi"  =  3;  pi"  -5;  p1"  =7. 

Transition  to  the  fourth  step/stage  is  impossible. 

§6.4.  Structure  of  the  tables  of  basic  operations. 

For  constructing  the  tables  cf  basic  operations  is  represented 
by  most  sp®ctacular  the  use/application  of  methods  of  the  special 
coding,  which  makes  it  possible  tc  decrease  the  s  ize/dim®  r.s  ic  n  of  t 
tables  of  addition,  subtraction  and  multiplication  four  tines.  The 
decrease  cf  tables  by  a  factor  cf  eight  is  less  efficient  fro.?  the 
point  of  view  of  obtaining  maximum  high  speed,  since  in  this  case 
before  the  input  into  the  table  it  is  necessary  to  analyze,  which  o 
the  operands  is  more,  and  to  respectively  place  them  on  the  input 
registers. 

From  the  point  of  view  of  the  prize  of  eguipment  this  ?«thcd 
also  is  not  so/such  effective,  as  it  seems,  since  the  decreas®  of 
table  two  times  necessitates  the  having  of  a  diagram,  which  analyze 
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which  of  the  operands  is  more. 

In  the  implementation  of  operations  by  tabular  methods  in  a 
number  of  cas*=s  the  further  possible  decrease  of  equipment  fcacau 
constructed  not  single  table,  which  realizes  result  in  the  finer 
code,  but  n  £ iner/smaller  tables,  which  realize  respcnses/ar.swer 
each  of  the  n  digits  cf  the  result  where  n  -  discharge/digital 
configuration  of  register,  necessary  for  storing  the  digit  cn  th 
basis/base  in  question. 

In  this  case  fairly  often  occurs  the  unification  of  tables, 
i.e.,  the  decrease  of  a  quantity  cf  different  types  of  tables, 
necessary  for  the  realization  of  arithmetic  unit. 

As  the  illustration  let  us  consider  the  method  of  the 
construction  of  discharging  tables  for  executing  the  operation  c 
multiplication  on  basis/base  p=  17  during  the  use  cf  the  code  cf 
multi  plication. 

For  simplicity  let  us  consider  the  case  when  the  values  cf 
operands  are  preset  in  single-digit  cede. 


The  code  of  multiplication  with  p= 1 7  takes  the  form 
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Cl 

Uwjjpa 

Chmboji 

& 

U>t$pa 

r 

Chmbo^ 

& 

1 

0 

0001 

9 

i 

1000 

2 

0 

0010 

10 

i 

0111 

3 

0 

0011 

11 

i 

0110 

4 

0 

0100 

12 

i 

0101 

5 

0 

0101 

13 

1 

0100 

6 

0 

0110 

14 

i 

0011 

7 

0 

0111 

15 

i 

0010 

8 

0 

1000 

16 

0001 

Key:  (1).  Digit.  (2).  Symbol.  (3).  Code. 
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For  the  fulfillment  of  the  operation  of  multiplication,  as  is 
known,  necessary  to  realize  one  fourth  of  multiplication  table. 

Lat  us  write  out  now  the  same  fable  for  the  low-order  digit  cf 
result,  after  blackening  these  squares  in  which  the  result  has  unity 
on  the  low-order  digit,  and  after  leaving  not  blackeneu  squares  with 
the  zero  value  of  the  low-order  digit  of  result  (se«  Fig.  6.36). 

Lat  us  construct  by  analogous  method  the  table  of  singlc  values 
for  the  second  digit  of  the  result  (see  Fig.  6.37).  Let  us  construct 
the  table  of  tha  third  dicit  cf  the  result  (see  Fig.  6.38).  and 
finally  let  us  construct  table  fer  the  fourth  digit  of  the  result 
(see  Fig.  6.39)  . 


Despite  the  fact  that  is  reduced  the  size/dimer.sier.  cf  eacn 
table  and  is  increased  their  quantity,  as  a  whole  occurs  the  prize  in 
a  quantity  of  equipment,  since  to  the  limit  is  abbreviate  d/r  e  iuced 
the  redundancy  of  fables  and,  as  %a  see,  are  realized  only  the 
assemblies  cf  table,  corresponding  to  significant  digits  cf  res  lit. 
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Further  decrease  cf  equipm=nt  car.  ne  achieved/reached  hecau 
some  rabies  car.  prove  tc  be  a  number  of  zero  values  of  result  1- 
thar  ta«  rubber  cf  single  values,  in  this  case  it  is  expedient  *■ 
realize  zero  values,  and  result  tc  invert  at  the  out  put/ y iel  1  . 


The  selected  by  us  trcdul  us/mcd  ule  ?=17  in  the  th  ree- lo  w- cr  d 
digits  has  an  equal  quantity  of  zero  and  nonzero  results.  Let  us 
consider  under  above  conditions  accepted  the  realization  cf 
step-by-step  tables  for  executing  the  operation  of  multiplicative 
mod ulus/med ule  p=19.  In  this  case  the  code  of  multiplication  tax 


the  form: 


— 

U«c}>pa 

Chmboji 

hoj 

. 

Q 

Umppa 

CO 

CllMBO.1 

cv 

Ku.i 

1 

0 

0001 

10 

J 

1001 

2 

0 

0010 

1! 

100U 

o 

0 

0011 

12 

1 

1)111 

4 

0 

0100 

13 

1 

01 10 

'  5 

0 

0101 

14 

1 

0101 

6 

0 

0110 

15 

I 

0100 

7 

0 

0111 

16 

1 

0011 

8 

0 

1000 

1 7 

1 

0010 

9 

0 

1001 

18 

0001 

Key:  (1).  Digit.  (2).  Symbol.  (  :)  .  Code. 


The  table  of  results  cf  operation  takes  the  form 
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Hare  we  sea  that  in  the  table  of  low-order  digit  a  quantity  of 
zero  values  of  result  is  noticeably  lower  than  the  quantity  of  single 
values  and  it  is  possible  it  is  sere  than  by  lOo/o  to  decrease  the 
equipeent  of  table,  realizing  zere  values  of  low-order  digit  and 
inverting  then  at  the  output/yield  of  table. 

For  the  ssconi  and  third  digits  tha  picture  is  reverse.  It  is 
here  expedient  to  realize  the  precisely  single  values  of  result. 

And  finally  for  the  high-order  digit  are  also  expedient  to 
realize  the  single  values  of  result,  which  coepose  a  total  of  about 
20o/o  table. 

Thus,  as  the  eost  universal  eethod,  which  aakes  it  possible  to 
substantially  decrease  the  equipeent  of  table,  is  proposed  transition 
froe  the  direct  realization  of  full/total/coaplete  table  to  the 
realisation  of  step-by-step  tables  taking  into  account  the  properties 
of  syeeetry.  For  exaaple,  in  the  i  spleen  station  of  suit!  plication 
table  on  basis/base  p»l9  for  the  f ull/total/coaplete  table  it  would 
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be  required  19*=361  the  assemblies,  commutated  at  the  output/yield. 

Ia  the  cas9  of  applying  the  special  code  of  eultiplication  and 
step-by-ste p  layout,  even  without  taking  into  account  the  decrease  of 
9quipaant  due  to  the  numerical  ratio  and  zero  and  single  values  of 
digits,  it  is  required 

45  4“  36  4*  36  *4“  1 8  —  135  asse  mblies  • 

This  calculation  is  made  inaccurately,  since,  on  one  hand,  was 
not  considered  the  complexity  of  the  assemblies  (in  the  step** by- step 
tables  they  are  substantially  simpler),  and  on  the  other  hand,  was 
not  considered  the  circumstance  that  in  the  step-by-step  tables  to 
the  input  is  fei  the  single-digit  code  for  forming  which  is  also 
necessary  the  corresponding  equipment. 

In  practica  during  the  reasonable  engineering  of  tables 
additionally  to  obtain,  cn  the  average  from  20  to  40o/o  of  economy  of 
equipment. 

Substantially  more  simply  and  morn  economically  are  realized 
single-input  tables,  i.  e. ,  the  tables,  working  from  one  operand  at 
the  input,  since  they  are  realized  with  the  zero  redundancy  and  they 
barely  require  the  enlistment  of  any  set  hods,  which  simplify  their 
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construction/design . 

Pag*  349. 

§6 ,5#  Principles  of  the  construction  of  basic  building  blocks  of 
arithmetic  unit. 

one  of  the  distinctive  properties  of  the  systea  of  residual 
classes  is  the  possibility  of  the  independent  and  parallel  processing 
of  each  digit  of  a  nuaber  in  the  majority  of  the  operations  of 
arithaetic  unit. 

In  connection  with  this  in  the  arithaetic  unit  can  be  isolated 
the  series/row  of  circuits  according  to  a  nuaber  of  bases/bases, 
which  work  in  the  majority  of  the  cases  independently  of  each  other 
and  in  parallel  in  the  tiie. 

In  the  operations,  which  carry  positional  character,  this 
independence  of  circuits  fails  and  the  result  of  their  work  is 
analyzed  together  for  the  deter  Bination  of  the  positional 
characteristics  of  a  nuaber. 

But  in  a  whole  series  of  aacbine  operations  circuits  function 
independently  and  independently,  defining  the  tiae  of  the  execution 
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of  entire  operation  by  the  tine  of  its  execution  in  the  longest 
circuit,  and  they  can  be  designed  as  standard  design. 

The  standard  structural/design  foraulation  of  circuits  has  the 
further  advantage,  which  consists  in  siaplification  in  the  redundancy 
of  arithaetic  unit. 

Deteraination.  By  the  eleaentary  coaponent/link  of  arithaetic 
unit  is  understood  the  functional  subasseably,  intended  for  the 
execution  on  tha  independent  foundation  of  the  systea  of  operations, 
realized  independently,  and  structurally /cons true tionali y  designed 
into  the  standard  circuit  of  arithaetic  unit. 

Here  by  the  word  "operation"  is  understood  not  only  the  single 
operation  of  arithaetic  unit,  wholly  realized  by  the  independent 
circuits,  but  also  the  individual  part  of  such  operation,  in  which  is 
withstood  the  aentioned  independence  of  circuits. 

Let  us  consider  in  aore  detail,  which  froa  itself  represents  the 
eleaentary  coaponaat/link  of  arithaetic  unit. 

The  block  liagraa  of  the  eleaentary  coaponant/link  of  arithaetic 
unit  is  represented  in  Fig.  6.40. 
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Through  Rg  is  designated  the  binary  register,  intended  for 
storing  the  binary  code  of  the  single  digit  of  a  nuaber. 

Page  350. 

In  all  is  assumed  the  presence  of  two  registers  Rgl  and  Bg2,  intended 
for  the  storage  codes  of  operands,  aoreover  to  the  register  Rg2  will 
be  brought  in  result  and  froa  it  is  produced  the  readout  of 
operation. 

Through  KT  is  designated  the  deck  of  tables.  Single  table  we 
will  designate  by  index  tinder  the  table  let  us  agree  on 
subsequently  to  understand  the  functional  diagraa,  intended  for 
executing  of  individual  operation  or  single  operation  on  this 
basis/base,  although  structurally/ccnstr uctionally  it  can  consist  of 
several  parts  (for  exaaple,  when  selecting  of  the  step-by-step  aethod 
of  organizing  the  tables) . 

Tables  can  be  realized  on  any  technical  basis.  For  the  certainty 
we  will  proceed  froa  the  potential  node  of  their  operation.  This  will 
perait  us  to  sxanine  tabular  type  diagraas,  which  work  directly  to 
each  other,  aoreover  result  froa  the  output/yield  of  terainal  table 
will  be  obtained  without  the  farther  control  signals. 
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Zaclusi on/connection  the  tcp  or  another  table  of  the  deck  of 
tables  is  produced  by  the  feed  to  it  of  control  voltage  along  channel 
C!C  -  the  " symbol  of  ins  traction". 

Through  T0i  we  will  designate  triggering  tine  of  table  on  the 
greatest  basis/base  with  the  execution  of  the  i  operation. 

Rasult  of  operation  is  preserved  on  the  register  Rg2.  If 
triggering  tine  of  table  is  snail  in  conpariscn  with  the  tine  of  the 
change-over  of  input  registers,  then  the  straight/direct  recording  of 
result  of  operation  on  Pg2  is  inpossible.  Therefore  between  the 
output/yield  of  table  and  the  input  is  connected  •delay  circuit" 
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Pig.  6.40.  Block  diagraa  of  the  elementary  coaponent/link  of 
arlthaetic  unit. 

Key:  (1).  Delay  circuit  is.  (2).  syabol  of  instruction.  (3).  Deck  of 
tables.  (4).  Register.  (5).  Input  of  first  number.  (6).  Input  of 
second  nuaber. 

Page  351. 

As  the  delay  circuit  can  be  used  interaediate  register,  delay  lines 
or  any  special  diagraas. 

The  deck  of  tables  has  the  seccnd  output/yield,  designated  c,, 
which  is  intended  for  the  participation  in  deteraining  of  the 
positional  characteristics  of  entire  nuaber. 


If  we  designate  the  tiae  of  the  change-owet  of  the  register 
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through  r t,  and  delay  factor  which  ensures  the  delay  circuit,  through 
r 2#  then  total  tine  of  the  execution  of  the  i  operation  on  the 
assuaption  that  the  operands  are  arranged /located  on  the  input 
registers  of  elementary  ccmponent/link,  will  be  defined  as 

Tl  ~  T0|  +  T,  -(-  T2i 

and  the  read-out  time  of  result  on  output/yield  ct  will  be  equally 

tO  T0i. 

Determination.  By  the  generalized  component/linlc  of  arithmetic 
unit  or  simply  oomponent/link  we  will  call  the  set  of  elementary 
coaponants/links  on  all  basis  of  system. 

If  in  the  operations,  perfcreed  by  arithmetic  unit,  were  not 
included  positional  type  operations,  then  devica/eguipaent  would 
consist  only  of  coaponent/link  and  local  control  unit.  The  presence 
of  positional  type  operations  determines  need  in  the  introduction  to 
the  composition  of  the  arithmetic  unit  of  the  so-called  block  of 
positional  characteristics  (b.p.kh.). 

Determination.  The  unit  of  the  positional  characteristics  of 
arithmetic  unit  we  will  call  the  functional  box,  intended  for 
determining  the  minimum  trace  of  a  number  or,  that  the  same,  foe 
numbering  of  the  interval  in  which  is  arranged/located  a  number. 


ewemepmaiMi 
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In  chapter  5  is  exaained  the  series/row  of  the  aethods  of 
deteraining  the  ainiana  trace  of  a  nunber.  Frca  consecutive  type 
aethods  let  as  select  the  aethod  of  nailing  and  will  consider  how 
will  appear  the  unit  of  positional  characteristics  in  the 
iaplaaantation  of  this  aethod. 

If  is  carried  out  the  process  of  nulling  on  i  digits  i*1,  2, 

,  n-1  is  obtained  the  nuaber 

(0,  o . 0,  ai+t,  al+I . a„),  (6.25) 

then  for  the  following  stage  of  nulling  is  chosen  the  constant  wh03e 
i  of  the  first  digits  -  zero,  (i*1)  digit  coincides  with  digit 
Pt+t  —  ai+i.  the  others  digits  are  such  that  the  selected  constant 
would  have  the  saallest  possible  value. 

Page  352. 

Then  during  the  addition  of  nuaber  (6.25)  with  this  constant  is 
nulled  next  i+1  digit  and  in  this  case  is  ensured  the  nonappearance 
froa  the  working  range. 

By  distinctive  features  of  this  process  is  change  at  each 
step/pitch  of  the  values  of  the  digits  greater  than  the  nulled  one, 
i.e.,  systea  tha  sequence  of  process.  Actually/really,  without  having 
finished  the  pravious  step/pitch  conpletely,  i.e.,  without  having 
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fulfilled  to  th3  end  the  addition  in  the  previous  stage,  we  do  not 
know  the  aore  significant  digits  of  the  number  according  to  which  at 
the  subsequent  steps/pitches  will  be  determined  the  constants  of 
nulling . 

Furthermore,  with  the  execution  of  the  process  indicated  we  each 
time  work  with  entire  number,  although  a  quantity  of  significant 
digits  of  number  and  significant  digits  of  constants  always  is 
reduced . 
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Fig.  6,41.  Unit  of  positional  characteristics  (version  of  nulling). 

Key:  (1).  Analysis  of  aore  significant  digit.  (2).  Poraation.  (3). 
Arithaetic  unit.  (4).  Froa  output/yield  of  accumulator/storage  of 
constants.  (5)  .  Unit  of  analysis  cf  aore  significant  digit  of  nuaber. 
(6).  To  input  of  arithaetical  unit.  (7).  Deck  of  constants  with 
address.  (3)  .  Accuaulator/storage  of  constants. 

Page  353. 

It  is  obvious  that  in  the  basic  building  block  of  positional 
characteristics  aust  they  consist  of  the  deck  of  the 
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devices/equipnaat  of  storage  of  the  constants,  rotation/access  into 
each  of  which  is  produced  the  appropriate  digit  of  a  number  as  this 
shown  in  Pig.  6.41,  and  the  unit  cf  the  analysis  of  eora  significant 
digit . 

It  is  logical  that  the  constants,  selacted  in  teras  of  the  value 
of  the  digit  of  basis/base  pt ,  have  significant  digits  on  all 
bases/bases,  including  pt,  the  constants,  selected  in  terns  of  th9 
value  of  the  digit  of  basis/base  pz,  have  to  one  significant  digit 
less,  and  furthar,  passing  fron  one  basis/base  to  the  following,  we 
each  tine  use  with  the  constants,  which  have  to  one  digit  less,  and 
finally  the  latter/last  group  of  constants  has  only  two  significant 
digits.  On  the  othar  hand,  taking  into  account  the  ordering  of  the 
system  of  bases/bases,  from  one  basis/base  to  the  next  increases  a 
quantity  of  constants  which  must  be  preserved,  in  other  words,  in  the 
accuaulators/storage  in  question  consistently  increases  a  quantity  of 
preserved  words  fro*  p4-1  to  pn  —  l  and  in  this  case  is  reduced  the 
discharge/digital  configuration  of  thesa  words  on  (n-1)  digit  in  the 
word  to  one  digit. 

After  designating  the  access  tine  of  constant  fron  the 
appropriate  accunulator/storage  through  t,ho,  we  will  obtain  tine 
T«t  of  the  execution  of  the  entire  operation  of  the  nulling 


Tni  —  (n  ~  1 )  (Tiuo  ■—  ?su<[). 
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With  the  execution  of  the  accueulators/s torage  of  constants  by 
tabular  aethod  it  is  possible  to  assuae  that  the  tiae  of  access  to 
a ccuaula tor/storage  and  the  tiae*  necessary  for  adding  two  nuabers  of 
one  order*  t,u8  *  Then 

t„i  ss  2(n  —  l)io.T 

The  version  of  the  execution  of  the  operation  of  nulling 
exaained  is  not  clearly  optiaal  froa  the  point  of  view  of  high  speed* 
since  the  execution  of  addition  and  the  saaple  of  next  constant  are 
spread  in  the  tiae. 

It  was  assuaed  that*  until  is  coapleted  addition*  to  us  was  not 
known  the  digit  on  which  must  be  selected  the  constant  for  the 
following  stage  of  nulling. 

However*  taus  far  is  produced  the  saaple  of  constant  for  the 
nuaber 

(0,  0, . .  .0,  ot(i  Bj+j,  . . a„) 

in  teras  of  the  value  of  digit  a,,  on  basis/base  P>>  in  the 
eleaentary  coaponent/link ,  which  works  on  basis/base  Pi+»*  it  can  be 
prepared  the  valus  of  digit  oi+j.  on  which  in  the  following  stage 
will  be  produced  the  saaple  of  constant. 


Page  354 
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Is  actual/real,  the  value  Sal+l,  which  will  be  subtracted  froe 
«*i+i.  in  order  to  obtain  ai-n.  it  is  deter ained  only  by  value  a,. 

Therefore  if  in  the  process  of  the  saaple  of  constant  in  terns 
of  value  ct£ ,  the  latter  will  be  transnitted  into  the  eleaentary 
cosponent/link,  which  works  on  basis/base  pj+t,  then  in  teras  of  value 
a,  and  a1+i  from  the  appropriate  table  can  be  selected  value  at+, 

But  in  this  case  in  the  constant,  selected  in  teras  of  the  valae 
of  digit  a£>  there  is  no  need  to  have  a  digit  on  basis/base  p(+t.  i.e. 
the  discharge/digital  configuration  of  constants  decreases  by  one 
sore  digit,  which  respectively  decreases  the  eguipaent  of  the 
accuaulators/storage  of  constants. 


If  a  previously  quantity  of  the  preserved  digits  St  was  defined 
as 

5.-2  (p«- !)(«-!), 

«— i 

then  now  it  will  be  defined  as 

S.-2* 

t— t 

i.e.  it  decreases  on 


n— t 


S  (Pt~  »• 

i— I 


The  tesporary/tise  perforaance  record  of  the  unit  of  nulling  in 
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this  csss  is  represented  in  Pig.  6.42. 

For  convenience  in  ths  dsscription  art  introduced  ths  following 
abbreviations: 

-  rotatioa/accsss  after  the  constant  in  teres  of  the  value  of 
digit  Qi  let  us  designate  sheet  06  a,. 

-  foraatioa/ed ucatlon  of  following  digit  a;*,  in  the 
elesentary  coeponant/link ,  which  works  on  nodulus/aodule  p,*.,  to  be 
designated  a;*, ; 


i 
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tfm.  t)  -m 

06cC/bj  £h  C» 

CCm^i  06<3Ln  z 

Pig.  6.«2.  Taaporar y/tlae  per  fora  once  racord  of  the  unit  of  nulling. 

Pago  355. 

-  tho  addition  of  nullized  nuaboc  with  tha  constant,  which  has 
significant  digits,  boginning  fros  tho  digit  cn  basis/baso  p i.  wo 
will  dosignato 

A  nuaboc  of  additions  in  tho  torsion  in  guastion  is  also  ogual 
n-1,  sines  tho  aullinq  is  con  duct  od  through  all  n~l  digits.  ffoverer, 
aftor  story  two  additions  is  reguirod  ono  furthar  stroke/cycle  for 
forsing  of  nest  addross  and  rotat ion/accoss  into  tho 
accuaulator/stocago.  Pig.  8.9  3  do  plots  ono  standard  group  of  tha  tins 
graph. 

With  addition  2,-«  siaultanoously  is  produced  tho 
rot  at  ion/accoss  into  accuaulatcr  in  torss  of  tho  talus  of  digit  a;., 

It  is  ispossibla  to  conbino  tho so  operations  with  tho 
forsation/oducation  of  addross  a;  sines  tho  elasentary 
cosponon t/link,  which  works  on  basis/baso  p,,  is  occupied  with  tho 
operation  of  addition.  In  tho  following  stcoke/cycle  with  addition 


Ti  .  .  of  at’. 

Of  at  ■  X ,  •  X,  ,  ^§-* 


at,  Mat,  atj  at'.  03 at at,  at,  riot,  at,  at. 


* 
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2,4+1)-*  Is  coabined  the  f oraation/educat ion  of  address  ai.  It  is 
iepossible  to  fulfill  in  following  addition  tine  :  2,,+1(-n  since  is  not 
carried  out  the  saaple  on  digit  ai.  in  connection  with  this  to  ewery 
two  addition  tines  falls  one  stroke/cycle,  free  froa  the  addition. 

Thus,  the  total  quantity  of  strokes  /eye  1  es,  free  froa  the 
addition,  during  which  is  produced  the  access  to  accueulator/storage 
and  the  foraation/education  of  next  address,  will  be  defined  as 
[n/2],  and  the  total  operation  tiae  of  nulling  as 

—  I)  Tca  t»hU- 

Taking  into  account,  as  earlier,  that 


we  will  obtain 


DOC  *  81023917  PAGE  54ls 

Ei-n  E{i,i i  n  OS  X, 

06  oli.,  ot.'i  d\., 

Pig.  6.93.  Standard  group  of  tine  graph. 

Pago  356. 

Bith  n  even  we  will  obtain. 

tm2  =  (-J  n  —  2)  TcJIi 

also,  with  n  odd 

3/1—5 

th2  =  — 5 —  TcJI‘ 

In  ganoral  with  n  « van  we  obtain  shortening  the  operation  tine 
on 

At„  =  T„1  — 1„2  =  (2  (a  —  !)  -4n -2)  Tc.,  =  jflTcj, 

or  in  the  percentages 

^fl00!i-(25-^§r)%. 

i.e.  not  less  than  to  25o/o. 

If  n  odd.  we  obtain  shortening  the  operation  tine  on 

4  _  *-f  1  _ 

ATj,  —  2  *c* 

or  in  the  percentages 

iil00-i_(25  +  7§r)>i. 

Is  feasible  also  the  version  of  pair  nulling.  The  set  of 


constants  of  this  case  consists  of 
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P\Pn-\  PlPn-2  ~  •  ■  •  Pn-lPn— 1  — 

2  2 

n— 1 

2  O') 

■^-g—  =  ^  (PlPn-l—  1)  KOHCT3HT  HJIH 

n—  1 

2 

Sj=  2  {PiPn->  —  *)  («  —  2i)  HH<J>p. 

i-i 


Key:  (1).  constants  or.  (2).  digits. 

The  process  of  nulling  a  nuabec  consists  of  n-1/2  steps/pitches. 
The  block  diagraa  of  device/equipaent  is  given  in  Fig.  6.44. 

The  total  tiae,  necessary  for  nulling  of  a  number  by  the  aethod 
in  question,  will  be  defined  as 

TH3  =  — o —  (T»u#  f  Twi)- 


Page  357. 


Hare  alreaiy  it  cannot  be  assuaed  that  tiu0  %  tca,  since  are 
required  the  accuaulators/storage  of  ths  constants  of  the  relatively 
great  capacity  which  hardly  can  be  realized  by  tabular  aethods. 
However,  taking  into  account  that  each  of  of  the  accuaulators  in  the 
process  nulling  works  only  on  the  saaple  of  one  constant,  i.e«,  with 
the  frequency,  in  n-1/2  tines  of  less  than  the  frequency  of  the 
steps/pitches  of  nulling,  we,  drawing  the  effort  of 
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accuaulators/stocage,  can  assume/set 

f*M0  ®  T|y]. 

Then 

tH3*(n-l)Tc.T 

The  time  of  the  execution  of  nulling  by  the  method  indicated  is 
shortened  on 

Ata  =  t„i  —  th.i  =  (n  —  1 )  Tc.t 

or  in  the  percentages 

ila  100%  =  50%. 

tai 

i.e.  process  proceeds,  as  one  would  expect,  two  times  it  is  more 
rapid. 


As  an  example  let  as  consider,  how  the  relationship/ratio  of  the 
storage  capacity  of  constants  in  all  three  methods  of  nulling  on  the 
assumption  that  is  preset  the  system  of  the  bases/bases: 

Pi  —  37,  Pi  =  4 1 ,  pj  =  43,  Pi  —  47,  ps  =  53,  p„  =  59,  p7  =  61 . 
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Pig.  6.44.  Devira/aquipaent  of  the  pair  nulling  of  a  number. 

Key:  (1).  Componant/link  cf  arithmetic  unit.  (2).  unit  of  constants. 


Page  358. 

Digits  on  all  basis  of  systes  require  for  the  storage  6-digit 
binary  registers,  since  with  an  increase  in  the  basis/base  is  reduced 
a  quantity  of  significant  digits,  then  we  will  consider  total  storage 
capacity  in  a  quantity  of  digits  which  aust  be  preserved. 

Por  the  first  aethod 

6 

Si=H(p,-\)(n-i)  = 

0) 

=  36 •  6 -i- 40 •  5  +  42 •  4  +  46 ■  3  +  52 ■  2 -f  58 •  1  =884  umfcpbi. 

Key:  ( 1) •  digit. 

Por  the  second  aethod 
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s2=S(p«-i)  (/i-i-i)  = 

1-1  <?\ 

=  36-5  +  40-4  +  43-3  +  46-2  +  52-l  =613  UH<i>p. 

Kef:  (1) .  digits. 

C^'  And  finally  for  the  third  sethcd 

5,=  2  (Pipn-i—  1)  (rt~2t)  = 

- (37-59-  1)5  +  {41  -53-  1)3  +  (43-47-1)=  19  446  m«|>p. 

Key:  (1).  digit. 

The  same  values  can  be  compared  between  themselves,  after 
leading  to  certain  standard  accumulator/storage,  which  has  word  with 
a  length  of  into  30  digits,  although  in  reality  this  comparison 
carries  purely  conditional  character. 

Then  total  capacitance  in  the  first  case  is  conditionally 
equivalent  to  accumulator/storage  with  a  capacity/capacitance  of  into 
177  words,  in  the  second  case  -  to  accumulator/storage  with  a 
capacity/capacitance  of  into  123  words  and  in  the  third  case  to 
accumulator/storage  with  a  capacity/capacitance  of  into  3839  words. 

Let  us  consider  now  possible  realization  of  one  of  the  parallel 
methods  of  determining  minimum  trace  of  a  number,  in  particular  the 
method  of  expanding  the  range. 
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la  this  method,  as  is  known,  is  assigned  number  A  by  digits 

a<,  a* . o„  and  is  determined  digit  On+t,  with  which  a  number  it  is 

correct  in  the  expanded  range,  Moreover,  if  SA  is  trace  of  number  A, 
then  initially  is  produced  the  expansion  of  the  number 

MA  —  (ct)t  ctj,  .  •  •  t  On-n  5^), 

rank  of  which  is  computed  from  the  formula 

«— 1 

r Ma  =  2  r 1 — nAm*> 
l-l 

where  rt  -  rank  of  the  corresponding  minimum  of  pseudo-orthogonal 
number,  and  nA  -  number  of  transitions  on  basis/base  pn  with 
formation/education  SA 

Page  359. 

Then  digit  a<B*>_,  of  the  expanded  representation  of  number  ma  is 
equal  to 

<*$.,  =(<f  —  rMA)  (mod 

First  of  all  here  should  te  focused  attention  on  the  fact  that  the 
majority  of  the  values,  which  participate  in  the  calculation,  are 
only  the  functions  of  the  digits  cf  an  initial  number  and  for  the 
operations  with  them  it  is  possible  to  use  values  a ,  (i=»l,  2,  ..., 

n-1),  recoding  them  at  the  input  cf  the  corresponding  table.  Let  us 
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introduce  the  dasignation  of  some  recoded  values:  the  value  of  trace 
S*  of  the  minimum  pseudo-orthogoral  number 


M.  =  ( 0,  0,  0,  ..  ..  ST) 

we  will  designate  S*  =  /i(a;),  and  rank  its  member  of  the 

generalized  sum  of  the  digits  of  number  A1a  let  us  designate 

XiCti  =  /3  (oci)- 


Hare 


—fz  (S*)- 

Then  the  trace  of  number  A  can  be  registered  as 


SA-  2  ft  (%)  (mod  p,.), 

and  digit  aW_,  -  as 

“m-i  =  (S  F  (*<)  +h  (SA)—nAmn)  (mod  pn+t), 

i»i 

where 

F  (a,)  =  (/*  (a i)  —  ft  (a,))  (mod  pn+t). 

Through  /*  (a„)  let  us  designate  the  corrective  term  for  number 
the  determined  by  values  a„  and  SA,  after  addition  which  to 
number  MA  is  obtained  number  A , ,  which  coincides  with  number  A  in 
digits  a,,  o2,  .  .  <v  in  this  case  is  produced  the  sign/criterion  r# 
which  is  determining  (with  r~  l)  the  presence  of  critical  situation. 


Page  36  0 


DOC  =  81023917 


PAGE 

Then  digit  u^ii  on  fcasis/base  pnT-i  of  number  At  can  be  defined 
as 

“n-t=(Z  F  (a.i)-i-nAmn)  (mod pn),  (6.26) 

i=t 

where 

F  (Zn)  =  It  3  (S.a)  -  /i  (<*n))  (mod  Pn-i). 

The  realization  of  expression  ((6.26)  assumes  the  presence  of 
three  groups  of  the  equipient:  the  first  group  of  equipment  for  the 
error  of  trace  SA,  simultaneously  with  it  nA  and  a  number  of 
incorrect  pairs  X,  the  second  group  of  equipment  for  calculation 

n—  1 

x  F  to,)  (modpn^t)  and  the  third  crcup  of  equipment  for  final 

i—l 

calculation  a;‘i(  and  analysis  of  critical  situation,  if  it  occurs. 

Fig.  6.45  depicts  the  first  group  of  equipment.  It  consists  of 
the  two-input  adders,  designated  by  index  I  with  the  indication,  on 
what  modulus/mod ule  they  work. 
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y.  o-i  oC  i  ot.  c£<  oLj  cL?  d$  etc  a  ^ 

^ - r^rS  . 

modr^r  vodJn**'  -modP/r,/!  modp^fi  mo &DnA 

^z~  ^\z  tJz 

^Jmod/wj  I"70** ^y”* 


Ur-1  CL”  t  CLn-t  CX , 


mod/7„.?i 


r 

:moa  Pn,, 


Pig.  6.45.  Block  diagrams  of  the  calculation  of  the  trace  of  a 
number. 

Page  36  1 . 


In  all  it  will  be  reguired  by  k  of  the  steps/stagas  of  tables, 
which  work  to  each  other  where  k  -  smallest  positive  number, 
determined  from  the  condition 

2*-‘<n  — 1<2\ 

•i 

In  this  case  tha  computing  tine  S.4  and  in  general  is  defined  as 

kr„. 


m 
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The  second  group  of  equipment  is  performed  also  on  basis  k  of 
the  steps/stages  of  tables.  Calculation  with  its  help  of  value 

n—  t 

V  f  (a,)  (mod  Pn-ri)  is  produced  after  kr0  tiae  intervals.  A  difference 

i- 1 

in  the  first  two  groups  of  equipaent  consists  only  of  the  coding  of 
values  a  (i=1,  2,  ....  n-1)  at  the  input  of  the  tables  of  first 
stage . 


In  the  sacond  group  of  equipaent  in  proportion  to  the  addition 
of  values  F  (a()  are  summarized  binary  signs/criteria  .  k  .  being 
determining  the  parity  of  the  aininun  pseudo-orthogonal  nuabers  each 
of  which  is  wholly  determined  by  value  a*  {(i=l,  2,  ....  n-1).  Thus, 

n— 1 

at  the  output/yiald  simultaneously  with  value  ,!E  F  la.Wmori  p. -■)  is 
computed  the  value  of  the  parity  cf  number  MA,  namely: 

2  kf  (mod  2). 

i-t 

And  finally  the  third  group  of  equipment,  represented  in  Pig. 
6.46,  realizes  calculation  and  sign  /criterion  y.  if  the  critical 

case  does  not  take  place  (y=0),  then  value  a<n”,  is  the  unknown 

v*  ... 

minimum  trace  of  a  number.  But  if  the  critical  case  takes  place  (rs1) 
then  it  Is  necassary  to  analyze  the  relationship/ratio  of  parities 
and  ^Ms)-  Parity  ^ (.4,)  is  determined  by  simple  summation  over 
the  binary  modulus/module  of  the  values  of  parities  of  number 

■W.A  and  parity  of  corrective  term 

tf (/!,)  =  (if (.11,0- vf(/; (a,))i '.mod 2).  In  terms  of  value  y(A{)  and  can  be 


0 
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determined  valua  N»  and,  if  occurs  situation  \"<  or 

AT  >  ,  whan  value  it  is  immediately  determined,  at  the 

output/yield  y2  appears  the  indication,  which  of  the  values  a,^,  or 
P»+t  is  unknown. 


Page  362. 

e 

If  occurs  situation  N'  =  ■- ,  then  is  produced  sign/criterion  Ts» 

and  than  indication  about  validity  an+,  or  Pn+t  is  reaoved/taken  froa 
the  output/yieli  y** 


Fig.  6.47  depicts  the  block  diagram  of  the  f ull/total/coaplete 
unit  of  positional  characteristics  for  the  parallel  version.  The 
total  tiae  rt  of  the  definition  of  the  aininua  trace  of  a  number  in 
the  noncritical  case  will  be  defined  as 

xi  =  (k  +  2)x0,  (6.27) 

and  in  the  critical  case 


Here 


t,  =  (*  +  3)t0. 


(6.28) 


lofo(/i— 1)+1  >*>lo&(n  — 1). 

Total  quantity  JVr  of  tables  there  will  be  the  order 

iVT  «  2  (2*  —  1 )  +  5  =  211*1  +  3,  (6.29) 

since  a  quantity  of  tables  during  their  organization  in  k  of 
steps/stages  is  equal  to  2"  —  1. 


A 
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tl  A 

Pig.  6.  46.  Third  group  oC  the  eguipment  of  the  unit  of  the  positional 
characteristics  of  a  number. 

Page  363. 

As  the  illustration  Pig.  6.48  gives  the  block  diagram  of  the  unit  of 
positional  characteristics  for  the  case  of  ten  bases/bases 

n+I-10. 

Here  k*3,  whence  r|s5r0f  r2=6r0  and  <VT  =*  19;  as  this  follows  from 
(6.27),  (6.28)  and  (6.29). 

The  unit  of  positional  characteristics,  computing  the  value  of 
the  minimus  trace  of  a  number,  simultaneously  serves  the  purposes  of 
the  checking  of  the  correctness  of  a  number,  since  by  the  simple 
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cob  pari  son  of  value  S  *  with  the  value  of  the  digit  of  a  nuaber  on 
basis/base  p»+i  we  deteraine  its  correctness,  in  other  words,  the 
presence  or  the  absence  cf  the  errcr  in  a  nuaber. 

In  general  into  the  structure  of  the  arithaetic  unit,  which 

works  on  bases/bases  p  1.  Pz . Pn.  P»  + 1.  where  basis/base  p«+ 1  is 

control  rooa,  aust  enter  two  siailar  units;  they  of  thea,  the 
defining  ainiaua  trace  according  tc  basis/base  pn+i.  is  the  unit  of 
check  to  the  presence  of  the  error  in  a  nuaber,  and  the  second,  that 
defines  the  value  of  ainiaua  trace  according  to  basis/base  pn,  is 
strictly  the  unit  of  positional  characteristics,  which  defines  the 
location  of  entire  nuaber  in  the  nuaerical  range  and  which  realizes 
the  operations  of  positional  character,  such,  as  the  deteraination  of 
the  sign  of  a  nuaber,  arithaetic  cosparison,  etc. 
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Kay:  (1).  First  group  of  equipment.  (2).  Second  group  of  equipment. 
(3)  .  Third  group  of  equipsent. 

& 

Ha  xopptKuuio 
De3u/n>marrta 

Fig.  6. 48.  Unit  of  check. 


Key:  (1).  Unit  of  the  positional  characteristics  of  a  number.  (2). 
Table  of  errors.  (3).  Register  of  errors.  (4).  For  correction  of 
result. 


Page  36  4. 

la  the  unit  of  check  additionally  to  the  equipeent  of  the  unit 
of  positional  characteristics  is  connected  the  table  of  the  selection 
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of  the  alternative  sets  of  errors  and  register  for  their  storage  as 
this  is  shown  in  Pig.  6.48.  In  proportion  to  the  contraction  of 
alternative  set  froa  the  contained  register  are  excluded  the  errors* 
which  cannot  occur,  but  after  the  end  of  process  in  teras  of  the 
value  of  error  is  produced  the  correction  of  result. 

§6.6.  Dn  the  structure  of  digital  coaputers  in  the  systea  of  residual 
classes. 

Questions  of  the  structure  of  digital  coaputers  are  extreaely 
vast  and  by  theaselves  are  the  cb  lect/sub  ject  of  wide  and  in-depth 
experiients.  Is  known  a  whole  series  of  the  publications,  dedicated 
to  fundamental  research  of  the  bases  of  theory  and  practice  of 
designing  the  digital  coaputers  of  the  aost  diverse 
designation/purpose. 

The  being  investigated  in  the  present  monograph  systea  of 
residual  classes  is  the  very  peculiar  nu aeration  systea  and  as  any 
nuaeration  systea,  are  set  limitations  not  on  the  structure  of  entire 
aachine  as  a  whole,  but  only  to  the  structure  of  arithmetic  unit  in 
light  of  the  peculiar  treatment  of  the  algorithms  of  the  series/row 
of  the  operations  of  arithmetic  unit. 


In  this  plan/layout  the  conducting  research  of  the  structures  of 
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computers  and  salection  of  the  optiaua  versions  of  the  organization 
of  entire  eachine  are  fully  applicable  also  to  the  aachines, 
constructed  in  nuaeration  systen  in  question.  Even  the  arithaetic 
unit,  aost  dependent  on  the  adopted  systea  of  nuaeration,  can  be 
organized  on  the  basis  of  the  concepts,  accepted  in  arithaetic 
devices  of  positional  aachines. 

However,  on  the  other  hand,  the  systea  of  residual  classes 
possesses,  as  wa  were  convinced,  the  next  very  specific  properties, 
which  do  not  have  analog  in  the  positional  nuaeration  systaas. 

Page  365. 

Becausa  of  this  specific  character  it  was  possible  to  construct  tha 
so-called  tabular  arithaetic,  net  applied  in  the  positional  aachines 
to  wort  out  the  new  principles  of  detection  and  correction  of  errors 
and  on  the  basis  their  arithaetic  of  errors,  that  also  is  iapossible 
in  the  case  of  the  positional  systea  of  nuaeration,  etc. 

Therefore  by  very  advisable  ones  is  considered  further 
developnent  of  research  in  the  region  of  the  structure  of  aachines, 
directed  toward  the  aaxiaua  utilization  of  the  specific  character  of 
nonpositional  systeas  for  the  purpose  of  an  essential  iaproveaent  in 
the  structural  paraaeters  of  digital  coaputers,  especially  this 
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paraieter  as  flexibility.  In  this  connection  it  is  possible  to  divide 
all  the  equipment  of  digital  computer  into  two  groups: 

first  group  -  equipment,  connected  with  the  representation 
of  a  number  according  to  the  independent  foundations.  Here  can  be 
referred  the  elementary  ccmponents/links  of  arithmetic  unit,  all 
forms  and  the  step/stage  of  the  accuaulators/storage  of  numbers, 
entire  system  of  Index  registers,  introduction  system  -  output  of 
informa ti on. 

dote.  It  Is  assumed  that  the  system  of  index  registers  is 
carried  out  in  the  nonpositional  version. 

Actually/really ,  the  addressing  of  accumulators/storage  it  is 
expedient  to  fulfill  also  in  the  residual  classes,  since  already  in 
the  accumula tors/storage  of  average/mean  capacity/capacitance  the 
modified  part  of  the  address  is  congruent  in  a  quantity  of  digits 
with  the  mantissa  of  a  number.  Hence  the  rates  of  the  arithmetic 
processing  of  a  number  and  address  must  be  congruent,  since  otherwise 
can  be  broken  the  balance  between  the  efficiency  of  the  arithmetic 
and  memory  unit. 

Second  group  -  equipment,  connected  with  the  operations  on 
entire  number  and  with  the  organization  of  the  work  of  all 
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devices/equipmeat  of  machine.  Here  are  involved  the  unit  of 
positional  characteristics  and  the  unit  of  check,  the  overwhelming 
majority  of  the  control  system,  the  accu mulatcr/storaga  of 
instructions,  etc.  During  this  division  it  is  possible  to  claim  that 
the  first  group,  which  consists,  in  essence,  from  the  mass  channels, 
and  therefore,  that  encompasses  the  suppressing  capacity  of  TsVJl 
[digital  computer]  on  the  basis  of  the  traced  in  chapter  u 
acquisition  systems  and  correction  of  errors  can  be  made  maximally 
tenacious  without  a  noticeable  increase  in  the  equipment.  This  means 
that  the  appearing  failure  is  corrected,  and  with  an  increase  in  the 
numbar  of  failuces  machine  continues  correctly  to  function,  but  in 
the  smaller  numarical  range,  i.e. ,  with  the  sialler  accuracy. 
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The  second  group  of  equipment,  which  comprises,  on  our 
calculations,  aocut  20-3Gc/o  cf  entire  equipment,  must  be  defended  by 
the  known  methods  of  redundancy. 

In  the  structural/design  plan/layout  of  very  promising  is 
represented  the  idea  of  the  organization  of  the  first  group  of 
equipment  in  the  form  of  single  machines  of  circuits. 

Under  machine  circuit  is  understood  the  equipment  cf  the  mass 
channels  of  the  introduction  systeii  -  output,  of  accumula  tors/storage 
cf  numbers  of  all  forms  and  steps/stages  and  the  elementary 
component/link  of  arithmetic  unit,  which  works  on  the  independent 
f  oundat  ion. 

If  we  compose  each  machine  circuit  with  its  local  control,  than 
noticeably  grows  the  percentage  of  functionally  tenacious  equipment. 

Further,  in  tha  system  of  residual  classes  is  very  uniquely 

* 

solved  the  problem  of  automatic  equipment  scaling  by  the  introduction 
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of  the  floating  range.  In  all  de v  ices/equipment  of  computer,  ^xc-pf 
arithmetic  unit,  numbers  car.  be  represented  in  the  range  (0,  S')  on 
bases/bases  Pu  Pi.  ■  ■  ••  P»- 

In  the  arithmetic  unit  the  range  of  the  representation  cf 
numbers  [0,  P)  can  be  substantially  increased  due  to  the  introduction 
of  the  series/row  of  additional  bases/bases  Pn+ 1.  P>»+i . Pn+m- 

P  =  &  jj  Pn+t- 
t— 1 

Assuming/setting  the  mantissas  cf  operands  by  those  represents:!  in 
the  range  10,  of),  unavoidably  we  come  to  the  fact  that  the  results  of 
arithmetic  operations  can  lie/rest  at  the  broader  band.  In 
particular,  for  the  representation  of  the  result  of  operation  of 
multiplication  we  should  to  have  a  range  of  the  order  (0,5^),  and  this 
means  that  after  the  admission  into  the  arithmetic  unit  the  mantissas 
of  operands  must  bs  represented  in  the  broader  aand  [0,  P)  ,  vh-»r? 

Then  the  result  cf  arithmetic  operation  is  exact,  but  it  it  is 
necessary  to  reduce  to  the  form,  which  makes  it  possible  to  transport 
it  into  other  devices/equipment  of  machine,  which  use  in  the  range 
[0,  S'),  for  which  it  is  necessary  tc  produce  rcunding  on  the 
additionally  introduced  bases/bases. 

As  is  known,  rcunding  on  basis/base  Ps  consists  in  the 
reduction  of  a  number  to  the  form,  which  separates  on  Ph  i.e.  in  the 
subtraction  from  entir®  number  cf  digit  on  this  basis/base  and  ir. 


£  [  -a 


DOC 


81  023  ^1  3 


PAGE 


division  ct'  the  obtained  result  on  Pi- 


Page  367. 

On  the  strength  cf  the  fact  that  all  basis  of  the  expand'*! 
system  are  mutually  prime  numbers,  but  after  division  or.  P;  js  i: 
on  this  basis/bass  no  longer  interests,  the  indefinite  situations 
form  0/0  arise  cannot. 

Let  the  result  of  arithmetic  operation  take  the-  form 

*4  “  (®it  •  •  • »  GCn*  ^n+i»  •  •  •  »  ^ntm)' 

then  after  the  turning  of  range  we  obtain 

•4  *  P*Vip«t-2  •  ’ '  . *n)'  (6-3ll) 

where  (/  =  1,  2,  . . m)  is  the  binary  function,  which  fakes  th^  values 

6y=1,  if  was  produced  rounding  on  basis/base 

5j=0,  if  roundings  was  net  produced. 

Determination.  Under  the  natural  form  of  the  representation  c 
number  in  the  residual  classes  we  will  understand  representation  o 
the  form  (6.30),  in  which  the  mantissa  of  a  number  is 
arranged/located  in  the  range  (0,  eP). 
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Determination .  The  turning  of  range  we  will  call  the  process  of 
transition  from  the  representation  of  mantissa  in  the  range  [0,  ?)  to 
its  representation  in  the  range  10.  ^)- 


Expression  (6.30)  leads  us  to  the  following  representation  of 
entire  number 

4  =  /*V!^+2  •••  P&mM’  <6-31> 

where  H  -  mantissa  of  a  number.  - 


For  retainin g/preser ving/mai rtaining  the  greatest  possible 
accuracy  of  a  number  in  representation  (6.31)  the  value  of  mantissa 
must  be  limited  from  below  in  such  a  way  as  to  maha  impossible 
further  decrease  of  orders,  in  ether  words  so  that  would  occur  the 


conditicn 


P*+jM  > 

I  =  1 1  2,  •  •  - 1  T7l. 


(6.32) 


I 


Determination.  Under  the  floating  point  number  representation  in 
the  residual  Classes  we  will  understand  the  representation,  which 
satisfies  condition  (6,32).  In  ether  words  the  mantissa  of  a  number 
of  normal  form  must  satisfy  the  inequalities 

(6.33) 

Page  368. 

For  the  regulated  system  of  bases/bases  value  j  can  be  select?}  from 
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set  j=1,  2,  ...,  r.,  n+1.  However,  the  set  of  the  pessiole  values  j 
can  be  abbreviated/reduce c ,  taking  into  account  the  following 
considerations.  Number  A  is  represented  in  the  expanded  range  on 
further  bases/bases  pn+j  (/' =  1,  .  .  m)  only  in  the  arithmetic  unit.  In 
the  remaining  devices/equieme  rt  cf  irachine  the  mantissa  is 
represented  only  on  bases/bases  P\  Pi,  ■  •  ••  Pn,  therefore  selection  j=r.*1 
is  unsuitable,  since  this  will  hinder/ha  mper  the  determination  o 
form  cf  the  representation  of  a  number  in  these  devices/equicment. 
From  the  remaining  possible  values  of  j  it  is  expedient  tc  select  the 
greatest  value  of  j  =  n,  since  ir.  this  case  the  condition 


(6.34) 


satisfies  a  great  quantity  of  the  possible  values  M ,  and  also, 
therefore,  mere  rarely  appears  need  in  the  number  normalization. 


If  ertira  numerical  range  [0,  &)  is  decomposed  on  pn  intervals, 
then  condition  (6.34)  is  equivalent  tc  requirement  so  that  the 
mantissa  of  number  represented  with  a  floating  point  would  be  placed 


in  any  interval 


[/*.  U  +  l)&), 

/  =  1 1  2,  .  .  . ,  pn  —  I , 


except  the  first,  for  which  j  =  0, 


Continuing  the  development  of  the  fora  of  the  representation  of 
a  number  examined,  it  is  possible  tc  construct  the  new  typo  of  ‘•he 


Mi  • 
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arithmetic  unit,  which  uses  with  the  integers,  but  automatically 
which  corrects  the  value  cf  the  range  of  the  representation  of 
operands  and  result,  i. e.  ,  here  frcm  the  concept  of  floating  point 
pass  to  the  concept  of  the  floating  range  of  the  representation  of 
numbers. 

Page  369. 

§  6.7.  Principles  of  the  construction  cf  the  combined 
discrete-continuous  devices/equi  p  irent  in  the  system  of  residual 
classes . 

An  increase  in  the  accuracy  of  digital  computers  is  limited, 
essence,  by  the  permitted  value  cf  discharge  nets  of  machine,  i.  e. 
by  a  quantity  of  equipment,  while  the  accuracy  of  analog  computers 
many  respects  is  determined  by  quality,  in  other  words  in  the 
precision  of  equipment,  in  connection  with  which  accuracy  into  thr 
or  four  accurate  sign  of  result  it  is  considered  for  them  as  th* 
sufficiently  high. 

Very  essential  is  this  factor,  as  the  universality  or  digital 
computers,  i.e.,  the  possibility  tc  solve  the  problems  of  aifferen 
classes  without  the  equipment  r eccnstruction  cf  machine. 
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The  advantages  cf  th«  digital  computers  ever  analog  cncs  are 
such  essential  ones  that  defi c  ienci es/lacks  their,  such,  as  a 
quantity  and  the  overall  sizes  cf  equipment,  the  high  required 
powers,  the  longer  time  cf  the  solution  of  problems,  the  prolonged 
preliminary  preparation  cf  tasks  for  the  solution,  high  quali ficat io 
and  relatively  larger  staff  of  the  service  personnel,  do  not 
interfere  with  digital  computers  to  successfully  compete  with  the 
analog  ones  almost  in  all  fields  cf  application  cf  the  latter. 

Is  hence  clear  interest  an  the  research  cf  discret  e-  cor.i  inu  ous 
type  hybrid  constructions/designs,  which,  supposedly,  could  join 
advantages  of  both  types  cf  machines,  but  namely  ensure  the  high 
accuracy  of  the  solutions  of  digital  computers  with  the  inherent  in 
them  relatively  lew  requirements  for  the  allowances  of  the  utilized 
parts,  simplicity,  compactness,  efficiency/cost-effectiveness ,  spe=1 
of  obtaining  result  and  with  the  organically  inherent  in  analog 
computers  ability  to  werk  in  real  time. 

It  is  logical  that,  remaining  in  the  analog  technology  at  the 
level  of  the  ordinary  representation  of  numerical  values  and  diagram 
cf  the  solution  of  problem,  we  can  increase  the  accuracy  of  th» 
solution  only  due  to  the  considerable  decrease  of  an  error  in  the 
equipment,  whica  is  possible  ir.  the  sufficiently  limiting  limits. 


b 


r 
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Therefore  for  an  increase  in  the  accuracy  of  the  solution  it  is 
considered  by  advisable  tc  find  this  form  of  the  representation  of 
numerical  values,  when  each  value  from  the  full/total/complete  rarge 
is  represents!  by  the  set  of  numbers  of  the  small  numerical  ranges. 
Then,  treating  individually  each  value  of  a  small  range  on  the 
maximum  scale  of  de- vice/equipment  and  composing  at  the  c utput/y i* Id 
the  results  of  processing,  we  obtain  a  considerable  increase  in  th* 
accuracy  of  computer  operation. 

Page  370. 

One  of  similar  met  beds  is  the  so-called  "stretching  method" , 
which  provides  for  the  separation  of  input  data  into  the  individual 
parts  and  processing  each  part  individually  in  the  maximum  ran}?  of 
device/equipment. 

However,  this  method  is  also  limited  from  the  point  of  view  of 
obtaining  the  high  accuracy  of  result.  A  most  essential 
deficiency/lack  in  this  method  is  the  need  for  the  account  of  the 
connections  between  the  individual  parts  of  the  workable  values  with 
the  axacution  of  operation. 

In  connection  with  that  presented  for  solving  stated  problem  of 
it  is  expedient  to  take  this  form  cf  the  representation  of  numerical 


L.. 
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values,  when  an  initial  number  would  ba  represented  by  the  s-t  of  th< 
not  connected  numbers  of  small  ranges.  As  we  already  could  be 
convinced,  this  requirement  satisfies  the  system  of  residual  classes 

Ac  tu  ally /really,  since  the  remainders/residues  on  the  different 
bases/bases  are  not  connected,  ther®  is  no  limitation,  sup<rimocs*d 
by  the  need  for  considering  the  connections  between  them.  Since  the 
result  of  any  rational  operation  above  each  digit  of  the  number, 
represented  in  the  form  of  remainders/residues  along  the  selected 
system  of  bases/bases,  itself  is  remainder/residue  on  the  same 
bases/bases,  then  there  is  no  need  for  scale  change  in  resolvinj 
task. 

Let  us  suppose  we  should  tc  solve  some  task  (for  example,  find 
the  solution  of  the  system  of  differential  eq  uation  s)  whose  numerical 
values  are  changed  in  the  range  [0,  ^)- 

The  participating  in  the  solution  of  problem  numerical  values 
are  represented  in  th®  system  of  residual  classes  with  range  10.  S')  i: 
the  form  of  the  remainders/r esi dues 

®i»  ®ii  •  •  ■  i  ®» 


on  the  appropriate  bases/bases,  each  of  which  is  treated  cn 

appropriate  elementary  analog  unit/iy  (mod  p,),  Ay  (mod  pi) . /iy(modpn),  as 

this  shewn  in  Pig.  6.49. 


Thus,  treating  independently  values,  greatest  of  which  dees  not 

exceed  Pn,  actually  we  use  with  the  value,  which  lies  in  the  range 

[0,  *). 

As  lcr.g  as  the  problem  is  not  completely  solved,  the  described 
work  can  be  produced  independently  fer  each  of  the  analog  units 
.iy(modp,),  Ay  (mod  p2)  ■  ■ Ay  (modp„),  ranges  cf  which  are  Pi,  P •  •  •.  P„ 
respectively. 

Page  37  1. 

It  is  logical  that  the  input  values  also  are  represented  in  the. 

form  of  remainders/residues  on  fcases/bases  Pi,  Pz . pn  and  in  this 

form  enter  the  input  cf  the  analog  units  Vfch  1 ,  Vkh2,  ...,  Vkhn.  when 
processing  numerical  information  in  each  of  the  elementary  analog 
units  is  completed  and  will  ccac  up  the  question  about  the  output  cf 
result,  output  device  VU,  after  obtaining  the  value  cf  output 
quantity  in  the  fora  of  remainder  s/residues  <*i»  aj,  .  .  a,,,  relating  to 
one  and  the  same  moment  cf  time,  converts  on  one  of  the  methods  of 
transition  from  residual  cumbers  tc  the  positional  numeration  system 
the  obtained  result  intc  a  positional  number  and  it  will  transmit  if 
to  the  output/yield. 
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The  procedure  cf  readout  indicated  can  be  carried  out  as  many 
once  in  the  time,  as  is  required  according  to  the  conditicns  cf  task. 

Thus,  the  incoherence  between  themselves  of  remainders/r^sidues 
on  the  differenc  oases/bases  ensures  the  carrying  out  of 
computational  process  in  the  free  devices/equipment,  which  work  or. 
the  different  bases/bases,  and  the  need  for  the  transformation  cf 
result  5 nto  its  positional  form  of  representation  appears  already  cut 
of  the  elementary  computers. 
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Fig.  6.49.  Block,  diagram  cf  discrete-continuous  ievice/equipjar*.. 


Kay:  (1).  input.  (2).  output  of  result. 


Page  372. 


Thus,  although  each  cf  the  devices/equipaent  must  have  for  the 


correct  determination  of  the  value  cf  numerical  value  only  accuracy 

of  order  (/  **  I,  2 . n),  nevertheless  under  these  conditions  output 

result  will  be  ietarmir.ed  with  an  accuracy  to  value 


_i__ _ 

&  ~  " 


In  other  words  if  it  proves  to  be  possible  tc  organize 


elementary  analog  units,  each  of  which  works  cn  modulus/mcdui  e 
then  is  o pened/3 isc losed  the  possibility  of  the  construct icr.  of  the 
analog  system,  which  works  with  ary  preassigned  accuracy. 
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In  this  ci3«  the  growth  of  the  accuracy  cf  this  analog  s ysten 
will  be  produced  as  in  the  digital  computers,  only  due  to  an  increase 
in  the  quantity  relative  to  ncrprecision  equipment  -  the  addition  of 
certain  guar.tity  of  elementary  analog  units,  which  wcrk.  in 

bases/oases  P*+i.  Pn+z . P-i**.  by  mutually  simple  Doth  between 

themselves  a  r.d  with  thr  previously  selected  basas/bases. 

Passing  in  the  elementary  analog  unit  to  the  work  on  basis/base 
P<.  we  build-in  into  the  work  cf  this  da vice/eq uipment  the 
element /cell  of  discreteness,  which  consists  in  the  requirement  cf 
the  integrality  (taking  irto  account  scale)  of  the  value  of  function 
at  this  integral  (taking  into  account  scale)  value  cf  argument. 

A  similar  discreteness  is  equivalent  to  sues  tit ution  by  curved 
broken  line,  tho  nearer  that  approaching  curve,  the  less  the 
step/pitch  of  separation  Ax. 

In  other  words,  after  assigning  the  required  accuracy  cf  the 
representation  of  the  curve  y  =  f  (x)  ,  always  it  is  possible  to  find 
such  step/pi  ten  of  separation  Ax,  with  which  the  values  of  function 
at  f ixed/racord ad  points  xu  xz,  .  .  xt  are  known  to  us  with  the  preset 
accuracy. 

In  this  sanse  the  discreteness  of  curve  can  be  treated  as 
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follows.  We  fix/r»cord  the  points  at  which  the  values  of  func*:.  an  a 
xnown  to  us  with  the  preset  accuracy.  Between  these  points  the 
function  varies  continuously,  but  we  do  not  have  information  aoout 
what  values  it  taxes.  The  assignment  to  function  y  =  f  ( x)  ,  for  »xim;l 
of  basis/base  pi  also  does  r.ct  break  its  continuity  in  t  h«  ran:  a 
10,  p^,  since  the  latter  is  equivalent  to  the  parallel  translation  r* 
the  axis  of  abscissas  to  values  p,,  2 p,,  3 p,,  .  .  .  respectively. 

Page  373. 

A  similar  assignment  to  function  ensures  correct  work  of  elementary 
analog  unit  with  the  execution  cf  rational  operations,  that  as  tne 
latter  they  are  performed  by  analog  unit  for  each  point  oi  cum,  a 
integral  (to  scale)  result  is  r emcved/taken,  at  those  values  c: 
argument,  at  which  are  determined  the  fixed/recorded  points  of  mi  l 
function  (integral).  Since  in  the  system  of  residual  classes  any 
rational  operation  is  accomplished  accurately,  then  at  the  fixed 
values  of  argument  the  result  cf  ary  operation  is  obligated  tc  be 
integral  and  deviation  from  the  irtegrality  can  be  caused  only  by  a 
equipment  errcr  in  the  de vice/eguipment.  Therefore  with  the  dsviati 
of  result  from  the  integer  value  at  the  fixed  values  of  argumanr  as 
the  accurate  value  of  result  must  be  accepted  near  integral  (ta 


scale)  value 
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If  alimentary  analog  units  have  a  range  cf  a  change  in  values  3 
and  one  of  them  works  on  tasis/fcase  p,,  then  weight  m  of  unit 
interval  will  be  defined  as  m  ~ -j- ■  If  wa  proceed  from  the  fact  that 
is  permitted  an  error  in  result  cn  the  order  cf  1/3  unit  intervals, 
then  the  permissible  relative  ®rrcr  5  can  be  evaluated  as 


6  = 


30 

Pi 


Then  when  selecting  cf  bases/tases  among  mutually  prime  numbers 
3,  5,  7,  11,  13,  17,  19,  22,  39,  31,  which  close  the  range 


S  IO11. 


it  is  pcssible  to  use  the  elementary  analog  units  whose  resulting 
accuracy  the  order 

1*le- 10%. 


Page  37u. 


If  under  the  price  cf  the  unit  of  range  !*  we  will  understand  th 
ratio  of  the  value  cf  numerical  K-fcand  the  range  of  a  charge  in  th® 
electrical  parameters  of  device/equipment  D,  then  in  tha  case  of 
using  ore  device/eguipment  fcr  the  work  with  numerical  values,  which 
lie  in  the  range  10,  S)  we  will  obtain  the  price  of  the  unit  of  the 
range 

and  in  th®  case  of  work  cn  bases/tases  p,.  p; . p,  for  independent 

foundation  P.  w®  obtain 
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whence  it  follows  that  the  price  of  the  unit  of  range  is  reduced 


.w,  &  rr 

=  11  Pi  times. 

>=i 


Let  be  now  preset  fucc+icr.  S  (x)  of  the  form 


•$(*)=  V  akfh(x). 


(6.35) 


where  a*—  whole  non-negative  numbers,  and  /*—  continuous 
functions,  which  take  the  integral  (to  scale)  values  at  the  integral 


(to  scale)  values  of  the  argunert 


A'j,  Xoy  .  .  .  , 


moreo  V3r 


Xm  —  Xm-i  —  t  xm- 2  —  •  *  •  *2 


On  the  strength  of  the  fact  that  (6.35)  is  correct  for  all  x  it 


is  possible  to  write 


where  j=1,  2,  ...,  m ,  or 


S  (*;)  =  V  akfk{Xj)(modpi), 

kmmi 


S(xj)=  ^  <Vv 

*=i 


(6.36) 


where 


i  ~  1.2,  . . m, 

I 

***«  —  (mod  p,), 
f hi  -  fh  (xj)  (mod  pi). 

Let  us  show  corectness  of  transition  from  (6.35)  to  (6.26)  for 


seme  forms  of  the  function  fk(x). 


_ -ax 
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Page  375. 

Let  f  (x)  be  the • f unction  ,  obtained  under  the  influence  of  certain 
operator  F  on  the  function  0(x),  i.  e. 

f(x)^F<f(x). 

Then  under  the  assumptions  mad*'  afccve  we  have 

fki  =  F<iHi. 

Let  us  consider  the  form  cf  operator  F  for  the  operations,  realized 
in  the  residual  classes. 

For  the  operation  cf  addition  (subtraction) 

fk  ( x )  =  (x)  =  <( ,  (x)  -  <f:  (x>. 

where  *i(x)  ar.d  *2(x)  -  the  function  of  operands. 

On  the  strength  of  the  fact  that  at  points  xv  x2 . v,.,  we  us- 

with  the  integer  values  of  functions,  the  remainder/residue  of  th° 
sum  must  be  equal  to  the  sum  cf  the  remainders/residues  of 
components/terms/addends .  Hence 

fki^F&ki-* P.i-r<Pv 
i=  !,  2 . m. 

For  the  operation  of  the  multiplication 

fk  (X)  =  F2( Pk  (x)  =  <P,X<?2X- 

For  the  integer  values  the  remainder/residue  of  product,  as  is 
<r.own,  it  is  equal  to  the  product  cf  the  remainders/residues  of 


DOC 


d 1023 91  a 


PAGJ  £2/? 


operands,  i.s. 


/*4  =  =  <Pli«P2i- 


For  the  operation  of  the  dif f erentiation 

!k  (x) = F&k  (x) =4r'ik  (x)' 

cr  regarding 

fk  (jc  )  =  w. 

where  w  -  member  of  the  second  order  of  smallness. 


Choosing  along  the  axis  of  abscissas  scale  grid  in  such  a  way 
that  Ax=l,  and  examining  only  the  integer  values  cf  functions,  it 
possible  to  write 

i  «t  —  —  <f  «j  v-v  ~  * )  *?<!,  (■'■";)• 


For  the  operation  cf  the  integration 


Page  376. 


X 

/*(*)«F*< p*W- J  <p*  (*)<**■ 
*0 


Since  the  integral  can  be  represented  in  the  form  of  the  sum 
products  and  since  the  step/pitch  of  integration  can  be  combined  w 
the  step/pitch  of  scale  grid  alcng  the  axis  of  abscissas,  then  it 
correct 

x 

i»i  -  §  9*i 
*0 

Thus,  is  est ablishea/ins ta 1 led  the  fact  that  for  the  operatic 
examined  expression  (6.35)  car.  te  substituted  by  expressi  on  ( * .  3  ^ ) 
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Phis  is  correct  under  the  done  above  assumption  that  at  the  points  of 
the  selected  scale  grid  along  the  axis  of  abscissas  function-operands 
accept  the  strictly  integral  (to  scale)  values. 

Let  us  consider  new  the  situation  when  function-operands  and 
t»2  under  the  effect  cf  seme  factors  deviated  tv  values  e.  and  e „ 
from  their  integer  values.  Since  the  result  must  be  integral,  tner.  it 
is  necessary  it  to  correct,  after  relating  to  the  nearest  integer 
value.  Therefore,  obviously,  errors  in  function-operands  and  error  ir. 
the  de vice/e quipment ,  which  performs  above  them  the  preset  operation, 
must  be  in  this  state  that  the  result  would  be  obtained  near  the  true 
integer  value,  and  then  at  the  cutput/yield  of  elementary  analog 
circuit  must  be  connected  the  cevics/equipment,  which  corrects  th° 

value  of  output  function  at  points  xu  x« . xm  to  the  nearest  integer 

value.  If  series- connec ted  several  elementary  analog  units,  then 
compensator  must  be  connected  only  in  that  place,  where  accumulated 
error  for  result,  which  is  obtained  due  to  an  inaccuracy  in  th« 
previous  de vicas/equipment,  becomes  close  to  the  critical. 

As  the  illustration,  let  us  consider  the  integration  of  linear 
differential  equation  with  the  constant  coefficients. 

Example.  Let  us  consider  work  of  the  elementary  analog  unit, 
which  has  error  not  better  than  1c/c,  the  realizing  the  solution 
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differential  equaticr. 


with  the  initial  condition 


ax 

It 


~  X 


x  (t=0)  =x0 


(6.37) 

with  an  accuracy  to  k  siqns. 


For  guaranteeing  the  integrality  of  argument  let  us  introduce 
tha  scale,  determined  frem  the  condition 

Mt±t  =■  l . 

Page  377. 


Then  the  range  cf  a  change  of  the  argument  to  scale  is 
represented  as  hi  MtT). 

Let  us  introduce  scale  .w*.  ensuring  the  integrality  of  functio 
in  the  preset  rang®  of  argument,  in  the  f or m  Afx  * lo'*.  for  obtaining  th 
accuracy  in  k  of  decimal  joints  after  comma.  Let  us  select 
bases/bases  Pv  Pz . p*  from  the  condition 

T1 

Pi>  Mxx(:  -  T). 

i*»l 

Then  the  initial  condition 

x0  ~  A1 X  To 

car.  be  registered  in  the  form 

*0  =  (*0I-  *02 . *0 n> 

To  solve  equation  (6.37)  we  will  be  cn  all  n  to  bases/bases  ir. 


parallel,  for  which  it  is  necessary  to  have  n  of  the  elementary 
analog  units  each  of  which  works  cn  their  basis  Pi  U  —  1.  2,  .  .  ..  n)  wit 
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initial  condition  xai- 

Determination.  Subsequently  the  solution  of  initial  aquation 
basis/base  pi  we  will  call  the  projection  of  the  solution  by  thi 
basis/base. 

Lat  us  consider  the  functioning  of  the  device/equipment , 
represented  in  Fig.  6.50  cn  fcasis/fcase  o  with  initial  condition 
xoi  ~a  from  moment/torque  The  delay  time  cf  the  integrating 

componant/link  let  us  designate  through  r.  Here  12  designates  the 
elementary  integrating  component/ link ,  KU  -  compensator,  v  -  inpu 
tube.  In  the  time  interval  1*,.  t,  —  output  stress/voltage  wil 

=  a. 

In  interval  tf  tt  -r2x)  we  will  obtain 


x2  =  a{  \  +U  —  ti)~i). 


I/O  c 


1 1  '2  39  IS 


PAoE 


!•*</ 


Fig.  6.  SO.  Bier*  iiagram  cf  th<?  integrating  d €v ice/e guio me 


K“v  :  ( ’ )  .  outp'i*. . 


Page  373. 
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Com?onsator  in  this  case  at  each  fixei/r ecorded  moment  cf  tin* 
ensures  the  integrality  cf  result  that  it  is  equivalent  to  task  at 
this  moment  cf  the  time  cf  the  exact  initial  values,  which  exclude 
the  prehistory  of  the  wcrk  cf  device/equipment. 

After  designating  t  —  ti  =  tt,  we  will  obtain 

x  =  a(l  —  T)e'‘-ax  -jjj-  +  a(l  —  x)  Rn.  (6.38) 

Let  us  now  move  cn  to  the  numerical  computations.  Let  th® 

initial  value  of  function  be  is  preset  as  by  x ( t-Q) =  1.  We  will  seek 
the  solution  of  equation  (6. 31)  with  an  accuracy  to  four  sigrs  in  th 
range  cf  argument  [0,  1). 

Then  aj*=io«  and  the  solution  will  take  the  form 

..  M.l 
x  =  *  , 

whence  the  initial  value  cf  function  (to  scale)  x0  =  lo*.  Let  us  ~ei®c 
the  step/pitch  of  argument  equal  tc  0.01,  then  with  th®  intro  lucec 
scales  argument  varies  in  the  interval  *  0,  10C)  with  the  step/pitch 
A t  =  1 ,  and  function  -  in  the  interval  [10^,  27  133). 

Page  379. 

Let  us  select  the  system  of  the  bases/bases:  p,  -«ii.  p2  -12,  p3=  13.  p,  - 
its  range  & -29 1 72  >  27  183.  we  compute  the  values  cf  the  orthcgcral  bas®s 

fl,  =  2  652.  fl,  =17  017.  S3  =11220.  S4=  27  4t6. 
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Initial  condition  will  be  icgisrer^d  as  *,>  -.(U  •».  3.  4i.  scal^  of 
argument  M,  =  u,  4,  9. 15),  the  scale  of  function  m* -*ii.  4,  3,  4i. 

A1X 

Each  value  <R  is  accompanied  by  coefficient  ~^ir  ■  Here 

4^-11.  4,  9.  5)  =  100.  -^4-  -  (I ,  ! .  ! .  1)  1. 
vtr 

Vf_  (>) 

^(0,  0.  0,  0)  -0  npH  k  >2. 

Key :  (1 )  .  with.  1 

Considering  that  r<<t,  we  will  obtain  value  of  x  at  point  t,  =  1: 

*i  (mod  p,)  =  3,  xt(modp2)  -9,  x,  (mod  p3)  =0,  x,  (iv.ori  p.)  --3. 

which  corresponds  in  the  deciiial  system  to  the  number 

*,  =33,4-9624-33*  =  ioioi 

or  taxing  into  account  scale  *,  =  1.0101. 


After  the  carrying  cut  ccrrections  we  pass  to  the  point  r-2, 
where  we  work  with  the  new  inutia]  value  cf  function  x0  -=(3. 9. 0, 3).  Her 

each  value  ‘ k  is  accompanied  by  the  coefficients: 

-rr-  —  (2,  8,  5,  13)  =200,  i^-=(2,2,2,2)=2. 

Mi  Mt 

— §-=  (0,  0,  0,0)  =0. 

Mi 

Then  the  value  of  function  x  at  the  new  point  t2  is  define  \  as 

*2  (mod  pt)  —  5,  *j  (mo u^u-2,  *j  U‘io3  vy  —  10,  x2  (.mod  p*)  =  2. 

Whence  *« (5,  2, 10,  2)  =  10202  cr  tc  scale  <  =  1,^502. 
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Page  380. 

Chapter  7. 

STSTEM  OP  RESIDUAL  CLASSES  IN  COMPLEX  DOMAIN. 

Ia  his  famous  "arithmetic  research"  K.  P.  Gauss  buLlds-in  into 
the  examination  complex  integers  a+bi,  where  a  and  b  -  whole  real 
numbers,  and  is  constructed  the  theory  of  comparisons  for  complex 
integers.  He  is  presented  further,  following  Gauss,  some  necessary 
for  future  reference  questions  of  the  arithmetic  of  such  complax 
integers.  Everywhere  further  under  a  complex  number  we  will 
understand  complex  integer,  if  contrary  will  not  be  in  a  special 
manner  stipulated. 

It  is  easy  to  see  that  the  sum,  difference  and  product  of  two 
complex  integers  is  also  complex  integer,  let  A=a*bi  -  certain 

complex  number,  rha  nuabers 

A(—\  )~—a  —  bi.  Ai  =  ai  —  b,  A(  —  i)=—ai  +  b, 

0 

the  obtained  by  multiplication  numbers  A  respectively  on  -1,  i,  -i, 

•  7*  ♦ 

are  t h 3  associated  with  A  nuabers*  Nuabsr  A,  foraed  froa  A  by 
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9 

replacement  in  it  i  on  -i,  is  the  con jugated/coabinad  with  A  number. 
Value 

•VA  =  AA  -  (a  T  ti )  (a  -  bi)  =  a*-j-6* 

9  V 

is  calLed  the  aocs  of  number  A,  and  also  number  A. 

Page  381. 

A  complex  number  will  be  called  prime  complex  number,  if  it 
cannot  be  represented  in  the  form  of  the  product  of  two  complex 
numbers,  different  from  unity.  Otherwise  it  is  called  a 
composite/compound  complex  number. 

From  this  determination  it  directly  follows  that 
composite/compound  real  nuaber  is  also  a  composite/compound  complex 
number.  Reverse  is  not  always  correct:  simple  real  nuaber  can  be  a 
composite/compound  complex  nuaber.  Thus,  for  instance,  2=(l*i)  (1-i). 

X 3  analogous,  any  prime  number  of  fora  4kM  (k>0)  which,  as  is 
known  from  the  theory  of  numbers,  it  can  be  decomposed  on  the  sum  of 
two  squares,  it  is  a  composite/compound  complex  nuaber.  For  example, 

29  =  4  •  7  -r  1  =  (5  —  2i)  •  (5  —  2t);  37  =  4-9-1  - 
=  (6  -r  i)  (6  — ()  ii  t.  n.  (') 


Key :  (1 ) .  and  so  forth 
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As  far  as  numbers  are  concerned  pries  of  fora  4**3,  then  they  cannot 
be  represented  in  the  fora  of  the  sub  of  two  squares  and  tharefore 
they  are  prime  complex  numbers. 

For  complex  numbers  can  be  isolated  some  concepts,  inherent  la 
whole  real  numbers,  for  example  this  important  concept  as  parity  or 
oddness.  Here  as  the  composite  "pair"  comes  forward  a  number  Hi.  The 
complex  number  a*bi  is  odd,  if  it  is  not  divided  into  HU.  The 
complex  number  a-t-bi  is  even,  if  a  and  b  are  even;  in  this  case  it  is 
always  divided  into  1 ♦ 1 i.  Besides  these  two  classes  of  complex 
numbers  is  an  intermediate  class  of  the  numbers,  which  separata  on 
1*i,  but  which  have  a  and  b  -  odd  numbers.  This  intermediate  class 
Gauss  calls  semlaven  complex  numbers. 

For  of  the  Introduced  thus  complex  integers  occurs  the  theorem 
about  the  uniqueness  of  the  disintegration  of  a  composita/compound 
complex  number  into  its  simple  cofactors. 

In  accordance  with  this  here,  naturally,  is  defined  the  concept 
of  mutually  prise  complex  numbers  as  such  numbers  in  expansions  of 
which  into  the  simple  cofactors  there  are  no  common  factors,  besides 
unity . 
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Page  382. 

§  7.1.  Coaparison  coaplex  integers. 

Tie  coaplex  number  A=a+bi  will  be  multiple  to  the  complex  nuaber 
i=p*gi  (or  a  it  will  be  the  divider/denominatcr  of  nuaber  A),  if  the 
quotient  A: a  is  a  complex  number  ». 

FOOTNOTE  *.  We  recall  that  under  a  complex  nuaber  we  always  have  in 
aind  coaplex  integer.  ENDFOOTNOTE. 

In  other  words  3ince 

A  _  a  —  hi  ~(a  —  bi)-(p  ~  on  _  an  —  bq  bo  —  oQ. 

~  ~~  P‘~  V-  _  r1 

•  * 

that  A:a  will  be  integer  in  that  and  only 

ap  —  bq  ^  0  (mod  p 2  -f  g2), 
bp  —  aq=z0  (mod  p *  -r  g2). 

If  (7.1)  it  is  not  performed,  then  A 
S=a*fi  be  such,  which  A-s  is  divided  into 
write  that 

A  =  S  (mod  m), 

*  •  , 

or  S  is  deduction  A  on  aodulus/aodule  m. 

f 

J 


when 

(f.l) 

is  not  divided  into  a.  let 
a,  then  it  is  possible  to 

(7.2) 
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Example.  Ta  determine  the  fissionability  of  numbers  A=l7+7i, 
m=3*2i.  Here  p2*>q2=9»4  =  1  3  ;  ap+bq=  17*3 *7« 2 -5 1 ♦ 14=6 5 ; 
bp-aq-7*3-2«  1 7  =  —  1 3. 

Conditions  (7.1)  are  satisfied:  65  =  0  (mod  13);  -13  =  0  (aod  13). 

Theorem  7.1.  Let  A=a»bi,  m=p*qi  be  performed  the  comparisons 

ap-irbq  =  xp-r  yq  (mod  p*  -f  <?*), 

bp  —  aq  =  yp  —  xq  (mod  p2 -j- q*) .  (7.3) 

Then 

A  s  x  —  iy  (mod  m). 

Page  383. 

•  • 

Proof.  He  divide  number  A-(x*iy)  into  m 

A  —  (x  —  iy)  _  (a  —  x)+t  (b—u)  _  la  —  xj  p—  (b  —  u)- a 

m  ~  p^qi  ~  pt~ql  ^ 

,  (b-y)-p  —  (a-x)-q  . 

+ - - '• 

So  that  as  a  result  of  division  would  be  obtained  a  complex 

number  they  must  tate  the  place  of  the  comparison 

(a  —  x)p-r(b  —  y)q  sO  (mod  p!  -  <?5), 

(b  —  y)p  —  (a  —  x)qsQ  (mod  p 2  -  q-). 
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which  were  equivalent  (7.  3)  . 

Thus,  with  execution  (7,3)  number  jc  iy  is  the  deduction  of 

•  • 

number  A  on  modulus/module  m. 

Although  for  complex  numbers  are  not  determined  the  concepts 
"more"  and  "it  is  less"  however  it  is  the  possible  to  determine  the 
concept  of  the  smallest  deduction.  The  basic  idea  of  this 
determination  lies  in  the  fact  that  since  the  determination  of 
composite  deduction  is  based  on  the  system  of  real  comparisons  (7.3), 
then,  after  requiring  so  that  xp*yq  and  yp-xq  they  would  be 
respectively  smallest  deductions  cn  modulus/module  p**-q*,  we  will 
obtain  completely  specific  complex  number  x*iy,  which  it  is  logical 

•  4 

to  name  the  smallest  deduction  of  number  A  modulo  m.  In  other  words 
it  is  assumed  that 

v "  «h  2  | 

^  r  ,  -i 

yp~xq<.p*~qi—\. 


In  this  case  should  be  distinguished  the  smallest  deductions  and 
the  least  positive  residues.  In  the  first  case  it  is  assumed  that 
xp>yp  and  yp-rq  ace  positive  integer  numbers,  exceeding  p*+g*-1.  In 
the  second  casa  it  is  assumed  that  thess  values  can  be  both  positive 
and  negative  ones,  but  these  not  exceeding  in  the  absolute  value  of 
number  p**qz/2. 
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If  are  fauii  the  smallest  deductions  of  expressions  ap*bq  and 

bp-aq 

r  —  ap-i-bq  (mod  p1  —  q 2), 
r'  —  bp  —  aq  (mod  p-  —  q'1).  (7.4) 


then  the  smallest  deduction  of  nuaber  A  on  nodulus/module  a  is  equal 


to 


■V 


iy  = 


rp  —  r’q 
P2~</2 


r’p~rq  . 
P2-r<?2 


(7.5) 


Page  384. 

ExampLe.  To  determine  the  smallest  deduction  of  nuaber  A=15*2i 
on  modulus/aodula  a=3*2i.  Let  us  write  the  system  of  comparisons 
(7.3)  under  conditions  of  the  example 

49  =  3x-r2y(mod  13), 

-24  s  3u  —  2x  (mod  13). 


Hence  we  obtain  the  equations 


3*4-2;/  =  10, 
—  2x  4-  Zy  =  2. 


Solution  of  this  system  gives  x=2*  y=2,  i.e.,  2+-21  there  is  the 
unknown  smallest  deduction. 


Example.  Ondec  conditions  cf  the  previous  example  to  find  the 


least  positiva  residue.  Systea  cf  equations  for  determining  of  x  and 
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y  in  this  case  will  take  the  fora 

3x-r2t/=  -3, 

-‘2x~3y  =  2. 

The  solution  of  this  system  will  be  x=-l#  y-0,  i.s.  ,  -1  unknown 
least  positive  residua. 

The  properties  of  comparisons  for  the  real  region  extend  also  to 
complex  domain;  therefore  we  on  them  stop  will  not  be. 

If  complex  numbers  are  not  mutually  simple,  then  they  have 
common  divisors,  dare  also  it  is  possible  to  introduce  the  concept  of 
greatest  common  divisor  as  common  divisor  with  the  greatest  norm.  The 
process  of  the  determination  of  the  greatest  common  divisor  of  two 
complex  numbers  K t  and  \2  is  analogous  used  for  the  determination  of 
the  greatest  coiaon  diviscr  in  the  real  case. 

§  7.2.  Fundamental  theorem  of  Gauss. 

Mow  we  approached  one  of  the  most  interesting  and  important 
questions  of  the  theory  complex  integers  -  to  the  determination  of 
the  class  of  the  smallest  deductions  and  this  connected  with  theorem 
of  Gau3S  about  the  isomorphism  between  the  sets  of  real  and  complex 
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Datarninati on.  If  two  sets  it  is  possible  then  mutually 
idetically  is  napped  one  to  another  so  that  the  specific  in  then 
relationships/ratios  during  the  representation  would  not  be  broken, 
i.a.,  if  to  eacn  elsner.t/cell  a  fron  set  x  it  is  possible  to  mutually 
unambiguously  ralate  eleaent/cell  a"  from  set  X,  then  so  that  tha 
relationships/ratios,  which  exist  between  iny  ele me nts/ca 11s 
a.b.c.i..  fron  X,  would  occur,  also,  between  equivalent  components 
a.b.c.d. ..  fron  x  and  vice  versa,  then  these  sets  are  called 
isomorphic. 

In  tha  pcavious  paragraph  we  established  that  tha  smallest 
deduction  of  any  complex  number  a»bi  on  the  composite  nod  ulus/module 
p*qi  is  determined,  on  the  basis  of  the  system  of  two  real 
comparisons 

ap  —  bq  =  r(modp:  -ql). 

( i  .b) 

bp  —  aqs  r'  (mod  ps  — 

whera  r  and  r*  -  saallest  posit  .ve  deductions  on  the  real 
modulus/module  fl=p2*q*.  since  for  r  and  r*  are  possible  values  of 
0.1,...  R-1,  than  it  could  at  first  glance  seen  that  the  smallest 
composite  deductions  there  can  be  n2,  the  obtained  during  different 
combinations  values  r  and  r*.  However,  this  not  thus.  Values  r  and  t' 
are  not  not  depended.  Between  then  there  is  a  specific  connection. 
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which  sets  in  the  conformity  to  each  possible  value  of  c  completely 
specific  value  c'.  Let  us  establish  this  connection.  Multiplying  the 
first  of  comparisons  (7.6)  on  p,  and  the  second  -  on  q  and  by 
subtracting  the  second  conparison  froa  the  first,  we  will  obtain 

a  ( p *  +  q *)  =  rp  —  r'q  (mod  p 5  4-  q •) 

or 

r'q  ==  rp  (mod  p-~  q1)- 

If  p  and  q  -  autually  prime  numbers,  then  comparison  (7.7)  has 
one  solution 

r'  =  /r(modp2-ri};), 

where 


t  =  r~r(PiJ-ot) 
1 


moreover  z  is  such  that  t  -  whole  less  than  p2+q2. 


we  illustrate  the  aforesaid  by  an  example. 


Exaapla.  To  determine  all  possible  pairs  of  values  r  and  r'  with 
aodulus/aodule  p*qi=3*4i. 


Page  386. 

Since  3  and  4  mutually  prime  numbers,  then  in  this  case  and 
comparison  (7.7)  has  a  solution 
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r'  =  ~r  (snod  251, 


which  determines  the  following  pairs  of  values  r  and  r* 


(0,  0):  (1,  7);  (2,  141; 

(3.  211;  (4,  31;  (5.  1 0) ;  (6.  IT'i;  (7.  24);  (8.  6);  (9.  13);  ( ! 0.  201;  (II,  $1; 
(12.  9);  (13.  16);  (14.  23);  (15.  5);  (16.  12);  (17.  19);  (18,  1);  (19,  8); 
(20,  15);  (21,  22);  (22,  4);  (23,  11);  (24,  18). 


The  considerations  presented  feed  us  to  the  remarkable  theorem 


of  Gauss. 


Theorem  7.2.  (Fundamental  theorem  of  Gauss  I).  on  the  preset 
composite  modulus/module  whose  norm  is  equal  to  N=p2«-q*,  also, 

for  which  p  and  g  are  mutually  prime  numbers,  each  complex  integer  is 

congruent  with  one  and  only  by  one  deduction  of  the  series/row 

0,  I,  2,  3,  .  ..  N-\. 

Proof.  It  is  known  from  the  theory  of  numbers,  that  for  two 
mutually  prime  numbers  p  and  q  it  is  possible  to  find  such  two 

integers  u  and  v,  that 

up  -f  vq  -  1 .  (7.8) 

Lat  us  write  the  easily  checked  identity 

i  —  uq  —  vp  —  m(v-\-ui).  (7.9) 

Let  be  is  given  the  complex  number  a+bi.  Let  us  rewrite  it, 
after  replacing  i  from  (7.9) 

a  —  bi  =  a  -j-  (uq ~  up)- b  -f  m  (vb  —  ubi). 

Let  us  designate  through  h  the  smaLlest  positive  real  deduction 
of  number  a+(uq-vp)b  on  modulus/module  N  and  let  us  assume  that 

a-r{uq—vp)b  —  h-*rsN  =  h-rs{pJr  qi)  ( p—qi )  - 
=  h~m(ps  —  qsi). 
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Than  will  ba  performed  the  equality 

a  —  hi  =  h  —  m  (ps  —  qsi)  —  m(vb  —  ubi)  - 
-h~  m|/)s  ;C.Z’  -  {u.b  —  qs)i\ 

or  in  the  form  of  the  comparison 

a  —  /»<  3:  h  (mod m).  (T.'n) 


Page  387. 


By  this  it  is  proved  that  a«-bi  is  congruent  with  one  of  tha  nuebers 

0,  1,2...  H-1  in  mod  ulus/ module  m.  Let  us  demonstrate  now  that  this 

number  is  unique.  Let  us  assume  that  occur  two  comparisons 

a  —  bi  3=  hy  (mod  mi, 
a  —  bi  =  h2(  mod  m). 

According  to  the  property  of  the  comparisons  of  number  ht  and  h2 
they  ace  congruent  between  themselves  in  mod  ulus/mod ule  a,  i.e.  , 

hi  =5  h2(modm) 

or 

hi  —  fu  —  0  (mod  m), 


i.e. 


hi  —  hi  —  m-  (e  —  fi). 


I) 


Proa  (7.11)  it  follows  that  will  ba  carried  out  tha  equality 
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which  is  equivalent  to  the  following  two  real  equalities: 

(7,2) 

(ht  —  h2)q=  —  Nf. 

After  multiplying  first  equality  (7.  12)  on  u  and  the  second  on  v 

and  after  forming  them,  we  will  obtain 

(ht  —  h2)  (up  -r  vq)  =  N  (eu  —  fv), 

whence,  talcing  into  account  (7.8),  it  follows 

hi  —  h1  =  /V  (eu  —  fv) 

or 

hi  —  h«  =  0(mod  .V).  (7.13) 

Since  by  hypothesis  h|<N  and  h2<H,  than  (7.13)  it  is  possible 
only  in  the  casa  of  hi=h2. 

Thus,  is  rejected  the  possibility  of  the  existence  of  two 
numbers  ht  and  h2,  smaller  H  which  they  would  b9  congruent  with  a»bi 
in  aodulus/aoduLa  m.  There  is  only  one  such  number  which  is 

determined  from  tha  comparison 

a  — (uq  —  vn)  b  =  h( mod  .V)  (7.14) 


or 


a  +  bp  =  h(modS). 
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Tills  theorem  sets  the  isomorphism  between  complex  numbers  ini 
their  real  deductions,  determined  by  form  indicated  above. 

Determination.  Expression  uq-vp,  by  means  of  which  is 
established  a  correspondence  between  the  composite  and  real  deduction 
on  modu lus/module  p+qi,  let  us  name  the  coefficient  of  isomorphism 
and  let  us  designate  it  through  p. 

Example.  To  solve  comparison  16*7i  =  h  (mod  5 ♦  2 i)  .  Since  (5.2)  =1, 
condition  of  theorem  7.2  is  satisfied,  therefore,  there  is  a 
full/total/completa  system  of  real  deductions.  Here  the  coefficient 
of  the  isomorphism  of  modulus/module  5*2 i  is  equal  to 

p  - uq  —  vp  —  2  1  —  2-3=  12,  Ta/Van  up  —  vq=  1  -5  —  2-2  —  1 . 

Key:  (1) .  since. 

Therefore  1 6*7«  1 2  =  h  (mod  29),  whence  h*13  (mod  29).  Consequently, 

16-f  7i  s  !3  (mod  54-2 i). 

Belying  on  this  theorem  it  is  possible  to  show  the  validity  of  the 
following:  let  for  two  numbers  Ax^a^bii  and  A2=a2*b2i  there  be  such 
ht,  h*,  h±  and  *x.  that 

Ax  s  h,  (mod  m),  A2  s  h2(modm), 

A,  ±  Az  =  lt±  (modm),  Ax-A2  =  hx{modm)\ 
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then 

h±  =  ht  ±  /u(mod.V),  Ax  =  ht-h2  (mod  N), 

where  !<  -  nora  a. 

Let  us  return  to  comparison  (7.7).  Until  now,  were  examined  the 
solution  of  this  comparison  and  the  theorem  of  Gauss  under  the 
condition  when  p  and  q  -  mutually  prime  numbers,  let  us  consider  the 
now  general  case  when  p  and  q,  and  therefore,  and  tf=p2  +  q*  have  common 
factor. 

Page  389. 

Let  us  designate  it  through  d.  He  obtain  p=ed,  q-=fd, 
n=  (e**f  *)  d*.  in  accordance  with  the  theory  comparison  (7.7)  in  this 
case  will  have  1  of  the  solutions  of  tha  following  fora: 

r'  =  a  (mod  .V),  r'  =  a  +  -^-(mod.V),  r'  ==  a  +  ~  (mod  AO 

...,r>sa+  {d-"N-(mod\),  (7.15) 

where  *<N/d  satisfies  the  comparison 

fr'  =  er  (mod  (el  -f  f2)  d),  (7.16) 

in  which  is  already  carried  out  the  condition  of  mutual  simplicity  e 
and  f  and  solution  of  which  is  obtained  by  already  Known  path. 
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Example.  To  determine  all  possible  pairs  of  values  r  and  r*  with 
p*qi=  3*6i. 


comparison  (7.7)  under  the  condition  of  an  example  takes  the 

fora 


6 r'  =  3 r  (mod  45). 


Here  the  common  factor  d=3.  comparison  (7.16)  is  such 

2 r'  =  r  (mod  15). 

This  comparison  has  a  solution 

r'  =  Sr  (mod  15). 

Thus,  we  haye  the  following  three  groups  of  the  solutions: 

r'  m  Sr  (mod  45),  r'  ■—  &  —  13  (.nwd  !»).  r'  —  Sr  t-  X>  (■  M 


Let  us  give  the  table  of  all  pairs  (r*,r). 


the  1st  group 

*(0,0);  (1,8);  (2,16);  (3,24);  (4.32);  (5,40):  (0.3),  (Ml); 

(9.27);  (10.35);  (11.  43);  (12.  6);  (13,  14);  (14,  22) 


the  2nd  group 

(0,  15);  (1,23);  (2,31);  (3,39);  (4.2);  (5,  10);  (6,  18):  <7.  20):  (8  3  4): 

(9.42);  (10,  5);  (11,  13);  (12.  21);  (13.20),  (14.37, 

the  3rd  group 

(0, 30);  (1,38):  (2.1);  (3,9);  (4.17);  (5.25);  (6.33):  (7.  11;.  <8 
(9.  12);  (10,  20 1,  (11.  2m.  (12.  5f  (15,  11,.  ,14.  ' 

1 
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Just  as  ia  tha  case  of  mutual  simplicity  p  and  q  the  total 
quantity  of  diffarant  ones  vapor  r*  and  r  is  equal  to  N . 

La t  us  forauLat**  now  the  theorem  of  Gauss  in  general. 

Theoraa  7.3.  (Fundamental  theorem  of  Gauss  II).  on  tha  composite 
modulus/module  a  =  p*qi  whose  norm  N=F24,q*  and  for  which  p  and  q  has 
the  greatest  common  divisor  d>l,  each  complex  integer  a+bi  is 
congruant  with  deduction  x+iy,  which  possesses  that  property,  what  r 
is  one  of  the  nimbars  0,  1.2,...  N/d  -  1,  and  y  -  one  of  the  numbers 
o,  1.2,...  d-1,  moreover  only  with  one  only  of  all  M  of  the 
deductions,  which  have  this  form. 

Page  390. 

Lat  us  nota  that  for  the  modulus/module  with  the  not  mutually 
simple  components  no  longer  occurs  the  isomorphism  with  real  numbers. 
Here  the  theorem  of  Gauss  sets  the  smallest  deductions  of  numbers 
a+bi  in  the  fora  of  the  complex  numbers  x+yi  whose  components  do  not 
exceed  in  the  value  of  numbers  d  and  N/d,  whatever  numbers  a  and  b. 
This  fact  is  also  very  essential. 


J 
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values  x  ail  y  are  determined  from  the  relationships/ratios: 

b  =  y  (mod  d). 

a  —  (uq  —  vp)  ■  — =  x  ( mod  j  ,  (7.17) 

up  -r  rg  =  d. 

Hare  also  Lt  is  possible  to  examine  not  the  smallest  positive 
deductions,  but  the  least  positive  residues. 

Let  us  consider  the  execution  of  arithmetic  operations  in  the 
class  of  the  snallest  and  least  positive  residues.  Let  us  turn  to  th 
fundamental  theorem  of  Gauss.  In  accordance  with  the 
established/installed  in  it  isomorphism  to  each  composite  smallest 
deduction  x+iy  on  aodulus/aoduie  m=p*qi  corresponds  the  real 
deduction  h  on  aodulus/module  N=p2+q2.  This  real  deduction  is 

computed  from  the  formula 

x—  (uq-vp)-y  ~  h  (mod  .V), 

where  u  and  v  such,  that  up+vq=1. 


Example.  To  determine  the  real  smallest  deductions,  which 
correspond  to  composite  smallest  deductions  on  modulus/module  n=3«-ui 


Here 


u  —  —  1,  v  =  1 ,  UQ  —  vp  —  —  7  —  3  3i  —  I .  —  3  —  4i  —  19, 

_ 2  —  2i  —  9.  _  2  —  3i  —  2.  —  2-4i~.0,  —  2  —  5/  —  13.  —  l-i-h. 

-I  -2i-  10,  -1  ~3i~3.  —  1  -4-2/  —  21.  -1-51-14.  -  1  -  6i  ~  ■ . 
0  —  0 <  —  0,  /-  18.  2j  —II.  3<  -  4.  4i  -22.  5i  -  15.  6i  -8.  1  +.»  -  12. 
l-3i-5.  1-41-23,  1  -  5i  -  16.  2  -  3/  ~  6.  2  -  4.  -  24. 


la  accordance  with  the  results  of  an  example  can  be  constructed 


DOC  =  81023919  PAGE 

the  table  of  isomorphism. 

Analogous  tables  can  be  constructed,  also,  foe  the  operation  of 
addition,  Multiplication,  focaal  division  and  generally  for  any 
combination  of  rational  operations. 

The  adjusted  by  the  theorem  of  Gauss  isomorphism  for  the 
modulus/module  with  the  mutually  simple  components  makes  it  possible 
to  replace  the  execution  of  the  rational  operations  above  the 
smallest  composite  deductions  executing  the  same  operations  above  the 
corresponding  to  them  real  deductions  on  the  real  modulus/module, 
equal  to  the  nocm  of  composite  modulus/module.  In  this  case  from  tha 
technical  side  the  execution  of  the  operations  above  the  real 
deductions  can  be  realized  by  any  arithmetic  units  both  of  the 
tabular  type  and  by  adders  and  unstable  type  multipliers. 

Page  391. 

However,  as  far  as  modulus  is  concarned  composite  whose 
components  contain  common  factor,  then  in  this  case  isomorphism  does 
not  occur.  Meanwhile  this  does  not  mean  that  and  here  it  is  not 
possible  the  execution  of  the  operations  above  the  composite  smallest 
deductions  to  replace  with  the  execution  of  the  operations  abovs 
their  real  equivalents.  Cor  example,  above  the  reference  numbers  from 
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1  to  N(ti  -  non|  ,  conferred  to  completely  arbitrarily  these  smallest 
deductions.  However,  this  replacement  is  possible  only  with  tabular 
method  of  procedure,  when  the  table  of  reference  numbers  is  present,. 

li”  _  smallest  composite  deduction  whose  reference  number  k(k=1, 
2,...  ,  H)  .  let  it  be  further  WUl—  W'/,,  -  1  V  .  (mod  a).  Then  in  the  table 
of  real  equivalents  in  the  intersection  of  line  k  t  with  column  k2  is 
placed  number  k3,  although,  generally  speaking,  k^k^kj.  It  is 
analogous  for  otaer  rational  operations.  It  is  obvious  that  the 
execution  of  the  operations  above  the  real  equivalents  in  unstable 
type  arithmetic  units,  which  realize  the  completely  specific 
conformity  between  kt  and  k2 ,  identical  for  any  k3  and  k2  ,  in  this 
case  is  impossible  in  view  of  the  absence  of  this  conformity  which 
would  be  performed  for  any  kt  and  k2. 

Thus,  and  for  the  moduli/modules  with  the  mutually  not  simple 
components  is  possible  replacement  in  the  operations  of  composite 
smallest  deductions  by  their  real  equivalents. 

Example.  To  make  table  of  multiplication  above  the  real 
equivalents  on  modulus/aodule  k-2 *2i. 

Let  us  first  of  all  determine  the  smallest  composite  deductions 
on  the  modulus/aodule  2*21.  Let  us  make  table  of  multiplication  for 
the  composite  deductions 


_*ser 
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l 

2 

3 

4 

5 

* 

7 

8 

-l-i 

—  1-2/ 

0  -  0/ 

U  -2: 

U  •  J  / 

1  z 

i  2.- 

1)  -1-/ 

n _ 2* 

-1-/ 

0—0/ 

1-1 

0  0/ 

i  -/ 

0  —  2/ 

1  ~! 

2)  -1-2/ 

—  1 

-1-2/ 

0—0/ 

0  — i 

0  •  2i 

0— .>/ 

1  -! 

1  -2. 

3)  0-0/ 

0  —  Ot 

0-0/ 

0  -0/ 

0—0/ 

0  -0/ 

0-0/ 

0  -0/ 

o-O/ 

4)  0-rz 

i-i 

0-/ 

0-0/ 

1-2/ 

0-2/ 

-1-2/ 

-1-1 

0—3/ 

5)  0-2/ 

0-0/ 

0-2/ 

0-0/ 

0—2 1 

0-0/ 

0—2/ 

0-0/ 

0-2/ 

6)  0—34 

1-/ 

0-3/ 

0+0/ 

-1+2/ 

0-2/ 

1-2/ 

—  1—1 

0-/ 

7)  l  +  « 

0-2/ 

1+/ 

0-fOi 

-1-/ 

0-0/ 

—  1  — / 

0-2/ 

1+/ 

8)  1+2/ 

1-M 

1  —2/ 

0+0/ 

0+3i 

0-2/ 

0-/ 

l-i 

-1-2/ 

Page  392. 


On  the  basis  of  this  table  let  us  make  table  of  multiplication  in  th 
reference  numbers  of  deductions. 


Here  not  noticeably  no  law.  The  realization  of  operation  in  tha 


real  equivalents  by  reference  numbers  is  possible  only  by  tabular 
path. 
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In  a  similar  manner  can  be  comprised  the  tables  of  operations, 
also,  for  the  least  positive  residues  both  in  the  case  of  the 
mutually  simple  components  of  composite  modulus/module  and  when,  in 
these  components,  common  divisor  is  present,. 

§  7,3.  Full/toti L /complete  system  of  deductions.  Geometric 
interpretation. 

In  the  prasaat  paragraph  vill  be  examined  the  methods  of 
obtaining  the  full/total/ complete  system  of  deductions  with  the 
composite  modulus/module.  Together  with  the  purely  arithmetic  methods 
to  hara  expediantly  indicate  also  some  geometric  constructions,  which 
lead  to  obtaining  of  the  full/t eta  1/complete  system  of  deductions, 
which  are  based  on  the  geometric  interpretation  complex  integers. 

As  is  known,  complex  numbers  by  representative  points  on  the 
plane.  Let  us  salact  the  rectangular  cartesian  coordinate  system  with 
X  and  Y  axes  and  unity  of  scale  e  and  will  lead  two  systems  of 
straight  lines,  parallel  to  axes  with  respect  to  X  and  Y  a*es  and 
distant  one  behind  the  the  parallel  to  it  another  at  a  distance  of  e. 
The  origin  of  coordinates  (point  of  intersection  of  X  aad  Y  axes)  let 
us  designate  through  o  (Fig.  7.1).  Then  the  points  of  intersection  of 
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these  straight  Lines  will  represent  complex  integers. 

Page  393. 

Along  the  axis  of  abscissas  will  be  plot  te  i/deposited  the  values 
of  the  real  parts  of  the  complex  number,  while  along  the  axis  of 
ordinates  -  value  of  alleged  parts.  Thus,  point  N  with  coordinates 
(p,q)  represents  the  complex  number  p+qi.  The  straight  line  OH 
represents  valueVlH  Nora  itself  N  is  represented  by  the  area  of  the 
square,  constructed  on  the  straight  line  OM  (square  ORLH) .  Here 
0R=0M=RL=LH3lfr.  tf  entire  plane  is  covered  with  such  squares  (carrying 
out  of  the  straight  lines,  parallel  respectively  on  and  OR,  at  the 
distances,"/??*  one  from  another),  then  to  the  a  pexes/ve  rte  xes  of  these 
squares  will  correspond  the  numbers,  multiple  p*qi.  Thus,  from  the 
condition  of  perpendicularity  OR  and  OH  it  follows  that  to  point  R 
corresponds  a  complex  number  -q«-pi  and  quotient  -g*pi/p*qi=i.  As  a 
result  of  parallelism  OH  and  BL  to  point  L  will  correspond  complex 
number  (p-q)  ♦  (p*q)  i  and  the  corresponding  quotient  will  be  equally 
Hi. 
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Fig.  7.1.  Geometric  representation  of  complex  numbers. 


Page  399. 

Lat  us  number  tha  straight  lines,  parallel  OR  and  OM,  by  numbers  0 
(straight  line  OR),  1.2,...  ,1,  -1,  -2,...  ,-1  and  0  (straight  line 
OH)  ,  1.2,...  ,s,  “*  1  ,  -2 ,. . .  , *s  • 

Let  be  givan  apex/vertex  of  this  square,  formed  by  1  straight 
line,  parallel  05,  and  s  of  straight  line,  parallel  OH.  To  point  T 
will  correspond  number  t(p*qi)  *s(-g>pi)  *  lp-sq  ♦(  lg»sp)  i,  and  quotient 


....  i  i.  -  u 
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of  the  division  of  this  number  into  p*qi  is  equal  1-si.  As  far  as 
points  ace  concerned,  which  lie  within  any  square  or  on  its  sides, 
but  which  do  not  coincide  with  its  apexes/vertexes,  then  they 
represant  the  nuabers,  which  do  not  separate  into  this  modulus  p*qi. 

Let  be  givan  any  two  squares  r  and  Let  us  superimpose 

these  squares  one  on  top  of  the  other  so  that  their  corresponding 
a pexes/verte xas  would  coincide.  Let  us  name  the  internal  points  of 
these  squares,  which  coincided  during  this  imposition,  congruent. 
Occurs  the  very  important  property  which  let  us  formulate  in  the  form 
of  the  following  theorem. 

Theorem  7.g.  The  numbers,  depicted  as  congruent  points,  are 
congruent  between  themselves  in  modulus/module  p*qi. 

For  simplicity  let  us  take  as  one  of  the  squares  square  ORLN 
whose  apex/vertax  0  coincides  since  the  origin  of  the  coordinates. 

The  second  square  we  will  propose  by  such  that  its  apex/vertex  T, 
which  corresponds  during  the  imposition  to  point  o,  represents  number 
(lp-sp)  *  (lq*sp)  i. 

Let  certain  internal  point  H  of  square  0 BLN  represant  number 

0 


A=a*bi.  Then  congruent  as  it  point  will  represent  number 
B=(lq~sq*a)  ♦  (tq*sp*b)i.  However,  the  difference  8-A=  ( Ip-sq)  *■  ( lq*sp)  of 
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i,  as  shown  above,  is  divided  into  p+qi.  consequently,  B=A  (nod 

p*qi)  . 


So  that  tha  theorem  would  be  proved  for  any  pair  of  congruent 
points,  it  is  possible  each  of  the  squares  to  compare  with  square 
0 RLM,  and  if  5  and  3/as  the  representative  points  of  two  different 
squares,  each  of  which  is  congruent  to  the  point,  which  represents 
number  A,  then  occur  the  comparisons 

B  =  A  (mod  p  4-  qi), 

B'  =  ,4  (mod  p  4  qi), 

•  • 

whence  it  follows  that  B=B  (eod  p*qi)  . 
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Fro*  this  theorem  it  is  easy  to  do  the  following  conclusion:  In 
all  the  incomparable  between  themselves  numbers  it  can  be  as  much,  as 
integer  points  are  located  within  any  square  and  on  its  two  not 
parallel  sides,  including  one  apex/vertex,  and  all  these  points 
determine  in  the  set  the  f ull/t ctal/complete  system  of  deductions  on 
this  modulus.  It  is  possible  to  geometrically  show,  that  a  guantity 
of  such  points  is  equal  H=p2*q2  and  that,  therefore,  a  guantity  of 
deductions  in  the  f ull/total/complete  system  is  equal  to  N.  However, 
this  was  already  by  purely  arithmetic  path  established/installed  by 
the  fundamental  theorems  cf  Gauss  both  for  the  moduli/mod ules  with 
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tha  mutually  simple  real  and  alleged  pacts  and  for  moduli/modules 
these  whose  parts  have  the  common  divisor,  different  from  unity. 

Special  role  play  4  squares,  that  have  overall  apex/vertex  at 
point  0.  The  points  of  squares  have  in  the  known  sense  the  "smallest" 
coordinates.  Onier  this  is  understood  the  following:  G(  €  t,  rj',)  —  the 
point  of  square  ORLM  and  H  (?2,  »i;)  —  congruent  by  it  the  point  of 

any  other  square  (not  having  by  its  peak  0 ).  Then  has  place  I  ii 1  '■ 

I  \z  I,  In,  | < | rh  (. 

Logical  therefore  to  select  any  from  these  squares,  in 
particular  square  3RLS  as  containing  tha  points,  which  correspond  to 
the  smallest  deductions  and  which  constitute  the  full/total/complete 
system  of  the  smallest  deductions.  As  far  as  squares  are  concerned 
remaining  three  of  this  type,  then  they,  as  can  easily  be  seen, 
contain  the  points,  which  represent  tha  numbers,  associated  with  the 
specific  above  smallest  deductions. 

Thus,  tha  full/total/complete  system  of  the  smallest  deductions 

on  modulus/module  m=p*qi  can  be  obtained  geometrically  by  the 

VS  =  1P8  -  ql. 

construction  of  square  with  side  passing  through  point  3, 

'  » 

and  by  the  enumeration  of  all  complex  integers,  represented  by  the 
internal  points  of  this  square. 
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Example.  To  make  table  of  all  smallest  deductions  on 
modulus/iodule  i  =  3«-4i  by  geometric  construction. 


Pig.  7.2  depicts  the  square,  constructed  on  the  side  1  32 _ 4-  5. 
Let  us  enumerate  all  integer  points  within  tha  square,  beginning  to 
the  left  and  moving  over  the  vertical  lines.  In  all  such  points 

\  -  -I-  J': 

-3 -Hi.  — 3  —  4i.  —2  —  2/.  -2  -Hi,  -2-4/.  -2-.V  -I 
—  t  —  2; .  —  I  —Hi,  —  1  4i.  —  I  -  Hi.  —  I  (3. .  1  >.  i .  3. .  .  i. . 

1  —  2i,  1  —  Hi;  1~4i;  1  -5i.  2-H/.  2-4 i.  ‘ 
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Hare  the  smallest  deductions  are  represented  only  by  internal 
points,  on  tha  sides  of  square  it  did  not  prove  to  be  integer  points. 
This  is  characteristic  for  moduli/ modules  with  mutually  simple  p  and 
q.  If  p  and  q  have  common  factors,  then  integer  points  are  contained 
also  on  the  sides  of  square. 

Let  us  consider  another  purely  arithmetic  method  of  determining 
the  f all/total/complete  system  of  the  smallest  deductions. 

Method  of  determining  the  borders.  Let  m=p*qi  -  preset 


■odulus/module  and  x*iy  -  smallest  deduction  on  this  modulus/module. 
Method  lies  in  the  fact  that  first  define  the  boundaries  themselves 
of  a  change  in  the  real  part;  within  the  limits  of  these  borders  are 
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defined  tha  possible  values  of  alleged  part.  The  determination  of 
borders  is  conducted  on  the  basis  of  the  fact  that  for  the  smallest 


deduction  aust  ba  satisfied  the  condition: 

V-18) 


o<?5S<«. 


or 

0  -<  px  +  qy  =  r  <  p2  -f  q *, 

0<py—qx  =  r'<:pt-rqi. 

(7.19) 

Besides  tha  smallest  deductions  examined  and  the  methods  of  the 
determination  of  the  f ull/tot al/completa  system  of  the  smallest 
deductions  for  us  subsequently  large  role  will  play  tha  least 
positive  residues  which  were  determined  earlier  into  §  7.  1.  Tha 
determination  of  the  full/tot al/completa  system  of  the  least  positive 
rasiduas  car.  ba  aasily  realized  by  the  method  of  determining  the 
borders.  Initial  inequalities  (7.18)  and  (7.19)  will  be  rewritten  for 
this  purpose  in  the  form 

_ I  ,  px  —  qy  ,  I  _ I  „  pu—qx  ,  I  O0, 

2  p2  2“  2  2  p2  —  p2  2  ^ 1  '  “ 


or 


-  y  V  <  px  -  qy  -  r  <  y  V. 

~yV  ny-qx  r‘  y.V.  (7.21) 
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representation  of  the  full/total/complete 
deductions  according  to  modulus/module  m=3*4i 
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Example.  To  find  the  full/total/com  plate  system  of  the  least 
positive  residuss  from  modulus/ module  m  3-4t. 

Here  the  system  of  inequalities  (7.21)  will  take  the  fora 

-12  <3* -4 y-.r  ■;  12. 

— 12 . —  3i/  =-  12. 

For  r  and  r*  are  possible  values  of  -12,  -11,...  ,0.1,...  ,12. 
Prom  the  given  system  we  obtain  the  equation 

25*  -  ■>  —  4r\ 

Value  x  will  obtain  its  great  positive  value  with  c  =  *-i2,  rf  =  -l2 
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i.e.,  25»„mi  s-i,  whence  =84/25  =  3.  Its  respectively  small 

negative  value  value  x  will  obtain  with  r=-12,  r‘=*12  that  gives 
x»nn  -3.  Thus,  for  x  are  possible  values  of  -3,  -2,  -1,  0j1j2j3.  let 
us  compute  the  appropriate  values  of  y. 

1.  x  -  —  3  _12  <  —  9  —  4u  -<!■:.  -3  *>4((  ^  2!. 

—  12  <  12 -r-ly  •<  12.  -21  .  2k 

By  testing  we  establish  that  these  inequalities  satisfies  only 
one  value  of  y=0. 

2.  *=-2;  -12<-6-4y<12.  -  G 4// -<  16. 

-12<8-3y  <  12.  -29  <3i/-4. 

From  these  inequalities  we  obtain:  y=-1,  y=0,  y=1. 

3.  x  =  -l  -I2<-3-i-4!/<12.  —9  <4h  <15. 

-l2<4-3y-<12,  -I6<3</<8. 

For  y  are  obtained  the  values:  y=-2,  y=-l,  y=0,  y  =  1 ,  y=2. 

4.  *=0  -12«4i/<!2. 

-12  ^  3y  <12. 

We  obtain  for  y  value:  y=-3,  y=-2,  y-- 1 ,  y  =  0,  y=1,  y  =  2,  y=3. 

5.  x=l  -  12CJ- iy  <  12,  —  15--*.4w.s.‘l. 

-12<-4-3y<  12,  —8  <3;/  <.  1C. 

For  y  are  obtained  the  values:  y=-2,  y=- 1 ,  y=0,  y=1,  y=2. 

6.  x  =  2.  -  12  <6-4;/ <  12;  —  18*.4i/^i.; 

—  12  <-8-3i/ <  12;  — 4  ^3i/ -^.21'. 

We  obtain  the  possible  values:  y=-1,  y=0;  y  =  1. 

7.  x  —  3  -12 <9  -  4*  <12:  -21 

—  12  .—  12  <  12;  U  -  3«  <  24. 
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For  y  is  obtained  the  value:  y=0. 

In  all  it  is  obtained  also  h'  =  25  values  of  the  least  positive 
residues. 

Page  398. 

Let  us  now  move  on  to  the  geometric  interpretation  of  the 
f u  11/total/coiuplete  system  of  the  least  positive  residues.  Let 
modulus/module  »  =  p*gi.  Let  us  turn  to  Fig.  7.  1.  Let  us  write  the 
coordinates  of  the  apexes/vertexes  of  square  orlm:  O(o,  o),  R(-q,  p)  , 
l  (p  -  q,  p*q) ,  s  (p,  q) . 

Let  us  write  the  equations  of  straight  lines  whose  intersection 
formed  the  square: 

p)np«Maa  O.VI:  py—qx  —  0, 

G)npn.\iafl  OR:  px  —  qy  0, 

CpnpflMaa  RL:  py  —  qx  =  .V, 

^^hpawaa  LM:  px  —  qy—X. 

Key:  (1).  straight  line. 

Comparing  these  equations  with  (7.19),  we  see  that  they  reflect 
limitations  in  those  permitted  cf  a  change  in  values  x  and 
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y-coaponent  of  the  least  positive  residues  they  compile  an  equation 
of  straight  linas  by  intersection  of  which  is  formed  the  square, 
which  contains  the  internal  points,  which  correspond  to  the 
f ull/total/coopleta  system  of  the  least  positive  residues  in  the 
following  fora: 

.v  .v 

py  -  gx  --  -  y  <  py-qx^Y  • 

N  N  00. 

px  —  qy~  — 2"  >  px  —  qy  ~  ~ '  -23) 


Fig.  7.3  iapicts  the  square,  limitad  by  the  sides  whose 
equations  are  represented  (7.23).  Here  the  apexes/verta  res  of  square 
have  the  following  coordinates 


p  —  p  \ 

2  J 


P—  4  . 
2 


H 


p  -</ 


p— 


-)  ■  -V  ( 


p  —  p 


Lat  us  giva  the  geometric  interpretation  of  the  theorem  of 
Gauss. 


Page  399. 

Earlier  it  was  shown  that  all  numbers  a*bi,  which  separate  into 
the  preset  conpLax  number  m=p*qi,  divida/aark  off  infinite  plane  into 
many  squares  with  the  side,  equal  to  \  p*  -  q-.  To  aach  number,  which 
does  not  saparata  into  aodulus/module  m=p«-gi,  corresponds  the  point, 
arranged/located  within  one  of  such  squares. 


DOC 


81023919 


PAGE 


All  numbers  within  certain  specific  square  together  with  zero 
fora  the  full/total/complete  system  of  deductions,  consequently, 
there  is  an  infinite  multitude  cf  full/total/complete  systems  of 
ded  uctions. 

The  full/total/complete  system  of  the  smallest  deductions 
contains  only  square  0 R L .1 .  Further,  if  is  known  that  the  numbers, 
congruent  in  moiulus/module  m,  occupy  in  their  squares  congruent 
positions.  Let  us  select  among  many  squares  the  squares  which  contain 
real  deductions  from  o  to  N- 1 .  on  our  drawing  this  will  be  squares 
OMff t ff 2;  »1«K3N4;  w1N4»5V*;  H^NtN0Ss  (see  Fig.  7.1). 

Among  these  squares,  obviously,  there  are  no  such  which  ace 
congruent  relative  to  real  axis,  in  fact,  by  hypothesis  (p,q)  =1 
therefore  first  Ln  the  natural  series  real  number,  which  separates 
into  modulus/module  m  =  p*qi,  will  fee  number  p2  +q2  {in  Fig,  7.1 
apex/vertex  of  square  Na)  ,  therefore,  only  beginning  from  square 
it  begins  the  repetition  of  the  squares  indicated,  and 
this  it  means  that  for  all  real  deductions  from  the  squares  indicated 
will  be  located  the  congruent  points  squared  QHLM  of  the 
full/total/complete  system  of  the  smallest  deductions. 
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Pig.  7.3.  Geometric  representation  of  the  f ull/total/coaplete  systaa 
of  absoluta-saallest  deductions  according  to  aod ulus/nodule  a=p*qi. 

Page  400. 

§  7.4,  Priaitiwa  roots  and  indices. 

Theorea  7.5.  If  a+bi  -  coaplex  intager,  autually  siaple  with  th 
priae  nuaber  a=p*gi  whose  nora  is  equal  to  M®p**’q*#  then 

(a  +  bi)N~l  =  1  (mod  m). 

Proof.  Let  A  indicate  the  set  of  the  full/total/coa plate  systaa 
of  deductions  a,  on  nod  ulus/ nodule  a,  free  which  is 

re jec tad/thrown  out  zero  deduction. 


we  fora  products  (a-r«)a,  (a+bi)P<  (a-rbi)\. 


set  of  which  let  us 
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designate  through  A*. 


these  products  is  divisible  by  ^  and  therefore  lack  of 

It  is  obvious,  none  of^them  has  the  congruent  with  it  deduction 

in  set  A,  i.e.,  (a  +  bi)a  ==  a' (modm),  (a  +  6i)P  =  P' (modm),  (a~\-bi)y  =  Y'(modm)>  •  •  •• 

where  a'J  p',  y',  number  of  the  set  A.  The  set  of  numbers 

a',  ji\  y',  . . .  let  us  designate  through  A".  He  further  form  such 
products  of  numbers  in  each  set  A, A*, A1*; 


P  =  oPy  .... 

F  —  (a  +  bif~'  ipy  . . .  =  (a  +  bif~l . P, 

•  •  •  • 

F  =  a'-p'-Y'  ... 

But  numbers  of  set  A"  are  consecutively /serially  congruent  with 
numbers  of  set  A*  and  P's?"  (mod  a)  (since  numbers  of  set  \m  coincide 
with  numbers  of  set  A,  undertaken  in  the  changed  order) ;  therefore 
P=P’  (mod  a)  either 

P  sb  (a  +  bi)s~ 1 P  (mod  m), 
l(a  -f  bi  f  ~ 1  —  1 1 P  m  0  (mod  m), 

whence,  since  m  -  prime  number  does  not  enter  into  the  single 
dividecs/denominators  of  number  P 

(a-rW)'v‘,-l  s  0  (mod  m) 

or 


QED. 


(a  —  bi)s  1  =  I  (modm), 


Page  401 


DOC  =  81023919 


PAGE 


Theorsa  7.5.  If  a+bi  -  coaplex  integer,  autually  siapla  with  the 
staple  coaplex  integer  a=p*qi  with  the  nora,  equal  to  ft,  and  t  - 
saallest  index,  foe  which  (a  -f-  bi)‘  =  1  (mod  m),  the  t  is  the 
divider/denoainator  of  any  other  index  k,  for  which  (a  _  bi)k  =  l  (mod  m). 

Proof.  Let  us  assuae  that  t  is  not  divider/denoainator  k;  it  is 
obvious,  there  is  such  integer  n,  for  which  difference  nt-k<t. 

Purther  f  roa  (a  bi)‘  =  1  (mod  m)  and  (a  -r  60*  =  1  (mod  m)  follows  that 

(a  +  bi)nl  —  (a  -i-  bi)k  s  (mod  m), 

whence 

(a  +  60*  •  l(a  +  bi)n,-k  -  1 J  =  0  (mod  m) 

or 

(a  -f-  bi)n,~h  =  j  (mod/n), 

i.e.  they  arrived  at  the  fact  that  there  is  a  degree  of  nuaber  a*bi 
with  an  index  less  than  t,  which  is  congruent  with  unity.  This 
contradicts  assuaption. 


Corollary,  t  divides  or  equally  H-1,  since  according  to  theorea 


7.5 


(a-fW)'V-1  s  l(modm). 


Deteraination.  Coaplex  integer  h,  autually  siaple  with  the 
siaple  coaplex  integer  a,  with  the  nora,  equal  to  N,  is  called 


T*  A . 


T 
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primitive  roots  on  modulus/aodule  a,  if  tha  smallest  exponent  of 

•  f 
number  hj#  congruent  with  unity  in  modulus/aodule  a,  is  equal  to  M-1, 


Theorem  7.7.  if  h  designates  primitive  roots  on  aod ulus/ module 
whose  norm  is  agual  to  N,  then  the  terms  of  secies/row  1, 
fi,  h*,  . . ks~z  will  be  pair-vise  incomparable  between  themselves, 
i.e.f  this  series  represents  the  full/total/ccmplete  system  of 
deductions,  if  we  to  it  join  zero  eleaent/cell. 
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proof.  Actually/really,  from 

hl  53  hk  (modm) 
0  *;«</<  p  —  I 


it  would  follow 


hl~k  ==  1  (mod  m) 
0<l  —  k<p~  i. 


This  contradicts  the  determination  of  primitive  roots,  i.e. ,  to 
theorem  condition,  therefore,  we  have  tf-1  the  incomparable  between 
themselves  nuabars,  which  fora  the  full/tot al /complete  system  of 
deductions,  with  exception  of  zero  deduction. 


From  theorem  7.7  it  follows  that  for  any  number  A*a^bi,  mutually 
simple  with  modulus/aodule  m,  comparison  hx  =  A{mo6m)  has  unique 


a  % 
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solution  m*  &s  Lr  case  of  real  rushers,  let  us  nans  m  the  index  of 
«  < 

nueber  A  on  aodulus/aodule  a.  By  analogy  with  region  of  real  nuabers 
correctly  following: 

ind  ((a  +  bi)  •  ( c  4-  di)  •  (k  +  //)...]  s 
=;  (ind  (a  4-  M)  4-  ind  (c  +  di)  -j-  ind(&  +  //)  4- . .  ,)(mo6N—  I). 

Actually  we  have: 

a  +  bi  3  Aind  (n+bi)  (mod  m), 
c  4-  di  s  Alnd<c+di>  (mod  m), 
k  +  li  =  A,nd<*+'*>  (modm), 

After  aultiplication  we  will  obtain 

(a4-W)‘(tf  +  <ft)-(A  +  fr)  ...as 
_  /,lnd  (<i+H)+lnd  (e-MO+lnd  (*+H)+. . .  (mCKj  ^ 

on  the  other  hand, 

(a  +  bi)-{c  +  di)-{k  +  li)  ...s 
=  Aind[(a+M)(c+d»)-(*+H). .  .](niod  m). 

Analyzing  two  latter/last  expressions,  we  coae  to  the  assertion 


indI(a4-W),(c  +  ^0,(^  +  /0  •  •  •)  = 

*  (Ind  (a  4-  6*)  +  ind  (c4-dt)4-  ind  (A  4-  li)  4-  • .  .)(modA/—  I). 
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Exaaple.  Let  us  construct  table  of  indices  for  the 
aodulns/aodule  5+2i.  Here  as  the  priaitive  roots,  i.e.,  for  the  basis 
of  index  it  is  possible  te  take  2,  since  2*«  =  i  (niod 5  - 20.  He  find: 
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20  3  1 

2'«s-3-i  i 

to 

r* 

© 

in 

i 

-i- 

ia 

2«  s  2 

211  3  1-1 

2*«  s-i 

2*  a -1—2/ 

21*  a  2— 2i 

2**s-2-1-2i 

2s  a  14-3/ 

2ls  a  2-*-« 

243  a  —  2  H-  / 

24  3—1—1 

2'4  a  —  1 

254  a  3  —  i 

2*  a  —  2  —  2/ 

2'»  a-2 

233  a  —  1  xi 

2*  a  1  —2/ 

21'  s  1  -j-  2i 

2i«s_2  —  2i 

27  a  i 

217  a  —  1  —3/ 

247  a  —  2  —  i 

2*  a  2i 

21*  a  1-J-i 

2*  a  2— i 

2»a2+2i 

Therefore  table  will  be  represented  in  the  following  fore: 

m  =  5-t-2i;  ,V  =  29;  h  =  2. 


ESI 

BH 

Em 

Bl 

ES! 

BJ 

rm 

n 

i 

8 

- 

2* 

— 

15 

-2 

22 

-24-2/ 

2 

9 

2 -i 

16 

i-t-2; 

23 

-24-/ 

—  1 — 2i 

10 

-34-i 

17 

— 1— 3i 

24 

3-/ 

B 

1-4-32 

11 

l—/ 

18 

1+i 

25 

—  1— e 

-l-< 

12 

2—2 / 

19 

2  -2/ 

26 

-2-2/ 

■9 

—2—2/ 

13 

2  +< 

20 

-14-  2i 

27 

—2—i 

B 

1-2 i 
i 

14 

-1 

21 

— 1 

Key:  (1).  Index.  (2).  Deduction. 

§  7.5.  Systea  of  residual  classes  in  coaplsx  doaain. 

la  the  prtsent  paragraph  by  analogy  with  real  region  we  will 
construct  the  systea  of  residual  classes  for  coaplex  integers. 

Let  us  select  n  of  autually  prise  coaplex  nuabers  hi,. 
m5 . m, . mn  by  the  basis  of  systea  .u  and  M  =  Hit-Hij  • .  • , m*. 

i 
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Let  us  name  complex  number  A=a*bi  representable  in  this  syste* 

•  # 

N#  if  a+bi  it  is  the  smallest  deduction  on  modulus/module  a, 

•  • 
otherwise  of  A  it  is  not  represented  in  this  system.  Since  norm  a  is 

equal  to  the  product  of  norms  mJt  and  a  quantity  of  the  smallest 

deductions  is  equal  to  norm  H,  the  total  quantity  of  representable 

numbers  is  equal  to  the  product  of  the  norms  of  bases/bases. 


Let  us  designate  the  smallest  composite  deductions  of  number  A 
on  bases/bases  m,,  ni, . m„  respectively  through  «t,  a,,...,  a*., 

Theorem  7.3.  In  the  system  with  mutually  simple  bases/bases 

flij,  . mn  any  represented  number  A=a*bi  the  only  form  is  represented 

as  the  set  of  its  smallest  dednctlons  on  the  basis  of  the  system: 

(«1.  ®*i  •  ■  •  •  an)- 

Proof.  According  to  the  determination  of  values  «l#  <*,, 
take  the  place  of  the  comparison: 
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iasttmodmi), 

A  s  aj  (mod  ff^),  (7.24) 

•  *  • 

A  3  a*(mod/n„). 

Is t  us  assuae  that  there  is  one  additional  represented  number 
A',  represented  as  the  sane  set  of  the  smallest  deductions,  then  for 
it  are  valid  the  sane  comparisons 

A'  =  o,  (modrn,),  . 

A'  =  a2(modm2), 


Page  405. 


A'  3  a„(modmn). 


Hence  it  follows  that  must  be  implemented  the  comparisons: 

A' s  A  (modm,). 

A'  3  A  (modm:), 

•  •  • 

-  A' s  A  (mod mn). 

•  •  m 

Then  in  view  of  the  actual  simplicity  of  bases/bases  A*3A(aod  H)  • 

•  # 

fle  assumed  that  A  and  A*  -  represented  numbers.  All 

eleaants/cells  of  the  class  of  the  smallest  deductions  are  not 

«  • 

comparable  between  themselves,  therefore,  A  and  A*  as  the  congruent 


i 


m 
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between  themselves  eleaents/cells  of  this  class  identically  coincide. 


Thus,  represented  nuaber  A  is  represented  in  the  fora 
A  =  (a„  02,  Let  us  assume  that  A  is  represented  as  another  set  of 

smallest  deductions  ,4  =  (P,,  p, . (V).  This  means  that  are  iaplemented 


the  coaparisons: 


A  ==  j3,  (modmt), 
A  =  ^(mod/n.), 

A  =  p„(modmn). 


(7.25) 


Comparing  (7.24)  with  (7.25),  we  obtain  tha  comparisons 

•  •  • 
a,  =  p,  (mod  m,), 

a,  3  p2(modm2). 


On3  p„(modm„), 


whence  for  reasons  presented  above  follows  «i*8»,,a2  =  p2 . an  =  p„. 

Deductions  a,,  cl. . *n  we  will  call  the  digits  of  the  representation 

of  a  nuaber  in  this  system. 


Let  us  give  an  example  of  the  representation  cf  numbers  in  the  system 
of  the  residual  classes 


Wj  “  2_f‘3ii  rn ^ ~  3 -f- 4 / ,  ffifl  =  1 -f- 4i,  M  —  —74—-//. 


Mora  M® 5525. 
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Example.  To  show  that  nuaber  A=-56-78i  is  represented  number  and 
to  writ9  its  image  in  the  adopted  systea.  It  is  necessary  to  show 
that  A--56-78t  -  the  smallest  deduction  on  the  modulus/aodule  - 
74-7i • 


According  to  formula  (7.5)  we  obtain  x=-56  and  y=-78.  Proa  tha 

* 

same  formula  la t  us  find  the  digits  of  nuaber  A 

«i  =  2j-3«;  a2=5/;  a3=  —  2  +  2/. 

Thus  A=  —  56  +  78/=-(  —  2-4-3/;  5»;  —2  +  2/). 

Above  is  introduced  the  systea  of  residual  classes  for  complex 
numbers,  taking  as  the  digits  of  the  representation  of  nuaber  A  tha 
smallest  deductions  A  according  tc  the  basis  of  system.  Analogously 
can  be  constructed  the  systea  of  residual  classes,  if  we  as  the 
digits  of  the  representation  cf  number  A  take  its  least  positive 
residues.  Prom  the  point  of  view  cf  the  real  systea  of  residual 
classes  this  path  is  equivalent  to  the  use/application  both  of 
positive  and  negative  digits  af  cn  real  basis/base  p,  with  the 
fact,  in  order  to  For  complex  domain  the  possibility  of  the 

construction  of  systea  with  the  least  positive  residues  as  the  digits 
has  very  iaportant  value  in  view  of  the  special 

featuras/peculiarities  in  the  location  of  the  represented  numbers  in 
the  overall  range,  inherent  in  this  method  of  representation.  Por  the 
representation  by  means  of  absolutely  the  smallest  deductions  occurs 
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the  theorem,  analogous  to  thecreo  7.8  about  the  uniqueness  of  the 
iaage  of  the  represented  number  in  the  system  with  the  mutually 
simple  bases/bases.  In  this  case  it  goes  without  saying  the 
represented  number  is  defined  as  belonging  to  the  class  of  the  least 
positive  residues  on  modulus/module  H. 

k  theoretically  important  question  is  the 
production/consumption/generation  of  the  sign/criterion  by  which  it 
is  possible  to  judge  about  the  equipment  of  this  number  with  the  set 
of  H  ,  described  by  the  chosen  bases/bases.  If  in  the  real 

region  this  question  is  solved  simply:  number  A  6  &  when  and  only 
when  ACS',  where  &  -  product  of  real  bases/bases,  then  in  the 

composite  plane  the  corresponding  criterion  is  expressed  by  the 
system  of  the  inequalities  whose  practical  use  is  complicated. 

Page  407. 

In  particular,  so  that  the  preset  number  A=a*bi  would  be 
represented  in  system  H-p+qi  of  the  smallest  deductions,  it  is 

necessary  and  sufficient  so  that  would  be  satisfied  the  condition 

0  <  ap  —  bq  =  r  <  p*  —  q2  —  .V, 

0  ''bp  —  aq  r’  --  pi  -l  qi  \'.  (7.26) 

Let  us  find  now  the  conditions,  superimposed  on  components  of 

*  • 
the  coaplex  number  A-a+bi,  represented  in  system  8. 
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Theores  7.9.  if  A=a+bi,  it  is  represented  in  systee  H=p*qi  of 

the  saallest  deductions,  then  fcr  components  a  and  b  has  the  place: 

a)  —  q<a<p,  0<b<  p  —  pO'npti  p>  0.  q  >  0; 

**)  o<  a<p  —  q,  q<b<p  $npn  p>0,  q<  0; 
ta)  p  —  p<a<0,  p<b<q  CPnpu  p<0.  t?  > 0; 
d*)  p<a<  —  <?,  p  -q<b  <o6?npii  p<U.  p  <  <'. 

Key:  ( 1)  .  with. 


•  • 

Proof.  Let  A=1+bi  be  is  represented  in  system  M  of  the  seallest 

deductions,  then  from  (7. 26)  it  felloes 


where  0^r<H:  04c*<». 


a 


pr  —  qr' 

.V 


u  qr-r  pr' 

0  -  y  t 


(7.27) 

(7-28) 


a)  According  to  condition  p>0,  q>0;  therefore  if  we  take  r=N  and 
r'®0  in  expression  (7.27)  and  r*r**H  in  expression  (7.28),  then  we 
will  obtain 


__  qr  +  pr 
.V 


< 


.V 

q\  —  pN 

y 


i.e.  a<p,  b<q*p. 


On  the  other  hand,  after  taking  in  (7.27)  r=0,  r'  =  H  and  in 


(7.28)  r=r'=0,  we  will  obtain  a>-q,  b>0 
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b)  Bn  condition  p>0,  q<0;  therefore 


_  pr  —  qr'  „  p.V  —  o.V 
a~  V  <  ' V  P  ~ 

/,  P'-t -P''  „  0.„  -p.V 


Page  408. 


On  the  other  hand. 


PO-V"  A  p-04-p.V 

~  -o,  6> - n - =  ?• 


C)  Since  pCO,  q>0,  then 


p.v  ;-p-o 
a/  -Q' 


p.Q — <y -o  A  t  ^  p.v  ;-p-o 

a< — j5 — -0,  b< - 35 - =  q, 

„^P-.V  — pV  _  ^  p-04-pV 

a  > — a? — =P-?.  &> — ]T~  =  P- 


d}  With  p<0,  q<0 


a>- 


p-0  — pV  _  L  ^p  O-p-0  A 

- ^ - =  0, 

p.V  —  p-0  „  ,  p.V  —  pV  _  _ 


■  =  p,  6  > 


=  <7  +  P- 


Determination,  complex  integer  A*a*bi  w®  will  call  represented 
in  the  system  of  absolutely  smallest  subtractions,  if  it  is  the  least 
positive  residue  on  modulus/module  H=p*qi. 


Similar  to  the  system  of  the  smallest  deductions  it  is  possible 

to  find  necessary  and  sufficient  conditions  of  the  representability 
•  # 

of  number  A  in  system  fl  absolutely  of  the  smallest  deductions  with 


norm  N  which  are 


— Y<aP  +  b<f=--r<-j- ; 
— <  bp  —  aq  =  r’  <  4-  • 


(7.29) 


Theorem  7.  1 0.  If  A^a-Oi  is  represented  in  system  H=p+qi  of  the 
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Least  positive  cesidues,  then  components  a  and  b  satisfy  the 

following  conditions: 

a)  -j{p-rq)<a<j(p 
t'tapw  p  >  Q,  q  >  0; 


b#) 


<a< 


2  •• -  '  ■  2 

&npn  p>  0,  q<  0; 

o»)  ^-<a  '■~r  q  p~q 


£nL,-b  <  AtI 

n  "  “  ^  n 


2  2  *  2 
cPnpH  p<0,  <?>0; 


<k) 


p-<7 


<a  < 


-P  —  <7  P-P 


2  " —  "  "  2  ’  2 
$npn  p  <  0.  4  <  0. 


<  *  -s 


:6< 


—n--Q 


—p  —  g 


Key:  (1 ) .  with. 

•  • 
Proof.  Let  us  suppose  A=a+bi  3  s  represented  in  systea  a=p*gi 

absolutely  of  the  smallest  deductions,  then 

a  =  1,  (7.30) 


6  = 


,v 

qr  —  or' 
N 


(7.3!) 


where 


a)  According  to  condition  p>0,  g>0,  therefore,  if  we  take  in 
expressions  (7.30)  and  (7.31)  respectively 

N  ,V  j  N  ,  N 

r~Y'  r  ~ — 2  Ana.  '  r  =  -j ,  r  . 

then  we  will  obtain  upper  bounds  for  a  and  b 


o< 


s  .  s 

P  2  2  p±q 


N 


N 


N 


b< 


qT  ~tpT 


p  -  q 


For  lower  boundaries  let  us  place  in  expressions  (7.30)  and  (7.31) 
respectively  tha  values: 
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N  .  N  (•>  AT  ,  .V 

r  =  — 2"’r=T  11  r  ~  ~T  '  r  =  — T 


V  _v 

_  2  ?  2  p  +  <7  _ 

a  >  _  2  ,  0  > 


V  V 

— «J-pT 


6).  Vti, 


Analogously  ace  proven  cases  b,  c  and  d. 


iith  the  carrying-out  of  the  arithmetic  operations  of  the 
re lationship/ratio  between  the  digits  of  the  representation  of  the 
components  of  operations  and  result  the  same  as  in  the  real  region. 


Theorea 


J* 

✓ 

7.11.  A  =  (a,,  a, . a„).  S-(Pt.  . P»).  C=i-f-5  =  (y,.  y. . y„); 


a,-rPj=  yj  +  tj-toj*  where  t;  -  one  of  the  numbers  0,  1,  i,  1*1  in 
first  type  systam  and  further  in  second  type  system. 


Page  910. 


Proof,  a.)  =  a, -f b,i,  =  +  The  circumstance  that  a,-  and  P/ 

A  -• 

digit  on  basis/base  m}=  Pi  +  9j^.  indicates  for  first  type  systems  that: 

0 <52^32 <1.  *<*££«. 

For  sum  it  is  possible  to  write 


a/  —  P;  (ai —  a*)  Pj-^-ibj-rbz)  qj  (bt  -*-6;)  Pj  —  (at  j-flg)  9;  . 


pi-n 


(7.33) 
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la  the  comparison  (7.32)  it  is  possible  to  write 

°< - ^ - — 

.  (7.34)  . 

i.e.  in  each  of  these  fractions  it  is  possible  to  isolate  whole  part, 
equal  to  0  or  1,  whence  follows  the  assertion  of  theoree. 


For  second  type  systee  occur  the  inequalities: 

1  6| Pj  —  atfj  ^  1  1  ^iPy-rMy  ^  1 

2  v  p*-q*  <  2  ’  2  ^  p)-q)  <  2  ’  (7.35) 

1  aiPj—bzPj  ^  |  |  ^  bjpj  atfj  ^  | 

pj-wi'^2*  p)  +  q)  <2- 

Then  it  is  possible  to  write 


.  {a^az)  pj-ribf-rb^  qj 

1  *» - nTT^i - 1 

yi  ■ 

,  _  (&t-MPy  —  (ai--a,)qj  ^  ] 

]  .< - -  —  <  I 


(7.36) 


Pros  these  ineqaalities  also  follows  the  assertion  of  theorem  for  the 
representation  in  second  type  system. 


A  (o„  tu_.  on)  and  fl(Pi.p2 . P*)  -  two  complex  integers, 

represented  in  system  H,  where ay.lpy  - ©a. abeai«Hiy  ^Ke. jn»«atc5,+ 
deductions. 


Page  411 
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*  •  *  •  * 

Then,  if  A*- 3,  AB  are  representable  in  systea  H,  on  the  basis  of 

the  property  of  comparisons  we  have: 

A  —  b  -  (a,  -r  P,;  —  p:;  ... ;  ®n  —  pn  >. 

.4  — =  a,  — (L:  .  .  -x.,-pn>. 

AB-  (at,  -  p,;  . . .:  *„•{%,). 

In  .this  case  sua  product  and  difference  a,  — p/ are  taken 

respectively  on  aoduli/nodales  mj. 

Example. 

’a)  4  =  4-i-5»  =  (  — i,  —1,  —20;  B=  1  —  4i  —  (•—<',  —  1 .  —  1  — 

Let  as  systea  n  be  undertaken 

«!,  -  !  ,-<•  m8  -2-.  b,  -3  2:. 

then  n*-3*11i. 

•  • 

Let  us  find  sua  A*B={-i,  -1,  -2i)*(-i,  -1,  - 1-i) * (2i  ,  -2,  - 1  -3  i) 
or  into  absolutely  the  smallest  deductions  A*B*4),  i,  2i)  .  Easily  it 
is  checked,  that  a  nuaber  (0,  i,  2i)  exists  5  »i  and  it  is  equal  to 
sua  (4»Si)»(  1-4i). 

bA)  <4  =  3+5j=«(0,  »,  2);  S=  l  +4i  =  (— <,  j,  —i). 

9  • 

Let  us  find  the  difference  A-B*(i,  0,  2+i)  or  in  least  positive 
»  # 

residues  A-B= (i,  0,  - 1 — i > .  By  direct  testing  we  establish  that  a 
nuabar  (-i,  0,  -1-1)  exists  2*i  and  it  is  equal  to  difference 
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(3»5i) -  1 ♦4t|  . 

Cl)  A=l  +  3i~(0,  0.  —2i);  B  =  1  - -i  =  (0,  1-rO- 

Let  as  find  product  AB= (0,  0,  2-2i)  or  Id  absolutely  tbs 
smallest  deductions  AB*(0,  0,  i).  By  tasting  v«  are  convinced,  that 
nuaber  (0,  0,  i)  is  actually/really  product  (1*3i)x(  Hi)=-2*4i. 

The  operations  of  addition,  subtraction  and  aultiplicatioo 
azaained  relata  to  a  nuaber  of  accurately  of  feasible  above  any 
arbitrarily  those  undertaken  numbers;  froa  the  point  of  view  of 
uniqueness  it  suffices  to  require  the  nonappearance  of  result  of 
operation  for  the  range  of  the  representation  of  nuabers  accepted. 

However,  division  feasibly  hardly  aver.  Therefore  in  the  systea 
of  residual  classes  we  examine  the  operation  of  division  only  when  it 
can  be  carried  out  with  obtaining  of  exact  quotient. 

Page  412. 

However,  generally  it  is  possible  to  exaaine  tha  case  of  the 
division,  when  quotient  is  not  integer.  In  this  case  we  obtain  foraal 
quotient. 

Lat  A- {<ii,  ^ . ct„)  be  divided  without  the  reaainder /residue  into 

B*  (P„  . P »)■  Lat  us  find  the  quotient 
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+  (,*1 

C  =  4-  =  (Y».  Yz.  Y«). 

B 

whs ns#  CB=A  and 

^PlYl  —  P?Yi  —  ^l^S-  •  •  •  *  PnY>*  ~  ^n^n)  =  (®t*  ®7- 

where  to  eat  one  of  the  deductions  of  f ull/total/coaplete  systea 

on  aodulus/aodule  m,.  Pro#  this  equality  we  have 

•  »  •  •••  •  »  • 

a,  *,m(  *  a2  —  fc2m2  ecn  — *n"*™ 

Yl  = - : - -  Y2  = - 7 . . Yn - - . 

Pi  Pj  p» 

froe  which  it  is  clear  that  the  cosponants  of  quotient  are  obtained 
by  the  step-by-step  division  of  the  corresponding  coaponents  of 
dividend  and  divider/denoainator,  in  this  case  if  there  is  no 
f issionability  completely,  then  to  the  coaponent  of  dividend  is 
adjoined  the  corresponding  basis/base,  aultiplied  by  this  deduction 
kj,  so  that  aj+'kj/ni  would  be  divided  coapletely  into  jj,.  It  is 
obvious,  this  division  in  a  single  Banner  will  deteraine  digit  Y j.  if 
kj  will  be  undertaken  frca  the  f ull/total/coaplete  system  of 
deductions. 

0 

Example.  Lat  us  take  systea  R  in  the  following  fora: 

* 

*»t~3+2i;  i‘;  jW  =*  9  32* . 

Lat  as  divide  in  this  systea  2*4i*(-1;  1-i;  -1*1)  into  a  nuabec 
3>i* ( 1,  -i,  -1) 

—  :  -rr:  -rT-)  =  (-i;  »+*;  »-r0- 

By  testing  we  ace  convinced,  which  (-1;  1*i;  Hi)  is  quotient  of  the 
division  2*fti  on  3*i,  i.e.,  1*i. 
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•  #  •  • 

Exaaple.  Lat  us  take  systea  a,  =  1  +i;  a2*2+i;  b3*3+21;  N=-3+11i. 
Let  us  consider  the  division  of  a  nuaber  4  +  4i  into  a  nuaber  -4+i  with 
obtaining  of  tha  foraal  quotient 


Page  413. 

e 

Actually/really,  -1*5i  there  is  the  foraal  quotient,  obtained,  when 
as  the  dividend  is  taken  4+4i  plus  product  -2+1  to  the  aodulus/aodula 
of  systea  -3+lli. 


If  divider/denoainatcr  is  divided  into  any  basis/base  mh  then 
this  it  aeans  that  the  reaainder/residua  on  this  basis/base  is  equal 
to  zero,  however,  since  is  assuaed  that  the  division  is  iapleaantsd 
coapletely,  then  the  corresponding  reaainder/rasidue  of  dividend  is 
also  equal  to  zaro;  therefore  we  have  in  this  case  step-by-step 
division  of  0/0,  i.e.,  uncertaint y/indet erainancy .  The 
disclosure/expansion  of  this  type  of  uncertainties/indeteraiaancies 
requires  the  enlistaent  of  further  considerations. 


The  aethodology  of  the  translation/conversion  of  nuaber 
A  (<*„  a2,  . . . ,  3„)  froa  the  systea  of  residual  classes  into  the  positional 
systea  the  saae  as  for  the  real  region. 


m 
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Ace  chosen  the  orthogonal  bases  of  the  system 

=  (1.0. 0 . 0). 

fl*  =  (0,1,0 . 0).  (7.37) 

Bn  =  (0,  0 . 0,  1). 

such,  that 

>4»a,i,  +  a1S1+...  +a*fl»(niodAf).  (7.38) 

Proe  (7.37)  it  is  evident  that 

Bt  =  -¥-*j,  (7.39) 

mj 

aoteovec  which  can  be  naaed  the  weight  of  composite  orthogonal 

base  Bj  of  systea  n,  is  deterained  froa  the  coaparison 

1  (modm.,).  (7.40) 

m, 

For  the  clarity  let  us  consider  an  ezaaple  of  the 
translation/conversion  of  the  coaplex  nuaber  A. 


Exaaple.  A*(-1,  i,  1*2i); 

M  =  (2  +  0  (3  +  20  (4  +  0  =9  +3i. 

Page  *14. 


Lat  os  construct  the  orthogonal  bases  of  the  systea 

•  9_i_32|  • 

fl<  m-JZT  ♦**  *  (m°d 2-1-/)  (11-100  y,  ■  1  (mod 2  +  0. 

Here  *t^i.  since  li-l0i*l  (aod2*l).  Consequently,  3,^11-10,. 

•  9-J-32/  • 

'te  ■  1  (mod3+20  U. 


(7—  60  ■  1  (mod  3-f-  20- 
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tp2=x+/y;  then 

(7  +  6/)  i2  =  (7x  — 6y)+(6x+7t/)/. 

Through  formulas  (7.  3)  we  find  x  and  y 

3(7x-6y)  +  2(6x  +  7y)  =  3  J*=l,  ‘ 

3(6x-7w)-2(7x-6y)  =  — 2  j  y=\, 

t  he  re  f  ore  a2  ,•=  ( 7 + 6/)  u + 0  -=  1  + 13/, 

i,  =  ^  =  (4+  7 0  *3  3  l  (mod  4  + «). 

If  ^3=x-rii/,  that  we  obtain  (4x-7y)  ♦  (7x*4y)  i  =  1  (mod  4  +  i).  Be  pass  from 

this  composite  comparison  to  the  real  equalities  according  to  (7,3) 

4  (4x 7y)  +  (7x +  4y)  =  4  \ 

4  (7x  +  4^) —  (4x — 7y)»  — 1  1' 

Bhence  x=*-1,  y- 1  and  B3=-  1 1-  ?i. 


Thus,  is  found  the  system  of  orthogonal  bases.  Let  us  register 
number  A  in  the  fora  (7.38) 

A  =  -!  (II -10.) -,(1  +  130  +  0  +  20  ( —  11  —  3i)  (mod  9  +  32.) 

-4  3 —  29— 14.  (mod  9  —  320- 

Absolutely  -  the  smallest  deduction  of  a  number  -29-141  on  the 
aodulus/aodule  94321  -  number  A  exists  12*9i. 

§7.6.  On  the  imbedded  systems  of  the  smallest  deductions. 


In  complex  domain  complex  integer  a+bi,  represented  in  the 
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systea  of  the  siallest  deductions  M,  is  not  always  represented  in 
systea  H*,  where  although  in  systea  M'  of  the  smallest 

deductions  a  quantity  of  represented  numbers  increases. 

Page  415. 

For  the  real  region  this  it  goes  without  saying  it  is  impossible, 
since  the  growth  of  bases/bases  leads  only  to  an  increase  in  the 
quantity  of  represented  numbers  with  the 

retention/preser vation/maintaining  of  the  representability  of  the 
numbers,  which  entered  into  the  unexpanded  range.  Analogous  property 
possesses  the  system  of  residual  classes  with  the  digits  *  absolutely 
3aallest  bases/bases,  which  makes  this  system  of  of  aore  preferable 
for  the  realization. 

0 

Determination.  System  n  of  the  saallest  deductions  it  will 

consider  imbedded  in  systea  n*  of  the  saallest  deductions  where 

Nj,  >  Np  if  any  represented  in  system  H  a  number  is  represented  also 
* 

in  systea  R' . 

Proa  the  geoaetric  interpretation  of  the  systea  of  residual 
classes  in  complex  doaain  it  is  evident  that  systea  R  -  square  T 
(Pig.  7.4)  is  ixbedded  in  systea  s’  -  square  G,  when  the  entire  set 
of  the  points,  which  are  the  saallest  deductions  of  ,vt,  ,  is 


i 

i 
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contained  squared  G.  For  system^'  =  Mmof  the  smallest  deductions 
(let  us  note  that  m/l*i)  nust  be  chosen  from  the  fact  that  on  th 
inclination/slope  of  the  straight  line  OB  *  is  superieposed  the 
specified  condition. 
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Pig.  7.4.  Pig.  7.5. 


Pig.  7.4.  Geometric  representation  of  two  systems  of  smallest 
deductions,  one  of  which  a  is  not  imbedded  in  system  a*. 

Pig.  7.5.  Geometric  representation  of  two  systems  absolutely  of 
smallest  deductions  where  system  B  is  imbedded  in  system  B*. 

Page  416. 

System  a  of  the  least  positive  residues  is  always  imbedded  in 

system  fl*=Hm.  Actually/really,  square  RJPH  of  system  B=p*qi  will 

always  prove  to  be  imbedded  in  square  8* Q*P*N *  of  system 
# 

B**(p+qi)  (p**q'i)  (Pig.  7.5),  since  both  they  originate  by  center  of 
coordinates,  and  a  radius  of  the  field,  circumscribed  around  square 
RQPB  (#  =  yK2 (/?*  +  <?*)}  ,  is  always  lower  than  the  radius  of  field, 
inscribed  into  square  R’Q'P'N’  (fl'  =  yK(p'* +  <?'*) (p*  +  <?*))  . 
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Example.  S=1«-3i  -  system  of  the  smallest  deductions, 

m  =  2+i;  M'  =  Mm  =  —  1  +7/. 

From  Pig.  7.4  it  is  evident  that  system  M  of  the  smallest 
deductions  is  not  imbedded  in  system  K*,  since  the  part  of  it  of  the 

smallest  deductions,  namely  i;  2i;  3i,  is  not  the  smallest  deductions 

•  0 

of  system  M • .  3ut  if  system  M=1*3i  is  the  system  of  the  least 
positive  residues,  then  it  is  imbedded  in  system  n»«-l*7i  (Fig.  7.5). 

§7.7.  Isomorphism  of  systems  M  of  composite  and  real  deductions. 

Let  as  the  basis  of  system  M  be  undertaken 
•  *  • 

mt “  Pt  nh—  •••»  Mu** Pn^r W' 

M  =  .  .mn  =  p+qi, 

with  the  norms,  equal  to  respectively  _  ,V„  N,  “here 

iPj,  ?;)  =  >;  (P.  ?)=!• 

Let  be  further  for  each  basis/base  determined  the  coefficients 
of  isomorphism  P)  =  uJqJ—vip),  p  =  uq  —  vp,  where  v)  and  u,  v  satisfy 
conditions  of  mutual  simplicity  of  numbers  pj,  gj,  p ,  q.  i.e. 

UiPj  +  yfli^  1,  up  -\-vq=  I . 

Than  is  valid  the  following  theorem. 

Theorem  7.12.  Any  complex  integer  A  =  a«-bi  from  the  set  of 


represented  in  this  system  numbers  is  represented  in  this  systam  in 
th®  form  A=a  +  bi=(hi,hi, . . hn),  where  hj  is  the  least  non-negative 
residua  of  numbars  a  +  p;P.on  moduli/modules  A/> 

Page  417. 

Proof.  Proof  ascape/ensues  directly  from  the  theorem  of  Gauss. 
Actually/really,  since  according  to  condition  (p/,  then  according 

to  the  theorem  of  Gauss  for  any  number  A  has  place  a  =  hj  (mod  m;).  where 
hj  -  the  least  non-negative  residue  of  number  a-rpjb  on 

modulus/module  N  y,  on  the  other  hand,  if  a,  is  composite  deductions 

•  .... 

cf  number  A  respectively  cn  moduli/modules  mj,  then  A  =e  (modm,). 

therefore  a;  =  A^(modm;).  whence  in  the  limits  of  the  reprasentability 
of  a  number  we  hava 

A  =  (a,,  a*,  . . . ,  a„)  =  (A„  A, . hn).  (7.4  I ) 

Thus,  any  number  of  the  set  of  the  represented  numbers  is 
represented  as  the  seguence  of  its  real  deductions  on  mod uli/modulas 
rrtj,  i»  9  • 

A  =■  (At.  At*  •  -  • .  hn).  (7.42) 

This  means  that,  representing  a  number  in  the  fora  (7.42),  we 
pass  from  systam  N  with  bases/bases  ^  ^  to  system  n  with  the 

bases/bases,  equal  to  norms  -V,,  n2 . yn  of  these  bases/bases,  since 

real  deductions  A ,  are  found  from  the  conditions 

a  +  Ap,,  s  hj  (mod;V;), 
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where  a  and  b  -  components  of  nuaber  A. 

Determination.  Systea  M  with  the  bases/bases,  equal  to  noras 
Vi,  JV: . Nn,  we  will  call  systea  fi  of  real  deductions. 

It  is  possible  at  the  necessary  aoaent/torque  to  always  pass 
from  systea  n  of  composite  deductions  to  systea  n  of  real  deductions. 
In  this  consists  the  isoaorphisa  of  the  systems  of  coapiex  and  real 
deductions. 


Further,  naturally,  arises  the  question  about  the  existence  of 
system  n,  which  satisfies  conditions  of  theorem  7.12  about  the 
isoaorphisa.  Let  us  show  that  this  systea  exists. 
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Let  m,  =  p,  -  q,i:  m2  =  p-  -  q2i:  .  .  .  m„  =  p„  - 1-  qni  be  pair-wise  mutually 

prime  numbers  with  noras  sit  n2 . Nn  and  m  =  m„  m2  .  .  .  m*  =  p  -h  qi , 

then,  obviously,  ipj,  qj)  —  1  and  <p,  q)*1.  In  fact,  since  m}  *  pciae 
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numbers,  then  according  to  the  sign/criterion  of  priae  nuabecs  their 
norms  aust  be  the  priae  nuabers  of  fora  4k*  1.  But  froa  the  theory  of 
nuabers  it  is  known  that  idle  tiae  a  nuaber  of  fora  4k* 1  is 
represented  in  the  fora  of  the  sua  of  the  squares  of  tvo  mutually 
prime  nuabers;  therefore  froa  Kj  —  Pj  -r  <7?  it  fellows  that  (Pj,  qj)  =  1. 

It  is  easy  to  show  that  the  nora  of  ji j  is  equal  to  the 

product  of  the  aoras  of  cofactors,  therefore,  it  contains  only  the 
siaple  dividers/denoainaters  of  fora  4k* 1  and  itself  is  a  number  of 
fora  4k *1.  Therefore  froa  the  criterion  of  the  representability  of  a 
number  of  fora  4k*1  by  fora  of  p**q*  we  consist  that  (p,  q)*1.  QED. 

The  case  in  question  assumes  that  among  the  basis  of  system  n 
there  are  no  nuabers  l*i  with  the  nora,  equal  to  2,  meanwhile  the 
presence  of  this  basis/base  would  considerably  facilitate  the 
organization  of  the  work  on  the  relative  numbers.  Therefore  let  us 
show  that  also  In  the  presence  cf  basis/base  1*i  in  the  systea  occurs 
nutual  simplicity  of  nuabers  p  and  q. 

Systea  m  =  p  +  qi  =  m*.  m,  ...  m„,  where  mj  “  pair-wise  mutually 
priae  nuabers  with  the  norms  of  fora  4k*  1,  in  this  case,  as  shown 
above,  (p,  q)*1. 

Let  us  now  supplement  into  this  system  basis/base  mx=\~ri>  i.a. 
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H**B(1+i)  =i|B*  ...  ^  =  (p+qi)  (Hi)  =p-q)  ♦  (p+q)i.  Let  us  show  that  p-q 

and  p+g  is  autually  siaple. 

Astually/really ,  the  nora  cf  M  Is  equal  to  «=p*+q», 

however,  since  nuaber  N  has  dividers/denoainators  only  of  fora  4k+1, 
the  very  nuaber  N  of  also  the  saae  fora;  therefore  in  its  expansion  p 
and  q  they  oust  be  different  parity,  whence  we  consist  that  nuaber 
p-q  and  p+q  both  odd. 

Let  p-q  and  p+q  have  the  coaaon  divisor,  different  froa  1,  i.a., 
(P~q.  p*q)*d,  than 

p— q  33  O(modd),  p  +  q  se  0{mod d) 

or 

2p  =  0(modd),  2qm0(modd). 

Page  419. 


So  p-q  and  p+q  odd,  the  d  -  odd  divider/denoainator;  therefore  (d, 
therefore,  after  reduction  to  2  we  will  obtain 


or 


p  3=  0  (mod  d),  q  =  0  (mod  d) 


(p,  (?)  =  d  >  I , 


which  contradicts  the  condition  of  autual  siaplicity  of  nuabers  p,  q. 
Consequently,  p-q  and  p+q  is  autually  siaple,  QBD. 
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Example.  et=1*i,  m2=2*i,  n3»3*2i,  a4=4*i,  m5=5*2i,  mft=6«-i, 
m2=5*4i,  ms=2*7i,  n,=6*5i,  *l0=3+ai«  Pro*  the  nore  it  is  respectively 
equal  to:  »a=2,  M2  =  5,  H3=13,  N4=17,  1,=29,  H4=37,  H*=41,  N*  =  53, 

N4=61 ,  ff|  0=73,  £  =  4422219*2265865/.. 

It  is  cot  iifficult  to  Chech  with  the  help  of  the  euclidean 
algorithm  that  numbers  4422219  and  2265365  are  mutually  simple. 

It  is  obvious,  the  rules  of  the  arithmetic  operations  on  the 
complex  numbers,  represented  in  the  form  (7.4.2),  do  not  differ  from 
the  rules  of  arithmetic  operations  in  the  system  of  residual  classes 
in  the  real  region;  therefore  special  on  them  we  stop  will  not  be. 

# 

Lat  us  consider  examples.  let  us  select  system  n  in  the  form: 
ma=1*i,  m2=2*1,  m3=3*2i, 

iM-(l  +  0(2+3(3+2i)~-3+lH'  tf,  =  2,  ,V2  =  5. 

N3=13,  1=130,  and  let  us  determine  for  this  system  pa=2 *1 *1 *1=3, 
pjs1»1*2»1*3,  p3  = 2* 1*3* 1= 5. 

•  # 

Example.  Let  us  register  numbers  A*-3*4i  and  B=- 1-  3i  in  the  fora 
* 

(7.44).  for  A  va  have 

— 3+4-1  ■  ft,  (mod  2),  fct  =  l, 

— 3+4-3  ■  ftj(mod5),  Aj  =  4, 

-3  +  4-5  m  Aj  (mod  13),  4. 

Therefore  -3*4i=(1,  4,  4).  For  B  me  have: 


—  l—  3-1  a  ft,  (mod  2),  ft,  =  0. 
— 1  -3-3  ■  ftj  (mod  5).  ftj  =  0. 

—  1  — 3-5  *  ftj  (mod  13),  ftj-10. 
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Therefore  -1-3i=(0,  0,  10). 

Example,  a)  "£o  find  the  sum  cf  numbers  A=-3»ui*(l,  4,  4)  and 
3=-  3-  3i  =  ( 0,  0,  10). 
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Solution:  (-3*4i)  ♦  (- 1-31)  =-4  +  i  ( 1,  4,  4)*(0,  0,  10)=(1#  4.  1). 

Actually/raally,  by  testing  we  are  convinced,  that  the  sum  -4*1  is 

represented  in  system  R  in  the  fora  (1,  4,  1). 

bfc)  /i  =  3  =  d,  3,  3),  8  =  —  1  — 2«  =  (1.  3,  4), 

=  3,  3). (I,  3,  4)  =  (1.  4,  12). 

It  is  easy  to  check  that  nuaber  (1,  4,  12)  represents  product 
A •B--3-6i • 


Example,  systea  H  the  saae  as  in  the  previous  example: 

A  =  8+6i  =  (0,  I,  121,  fl  =  4+3<  =  (l,  3,  6), 

i.e.  quotient  8*6i/4*3i  is  equal  2=(0,  2 ,  2). 


§7.8.  Determination  of  the  set  of  the  represented  numbers  for  systems 


7  o  / 

"!  of  composite  deductions  with  the  help  of  the  real  deductions. 

Let  us  assume  that  number  x+iy  is  complex  (smallest  or  abso¬ 
lutely  smallest)  remainder  of  number  A=*a+bi  according  to  modulus 
*l*p+qi,  vfhere  (p,  q)«l. 

Than  regarding  x+iy  it  is  represented  in  systea  n  of  coaposite 

deductions.  And  if  h  -  real  deduction  of  nunber  A  on  aodulus/aodule 
•  • 

H,  then  has  place  x+iy-h (aodn) .  If  we  find  coaposite  deductions  for 
nuabers  h=0,  1,  2,  ....  N-1  froa  aodulus/aodule  a,  then  we  will 
obtain  entire  set  of  the  represented  nuabers  in  systea  n  of  coaposite 
deductions. 

This  aethod  is  Interesting  to  those  that  iaoediately  is 
established  a  correspondence  between  the  sequence  of  real  and 
coaposite  deductions. 

Let  us  derive  the  foraula,  which  mutually  connects  the  sequences 
of  real  and  saallest  coaposite  deductions.  Let  us  find  for 

—  k  <  N  j_t.s  saallest  deduction  froa  aodulus/aodule  fl,  for  which  we 
will  use  foraula  (7.5) 

+  (7.43) 

Page  421. 

Here  r  and  r*  ara  th9  least  non-negativa  residue  of  nuabers  pk  and 
-qk  on  aodulus/aodule  H ,  i.e.,  r=pk-H5#  /=  —  qk  +  N(r\±  l),  where  5* 
[pk/N]  and  T)=  [-y-]  *  integers  part. 


MU.  3 
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Substituting  the  value  of  r  and  r*  in  (7.43),  we  will  obtain 

j>  „  ...  p(p*-v£)-g  !-<?*- v(n- D| 

*'*  =  •*  r  *y— - ]v  r 


it  is  final 


,  pf  — <7*-rA’(r}4-l)l  — <?<P*~  vt)  - 
-r  -  v 


v*  =  .v  —  ty  =  i ^ — p6  —  7 (n  —  1)1  —  !p (n  -i)  •  <??)'•  <7-4f 


vher*  k=0,  1,  2,  ...»  n-1. 


Example.  Let  N-3  +  4i,  8=25.  It  is  necessary  for  systea  H  to  find 
out  the  set  of  the  represented  nuabers  according  to  formula  (7.44). 

6  =  0,  1,  2,  3.  4.  5.  6.  ;-=0.  r)  —  0. 

V0=— 4 -f3<,  V!  =  —  3  —  3/,  V2  =  —  2  —  3/,  ^3  =  -1-3/. 

V4  =  3/ ,  Vj  =  1  -7-  3/,  V'6  -  2  —  3» . 

(])  JJUih  6  =  7,  8,  5  =  0,  f|  =  l. 

V7=1-u6«,  Vg  =  6/. 

Qr.i»  6  =  9.  10,  11,  12,  5  =  1,  n  =  i. 

V#=-2J-10i,  V10=-1  +  I0<.  l>tl  =  10.’;  V12=  l-j- 10/. 

OHjih  6=13,  14,  IS,  16,  5=1,  n  =2. 

V13=  -2+13/,  V,*  =  —  l-t- 13/,  V,5  =  13«,  V,«=  I  —  13/. 

Gl Ua  6=17,  18  5  =  2  n  =  2 

VlT=  —  1  +  17/,  17,*=  17/. 

(y  Ran  6=19,  20,  21,  22,  23  ,  24  5  =  2  n  =  3 

V |g  =  —  3 + 20/ ,  V20=  —  2 -i- 20/ ,  V  2,  =  —  1  +  20/ ,  V22  =  20/. 


Vm  =  1  —  20/',  V24  =  2  +  20/. 


Key:  (1)  .  For. 


Let  us  further  derive  foraula  for  the  case  of  the  least  positive 
residues.  Let  for  k < n  be  found  out  its  least  positive  residue 
then  according  to  foraula  (7.5)  ve  will  have 


mmm 
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Race  c  and  r*  ace  the  least  positive  residues  of  nuabers  pk  and  -qk 
on  aodulus/aoduia  R ;  therefore 


'  -  P*  —  *V  [  ]  .  r'  =  —  qk  -  . 


r 


1  • 


_  ( ■-»*  1 

L~J 

n  UtJ 

(7.46) 


Let  us  rewrite  (7.45),  keeping  in  aind  (7.46) 

-(*-’[¥]-«[¥¥¥[¥]-*[¥¥ 

Thus,  the  set  of  the  represented  nuabers  in  this  systea  fl-p+gi,  where 
(p,  q)*1,  it  is  deterained  froa  the  foraula 

+  ('[■¥■]-«[¥])'•  i7"’ 

Exaapla.  To  find  the  set  of  the  represented  nuabers  in  systea 
H*3»4i  of  absolute-saallest  deductions.  Here  R*2S,  therefore,  giving 
k  the  sequence  of  values  of  0,  1,  2,  3,  . ..,  24,  we  find  through 
foraula  (7.47): 

0I**»  3RMemi«  *=0,  I.  2,  3,  £  ]  -0,  |  3±I  J  *,0 


V„-0.  V,-l.  V,-2.  V,-3; 


4  fi±i]«0.  [  ]  —  1 

Qw*  k*  5,  6,  7,  8,  9  £iii  J  .  £  1+i  J  e-  J 

Vs  =  —2- i.  —  I  —  1 ,  Vi  =*  — i.  C',  =-  I  —  /,  V,«2 — 1; 

*-10.  II.  12  [5yiJ  -2, 

V»--l+2l,  V-,,-1+21; 


Qx*  k  =  13.  !4.  15  [iy±]  [^J=2. 

V',3  =*  —  1  —  2«.  V,4  =  —  2i,  1'ij—  1—2/'; 

*  -  16,  17,  18.  19,  20  [=Ji]  =2.  |  5^— •]  3. 

*  =  V,7  -=  —  1  —  i.  V\g«f.  V20  .-2-/; 

»-*-»  [¥H¥H- 

Vj(  =“  —  3l 

*=22.  23.  24  [iyl]-3.  [^]  =4. 

Vm=.-3.  Wu^-2.  1/tt^-t. 


Kay:  (1).  for  tha  saluas.  (2).  for. 

i 
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I 

§7.9.  Translation/zonvarsion  coaplax  int  agars  of  th*  positional 
systaa  into  systaa  H  of  raal  dadactions  and  vies  varsa. 

j 

Lat  ba  gixan  systaa  .M  =  m./n, . . .  m„  =  p-qi  »nd  .V„  •.  v».  *  W  II 


p„  Pj.  •  •  (>».  P 
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respectively  norm  and  the  coefficients  of  the  isomorphism  of  numbers 

•  •  •  • 

®i  *  ■*#  •••#  mn,  M. 

Further,  let  for  the  representation  in  system  H  of  real 

deductions  is  preset  number  A*a*bi.  Then  according  to  the  theorem  of 

isomorphism  we  have  a*bi=h(mod  B)  ,  where  h  is  determined  from 

condition  a*bp*h(mod  S) ,  however,  since 

•  *  •  • 

M  —nvnj  4. .  h  .V  =  ,\t\. . . .  .V „ 

that  according  to  the  property  of  comparisons  we  will  obtain 

a  +  bi  a  h  (modm,); 

•  • 

aQ(j  a  +  Mv»A(modm*);  . . . ;  a -f  bi  m  h  (mod mH) 

o-f -bp  at  A(modjV,); 

a  +  6p«h(modJV,);  . . a-r-fep  a  A(mod,V»), 
from  h  =  hj(mod\j),  it  follows 

u  —  bp  a  ht  (mod  .V,), 
a  -  ftp  =  h-  (mod  V.). 

a  -  bp  =  A,,(mod  .V,). 

and 

a^6ia/i,(modm,),  (7.48) 

a  bi  s  (mod  n:.,), 

a  -  s  ft,  (mod  mn). 


hence 
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Thus,  for  tha  determination  of  representation  (7,49)  is 
sufficient  to  find  hj  frca  (7.48)  with  tha  help  of  the  coefficient 
of  the  isoaorphisa  p  of  .It  is  possible  representation 

(7.49)  to  find,  also,  with  the  help  of  the  coefficients  of 
isoaorphisa  Pi- P;.  •••-pn-  In  fact,  we  have: 

a  -r  bpi  s=  /i,  (mod  iV,), 

a-rbp2  =  f i2(mod.V2),  (7.50) 

# 

a  -f  6p„  s  hn  (mod  Sn), 

whence  we  will  obtain  representation  (7.49). 

Theorea  7.13.  If  m  =  m,m2  . . .  mn- (pt~r q^)  >  (Pz  +  Qii)  ■  ■  ■  (Pn~ qni),  Pi,  p2 . p„,  p 

•  • 

respectively  the  coefficients  of  isoaorphisa  mj  and  H,  then  the 
coefficient  of  the  isoaorphisa  p  cf  product  N  has  a  representation 

P  =  (Pt.  P* . pn)  (7.5!) 

in  the  systea  with  bases/bases  ,V„  A'. . .v„. 

Proof.  In  order  to  avoid  cuabersoae  calculations.  The  proof  of 
theorea  let  us  land  for  n*2,  i.e. ,  for  the  case  when 

M  —  (p,  -r  PiO  (Pj  —  <72* )  =  (p\Pi  —  QsQz) —  (<?iP;  —  P\Qz)i —  P  ”<?*’- 

froa  theorea  condition  we  have 

Pi  =  «i<?t  -  ytP„ 

pj  =  0^2-  L'jP2, 

P  -  “  ~  Pi<?:)  —  w  (PjP:  —  q,g2), 

where  u,,  u2,  v4,  u,  v  are  connected  with  the  conditions 

u,pt  0i<Jt  =  1 .  ~  =  I  >  up-i-vq~\.  (7.52) 
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Lat  as  find  the  saallest  non-negative  remainders/residues  yt  and 
y 2  number  o  from  aodulus/module  Nt  =  p2l*g21  and  M2«p22«-q22.  »e  have 
p=klM|*Ti  and  p=k2N2*y2,  whence  yt  =  p-k1Ml  and  y2  =  p~k2N2  or  after 

statement  of  expression  p,  Jfl#  R2  we  will  obtain 

Yi  -u(qtP2-r  Ptfzl  —  v  {PiPi  —  qtfd  —  k^pi  -  q\), 

„  „  ( / . Do) 

y2  ~u  (P\Pi  +  pxq2)  —  v  {p\p2  -  P1P2)  —  *:  (p \  -  q\) . 

Let  as  regroup  right  sides  (7.53)  relative  to  p, ,  g,  in  the  first  and 

P2#  3*  in  the  second  equality 

Yt  =  +  Pz^  —  Mi)  9i  ~  (PS  ~  P'S  -  )  Pi 
Yz  =  (Pi«  +  <?ty  —  *292)  9z  —  (PS  ~  PS  T  *aP:)  P- 

Let  us  show  that 

Uj  =  p2u  +  p2v  —  kxqx,  vx  =  p2v  —  q2u  +  kxpx, 

,  Uz  =  ptu  +  qxv  —  fc2g2,  u2  =  ptu  —  qxu  -f  *2p. 

they  satisfy  with  respect  to  first  two  conditions  (7.52) .  for  which 
we  fora 

(PS  +  Pz°  -  *i9t)  Pi  -k(p2o  -  q2u  -r  kxpx)  qx  = 

=  P\PS  +  PtPtO  —  Pi*,9,  +  PzPS  —  qxq2u  -  pxkxqx  = 

—  (PiPz  —  PiPz)  u  +  (P,g2  -r  PzP\)  v. 

Latter/last  expression  is  equal  to  one  according  to  third  condition 
(7.52);  therefore  y, -plt  analogously  we  will  obtain 


(PS  T  qs  —  k2q2)  Pi  -  (PS  —  q.u  —  k2p2)  q2  = 

—  P\Pzu  ~r  PzPiv  ~  P:9s*2  t  PiPz*-'  —  Pip2u  ~~  PzPi^z  — 

=  (PiPz  —  Pi  Pi)  “  t  (Pi9z  ~  PsPt)  v, 

which  is  also  equal  to  unity  according  to  latter/last  condition 
(7.52):  therefore  y 2=p2.  Consequently.  pt  and  p2  are  the  least 


J 
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non-negative  residue  numbers  p  on  aodulus/mod  ula  N1#  N2,  QED. 

Page  426. 

The  validity  of  this  theorem  follows  also  directly  from  (7.48) 
and  (7.50).  In  fact,  since  in  comparisons  (7.48)  and  (7.50)  right 
sides  are  equal,  then 

a  -f-  bp  =  a  +  bpj  (mod  .V j) 

or 

6(o  — f>  ^  ^0(modiV;). 

Since  p  and  p,  do  not  depend  on  selection  A=a*bi  that  let  us 
assume  that  (b,Nj)  =  l,  then  p  —  p^  =  0  (mod ;V,),  whence  it  follows  that 

p  =  p,(mod.Vj),  l>a-  p  =  (p„p2 . Pn). 

Now  according  to  the  recently  proved  theorea,  it  is  possible  to 
indicate  one  more,  moreover  the  most  practical  algorithm  of  the 
representation  of  the  preset  number  a*bi  in  system  fi.  in  fact,  since 

p  =  (Pi,  p2,  .  .  p„),  and  a=  (a,;  a,;  .  .  .  a„)  and  b  -  (pt;  P:;  ■  •  ■  Pa),  then  (7.48)  it 

is  possible  to  rewrite 

^i-rPiPi  s  Mmod.V,), 

02  -r  P2P2  =  h2  (mod  ,V:), 

an-i-PnPn  s  hn(modNn), 

whence  we  consist  that  unknown  deductions  hj  are  found  from 
condition 

(alt  02,  •  •  •  ,  On)  -r  (Pi,  P;,  •  •  •  ,  Pa)  (Pi,  P2 . Pa)  = 

=  (^i,  •  •  • ,  h„). 


k, 


A 
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Example.  As  the  system  let  us  take 


A/l  =»  ^ 

=  (I-D(2  4-0(3  +  20(4  +  0(5- 2  i)  (1  +62)  (5  4-  40  (7  +  20  ;< 

X  (6  4-  50  (3  +  80  =  4  749  285  —  1  291214; 

har@  ,V=  VrV-A;3..V..,Vf.,V,.iV7..V,.,V9..V10  =  2.5. 13-17- 29-37-41  x 
X  53-61 -73 

P^=(Pii  P2*  P3>  Pi*  Pi*  Pa*  P7*  P8>  P9*  Pio)  ■= 

=  (1,  3,  5,  13,  12,  6,  9,  25,  11,  27). 

Let  us  present  number  \=3751  +  18421  in  this  system  a.  Por  which  let 
find  representations  its  component  3751  and  1842  in  this  system,  i. 

3751  ={L,  1,  7,  11,  10,  14,  20,  41,  30,  27) 

1842  =  (0,  2,  9,  6,  15,  29,  38,  40,  12,  17). 

Page  427. 


Then  according  to  theorem  7,13  we  find 

3731  -  1842/  =  (I.  1,  7,  II,  10,  14,  20  ,  41,  30  ,  27)- 
+(0.  2  ,  9,  6,  15,  29  ,  38,  40,  12,  17)  (1,  3  .  5,  13,  12  ,  6.  9/25.  11,  27)  = 

=  (1,  1,  7,  11.  10,  14,20,  41.30,  27)  +  (0.  1,6,  10.6,26,  14,46.  lu,  21)  = 

=  (1,  2,  0,  4,  16,  11,  34,  5,  40,  48). 

Let  us  now  move  on  to  the  construction  of  the  translation 
algorithms  of  numbers  of  the  system  a  into  the  ordinary  positional 
system,  is  valid  the  following  theorem. 


Theorem  7.14.  For  system  M  =-(pi-qli)(pi  +  q~j) . . .  (pn-qni)-^  p~qi  wit\ 

norms  ,v,.  <V2, — -V*. -V  and  coefficients  of  isomorphism  p*.  !•» . p*.  p.  as.t 

« 

the  orthogonal  bases  of  system  it  is  possible  to  take  the  least 
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positive  residues  of  numbers  B;  =  — -k;  in  aodali/aodules  H,  whera 

kjcXj  ®r®  determined  froa  condition 

kJjf-  s  I  (mod  \'j). 

Proof.  Lat  in  system  a  be  is  given  the  number 


than 


A  =  a-bi  =  (‘X1  +  p,< ;  22  -  |W;  . .  . ;  ct„  -  (V), 

i4a(l,0,0 . 0)(a,  +  pli;  0,  0 . 0)  -j-  •  • . 

.  .+(0.  0,  ...,0,  I)(0,  0 . 0,  ct*-j-Pn0  (mod  34). 


Hare  the  numbers 


Bt  =  (l,  0.  0 . 0)', 

B2  =  (0,1,0 . 0),  (7.54) 

=  0,  ....  0,  1), 

as 

**  and  in  the  raal  region,  we  will  call  tha  composite  orthogonal 
bases  of  systea  a. 


If  we  the  norm  of  bases  Nj  considar  as  the  basis  of  systea, 
then  number  Bj=-^--kj,  as  is  Known,  they  are  the  orthogonal  bases  of 
this  systea;  tharefore 

Bj  as  1  (mod  Nj),  Bj  a  0  (mod-y-)  . 

Page  428. 

Let  Bj  —  Cj  +  dji  be  the  least  positive  residues  of  nuabers  Bj  on 

aodulus/aodula  K,  i.  e.  ,  cj  +  dji  =  Bj(modM),  then,  since  Bj<X.  on  (7.14) 
B)  =  Cj+djp  (mod  N),  but  by  force  N  =  .\\Nt . . .  .  and  according  to  the 
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property  of  the  comparisons 

Bj  =  • 

According  to  condition  b}  a  1  (modAO),  consequently,  c, •  + djP  =  I  (mod 
whence  on  bases  of  theorea  7.2  we  have  Bj^cj -f  dji  =  i  (modm;). 

Analogously  we  establish  that 

Bj  —  Cj-\-dji  55  0^mod-^-j . 

Thus,  numbers  B;  satisfy  condition  (7.54)  of  orthogonality, 

QED. 


Theorem  7.15.  Any  complex  integer  A*  (A,,  A2 . A„),  represented  in 

system  n,  is  the  least  positive  residue  of  the  number 

A  =  5,Aj  -f-  Bi Aj  BjJ^n  (mod  A^) 

on  modulus/module  n,  where  Bj  -  orthogonal  bases  of  system. 

•  4 

Proof.  Let  representation  A  in  system  N  in  the  real  deductions 

take  form  A=a+bi=( A„A* _ A„).  This  means  that  a  +  bp  =  hj  (mod  N,)  or  a*bp= 

(A,,  Aj,  ....  An). 

Consequently,  if  Bj  -  bases  of  system  N ,  then 

a  -+•  dp  a  5,A,  -f-  5JAJ  -f  •••  +  BnA„(modAr)  =  A(modAO, 

•  # 

whence  we  obtain  A~h(aod  fl) .  Thus,  absolutely  the  smallest  deductions 
•  * 

of  numbers  A  and  h  on  modulus/acdule  N  must  be  equal,  that  also 


proves  theorem 
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Let  as  consider  the  examples,  which  illustrate  theorems  7.14  and 
7.  IS.  In  these  examples  is  accepted  the  system:  it*1*1#  m*=2»i, 
m,=3*2i,  m4=4U,  «=41*23i,  N,=2,  N2=5,  N3=13,  H4=17,  11=2210,  /**  ( 1 ,  3, 
5,  13). 


The  orthogonal  bases  of  systee  are  equal  to: 


Page  429. 


fl,  —  1 105,  Bi=  1326,  a3=I70,  BK=  1820. 


Example.  To  determine  the  complex  orthogonal  bases  of  system. 

According  to  thaoram  7.14  we  have: 

1 105  =  Cj  -+  dxi  (mod  4 1  —  23 1) , 

1326  s  cz-~dzi  (mod  41  —  23/), 

170  =  Cj-(-  d3i  (mod  41  -  23/), 

162U  =  c*-rdt(  (mod  41  —  23i). 

Further,  after  determining  the  lea3t  positive  residues  of 
numbers  1  105,  1326,  170  and  1820  cn  the  modal  us/module  41+23i,  we 

will  obtain  the  unknown  bases: 

■B,  =  9-r-32»\  fl2=  -21-/,  fl3=l  +  13i.  B4=-ll-3i. 

'#  • 

Example.  The  complex  number  A  has  representation  A=(l,  3,  6,  9). 
To  convert  it  into  the  ordinary  positional  system. 


According  to  theorem  7.15  let  us  find 


/i  =1105-1+  3- 1326  +  6- 170-1- 9- 1820  (mod  2210)  =  383, 


DOC  =  81023920 


PAGE 


*  7/3 


« 

whence  A-383  (aodes  41*231) ;  therefore  the  least  positive  residue 
number  383  on  tie  aodulus/aodule  41*231  gives  the  unknown  complex 
nuaber  4*31. 
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